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Motivation

$

¥ Analytic and monogenic signal: extract Ic
structural information like local phase,
orientation and amplitude

¥ But:They act on signals m  ar?
respectively

¥Therefore: Develop a monogenic signal c
the two-sphereS*
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Classical Hilbert Transform T

) 11 )
HIFI) = F (0!~ = !—P.V." R

FIA[T]I(u) = T isgn(u)F [t ](u)

_ A sin(kx)
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Classical Analytic Signal R )
y

Complex signal representation encoding
local amplitude and phase

Ta(X) = T(x)+ IH[T](x)

s / [\ -
e . [uusov it S VRS + o0
Ael! (X) A cos( (X)) A sin(! (x))
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Classical Analytic Signal

Fa(x) = T(x)+ I1H[f [(x)

Features

Local Phase Local Amplitude
f (x)

| (x) = arctan A(X)= f(x)2+ HI[f ](x)2

H 1 ](x)




Riesz Transform IR" - Spatial Domain

X 1 | Xi " Y
: — | = —P.V. f d

21 ‘X‘2+1 2l ‘X‘2+1
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Riesz Transform 1RR" - Fourier Domain

Uj

FIRITIIW) = i

F [t (x)]
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Riesz Transform Im/R"

A cos( ('x,y")

A cos( ('x,y")

X1

X2

A sin(!)sin(" ('x,y")
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Monogenic Signal

(Sommer, Felsberg)

Quaternion valued signal representation
encoding local orientation, phase and
amplitude

fm(X) = T (X)+ IRy, [f](X)+ R, [f ](X)

N

N

A cos( ('x,y")) A cos()sin(" ('x,y")) A sin(!)sin(" ('x,y"))
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Monogenic signalFeatures irr?

$

(Sommer, Felsberg)

' e - Ro[f 1(x)
Local Orientation: ! = arctan R 100
: -
Local Phase: = arctan o R2lt ()7 + Raff J(x)

T (X)

Local Amplitude: A= R,[f](x)2+ Ry[f ](x)2 + f (x)2
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Monogenic Signal: Example Features

Original Local Orientation  Local Phase
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Monogenic Signal: Example Features
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Monogenic Signal: Example Features
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From the plane to the two-sphere

$

What about a monogenic signal on

We need a Hilbert transform on the two sphere
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Clifford Analysis

¥ Ron+1: Cli! ord algebra overR®"*! with signature (0, n)
!
¥ Dirac operator: 'y = ., ey,

¥ f monogenic! !',f =0
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The Cauchy Transform

$

arix) = Ea(c! )T OINASY), X"

¥ En(X) = Cauchy kernel

An+1 |X|n+1 )

¥ G! R
¥ n(y): outward pointing normal at y

¥ dS surface element onl G
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The Cauchy Transform - Properties

$

arix) = Ea(c! )T OINASY), X"

n(y) given a function on the boundanyG

Cd generates a monogenic function
| G NG ,i.e.!df](x)=0




The Cauchy Transform - Properties

$

arie) = P10+ 5QIF 1)

1 1

= SPIF10) + SPIHIIX)

¥ P[f ](x): Poisson integral inG, ! P[f|[x =0

¥ QIf ](x): Conjugate Poisson integral InG, ! Q[f [x =0




The Cauchy Transform - Properties

$

ati) = 5P+ 5QIFI0)
= ZPIF1(x)+ SPIHIFIIX)

A monogenic signal arG  arises as the non-tangentia
boundary value of the Cauchy transforman

im P[f](x)= f(1) and lim Q[f](x) = H[f](!)

x! | x! 1




The Cauchy Transform - Properties

3

A monogenic signal arc  arises as the non-tangenti:
boundary value of the Cauchy transforman

im P[f1(x)= f(!) and lim Q[f](x)= H[f]()

x! |1 x! |

Sl




The Cauchy Transform - Properties

3

A monogenic signal arc  arises as the non-tangenti:
boundary value of the Cauchy transforman

im P[f1(x)= f(!) and lim Q[f](x)= H[f]()

x! |1 x! |




The Cauchy Transform - Properties

$

The Analytic Signal and the Monogenic Signal are |
special cases of the non-tangential boundary values o
Cauchy transform

G 1 G

Analytic Signal RZ R
Monogenic Sign R> R?
MonSoFg);heenrii((:: ?ign B* S
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The Hilbert Transform ors?

®

Should we use the Cauchy or the Hilbert transform”.

¥ Hilbert transform: Only useful results if th
sighal model Is present (I.e. exactly one
frequency)

¥ Cauchy transform: Embeds the monoger
signal in a linear scale space, the Poisso
scale space

¥ Use the Cauchy transform for multiscale
signal analysis to select certain frequenc
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Example: Cauchy transform R}

Pxo [f 1(X) Py, [Ry. [f TI(X) Pxo [Rx, [f [1(x)




Example: Cauchy transform R}

y
v

Pxo [f 1(X) Py, [Ry. [f TI(X) Pxo [Rx, [f [1(x)
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The Hilbert Transform ors?

$

How to interpret the Hilbert/Cauchy transform o§® ?

Remember: In the case &' the Hilbert transform ac
as a simple multiplier in the Fourier domain

Fourier representation of the Hilbert transform o
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The Cauchy transform o8 as a convolution @

First step: Interpret the Cauchy transform as a gro
convolution oveiSO(3) (Directional correlation)

cf ]J(r!) = | E(r!! ") f(RY#)")dS(") = R(#H[h] $f
&

Local feature analysis , treat every point as the
northpole ! of the sphere and evaluate the Cauch
transform for the rotated function
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Directional Correlation onsS* - Fourier series

| | | | |
RN t= [R"f],, Dha ()

It Nm="|n="1|

with  [R'[h] ! f]:mm = Rin O

¥ D/, (!): Wigner-D function, SO(3) basis functions
¥ ﬁl,n . Spherical harmonic coé cients of the Cauchy kernel

4 f(?m . Spherical harmonic coé cients of the target function
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Fourier Series or%’

i

Every functiorf ! L*(S") can be expanded
INto a series of spherical harmonics
I

f(1)= f(?m Yim (", #) 1! LZ(SZ)
It Nm=" |

05Y3| 2(' 21Y4 2(I




Fourier Series orsO(3)

$

Every functionf ! L“(SO(3)) can be
expanded into a series of Wigner-D functions

I | | | |
- 20+1 -
f= 5

[T N m="In="|

0 D, (1) ,f! L%SO@))

Dl (1) = Dl (" #,8) = € ™' d, , (cos")e ™"




The Cauchy transform oi$?> - Fourier series @

Qarlix) = drir!)
!

= oAy o i TIT(ASC)
t oA Ser(!, )E(")dS(™)
2 2
P (x,1) = &(!! b!(\‘s O, (x,1) = 1+ |x]c+2x!

IXx I 1|3

FInd a Fourier series expansion of the Poisson- and t
conjugate Poisson kernel in the unit ball




Poisson Kernel - Spherical Harmonic Coefbcie@

2 1
Pe(t,") = &(!! ‘?,( == (2k+ 1) P, (", 8
k=0

Evaluate ak = r! =[0,0,r]",r ! (0,1)

o ]
Pl = Pl Wi (aSC)= g

Lowpass behaviour , acting on the frequendies
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Poisson Transform - Example

$

/

)

.

f(!) Po.olf ](! ) Po.slf ](! )

fade conjugate kernels .

Poo(!,") Pos(!,")
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Conjugate Poisson Kernel - SH coefbcients @

Conjugate Poisson kernel splits Into
scalar an bivector parts

Qr(%,1)= QU (x,1)! 2rQM (x,)ez! 2rQ¥ (x,! )exs

A+

ﬁle)]"i N T EQ&Z)]Li = |

A+
2 +1)




The Cauchy transform o’

Pt ]()

4 N

Ao DS

| \ \
| ‘.'“ ‘1“ o

QWIFI(1)

QWIFI(1)
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The Cauchy transform of°

$

P = =
\ / (\‘,‘ ~

Prf]() QWIF1(M) QWIF1(M)




Kernel SH coefbents

Il i Il

Mittwoch, 10. MSrz 2010



Complete blter set

$

R(HIPD]" f = fim DL o) = i Yim (A 5)
Il Nm=" I# [T Nm=" 1|
L 40h(1 + 1 $ %
R(HIQM]" f = N (2|(++1)) r'fim DI 1(1)! DL (1)
| #
11 0 $ 9
R(HIQP]" f = 2R D g DT () + DL ()

I Nm="1 (2|+1)
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Complete blter set

@

Filterset acts as a derivative operator on the PoIsso
eguation solution

R([P 1" f =2RM)QV]"f = 'Qm Yim
I Nm=" |
0 | | s
R(1[QM] fZZHNm:--|rfq’m 7g i
| | .
ROIQP]" f =2 M e Vi

I Nm="|
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Features

Local orientation in the tangent plane
I =arctan2(R(0,0,0)[Q¥]" f, R(0,0,0)[QY]" f)

Local phase In the tangent plane

=arctan2( (R(0,0,0)[Q]" )2 +(R(0,0,0[QP]" £)2,R(0,0,0[Q" " )

Local amplitude In the tangent plane

A= (R(0,0,0[QM]1 F)2+(R(0,0,0[QP]! )2 +(R(0,0,0[Q]! f)2
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Examples

@@

Original Orientation Phase
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Conclusion

i

¥The Cauchy transform on arbitrary close
surfaces with smooth boundary leads to
Hilbert transforms In a Poisson scale spe
on that surface

¥ Monogenic signals for different surfaces
the two-sphere arise!

¥ Nonetheless: Interpretation of the
structural information depends on the
surface
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