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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Short introduction

Crystallographic texture analysis through X -ray tomography:

Assumption: orientation of crystal is unique and given by
q ∈ SO(3)

Radon transform relates orientation density function f and its
experimentally accessible pole density functions:

P(x , y) =
1

2
(Rf (x , y) + Rf (−x , y)) , where

Rf (x , y) =
1

2π

∫
{q∈SO(3):y=q̄xq}

f (q)dq , x , y ∈ S2
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Short introduction

Problem:

given the map R : L2(SO(3))→ L2(S2×S2) and data y = Rf

how retrieve f ?

Questions:

- how to expand f ?

- how to compute/approximate R−1 ?

- how to treat noisy data y δ, ‖y − y δ‖ ≤ δ ?
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Short introduction
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Gabor frame expansion

1 Short introduction
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4 Numerical experiment
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Gabor frame expansion

Concept in Rn:

signal f ∈ L2(Rn)

windowed Fourier transform:

Vψf (ω, b) =

∫
Rn

f (x)ψ(x − b)e−i〈ω,x〉dx

group-based interpretation:

U : G = Rn×Rn → U(L2(Rn)) via U(ω, b)ψ(x) = ψ(x−b)e−i〈ω,x〉

Vψf (ω, b) =

∫
Rn

f (x)U(ω, b)ψ(x)dx
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Gabor frame expansion

Concept in S3:

signal f ∈ L2(S3)

proper windowed Fourier transform:

translations and modulations on the sphere:
G := E (4) = Spin(4) n R4

representation of G in L2(S3):

U(s, p)f (q) = f (s̄qs)e−i〈p,q〉

windowed Fourier transform:

Vψf (s, p) =

∫
S3

f (q)ψ(s̄qs)e−i〈p,q〉dSq
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Gabor frame expansion

Problem: representation U is not square integrable, i.e.

‖Vψf ‖L2(G) is not finite

group is too “large”

therefore choose some closed subgroup H and consider
X = G/H with G -invariant measure dµ(x)

example: H = {(0, (0, 0, 0, p4)) ∈ G , p4 ∈ R}

Consider instead for (s, p) ∈ X ,

Vψf (s, p) = 〈f ,U(σ(s, p)−1)ψ〉
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Gabor frame expansion

Lemma (admissibility and isometry)

Assume ψ ∈ L1(S3) ∩ L2(S3) is such that supp(ψ) ⊆ S3
+,

0 6= Cψ = 64π5

∫ 2π

0

∫ π

0

∫ π/2

0

|ψ(q(θ, α, φ))|2

cosφ
dφ dα dθ <∞.

(1)
Then the map

f ∈ L2(S3) 7→ 1√
Cψ

Vψf ∈ L2(Spin(4)× R3)

is an isometry, i.e.∫
Spin(4)×R3

|Vψf (s, p)|2 dµ(s) dp = Cψ

∫
S3

|f (q)|2dSq.
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Gabor frame expansion

Corollary (reconstruction)

Any f ∈ L2(S3) can be reconstructed by

f (q) =
1

Cψ

∫
Spin(4)

∫
R3

Vψf (s, p)e−i〈s̄ps,q〉ψ(sqs̄) dp dµ(s).

No discrete expansion formula
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Gabor frame expansion

Rough sketch of discretization procedure:

Coorbit space theory for homogeneous spaces

Choose U-dense and relatively separated family {xi}i∈I ⊂ X

Define the oscillation kernel

osc(l , h) := sup
u∈U
|〈ψ,U(σ(l)σ(h)−1)ψ−U(u−1σ(l)σ(h)−1)ψ〉L2(S3)|
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Gabor frame expansion

Theorem (frames)

Assume∫
X

osc(l , h)dµ(l) <
η

Cψ
and

∫
X

osc(l , h)dµ(h) <
η

Cψ
(2)

with η < 1. Then the set {ψi := U(σ(xi ))ψ : i ∈ I} is a frame for
L2(S3). This means that

1 f ∈ L2(S3)⇔ {〈f , ψi 〉}i∈I ∈ `2,

2 there exists constants 0 < A ≤ B <∞ such that

A‖f ‖L2(S3) ≤ ‖{〈f , ψi 〉}i∈I‖`2 ≤ B‖f ‖L2(S3) ,

3 there exists a bounded, linear synthesis operator
S : `2 → L2(S3) such that S({〈f , ψi 〉}i∈I ) = f .
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Inversion of X-ray transform

R is an integral transform → Rf belongs to smoothness space

only noisy data y δ available: Rf + ε = y δ ∈ L2(S2 × S2)

with ‖y − y δ‖ ≤ δ

R : L2(S3)→ L2(S2 × S2) is ill-posed → regularization

Assume, that f has a sparse expansion within {ψi : i ∈ I}

f (p) = (Fc)(p) =
∑

i∈J⊂I ,|J| small

ciψi (p)
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Inversion of X-ray transform

Optimization problem:

min
c∈BR

‖y δ − R(Fc)‖2

with BK = {c ∈ `2(I ) : ‖c‖`1(I ) ≤ K}

Minimization through projected steepest descent with step
length control

cn+1
i = PK

(
cn

i +
βn

r
(F ∗R∗(y − R(Fcn)))i

)
.
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Inversion of X-ray transform

Given operator R, some initial guess c0,
and K (sparsity constraint `1-ball BK )

Initialization ‖RF‖2 ≤ r ,
set q = 0.9 (as an example)

Iteration for n = 0, 1, 2, . . . until a preassigned precision / maximum number
of iterations

1. βn = C ·
√

D(x0)
D(xn)

, C ≥ 1 (greedy guess)

2. cn+1 = PK

(
cn + βn

r
F ∗R∗(y − R(F (cn)))

)
;

3. verify (B2): βn‖R(Fcn+1)− R(Fcn)‖2 ≤ r‖cn+1 − cn‖2

if (B2) is satisfied increase n and go to 1.
otherwise set βn = q · βn and go to 2.

end
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Numerical experiment

Simulations:

Pick particular Gabor atom ψ

Generate frame grid I and obtain {ψi := U(σ(xi ))ψ : i ∈ I}

Simulation of data y δ = RFc + ε

Reconstruction/approximation of c by

cn+1 = PK

(
cn +

βn

r
F ∗R∗(y − R(F (cn)))

)
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Numerical experiment

Simple analyzing atom:

ψ(q) = cos6(2.6 arccos(q0)),

√
3

2
≤ q0 ≤ 1,

if q = Λ(θ, α, φ), θ ∈ [0, 2π[, α ∈ [0, π[ and φ ∈ [0, π], then
the Gabor atom reads as

ψ(θ, α, φ) = cos6(2.6φ),
π

6
≤ φ ≤ π

2
.

Frame grid: frequency 3Z3 ∪ {(0, 0, 0)}; rotation 120 vertices
of the 600-cell

Numerical experiment: (synthetic) example of an ODF with
orthorhombic crystal symmetry and triclinic symmetry for the
specimen.

Three cases: no noise, 5% rel. noise, and 10% rel. noise
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Inversion of the noisy Radon transform on SO(3) by Gabor frames and sparse recovery principles

Numerical experiment

Summary:

⇑ Inversion technique for noisy X-ray tomography

⇑ Gabor transform for L2(S3) (localization!)

⇑ Coorbit space / Gabor frame approach to represent
f ∈ L2(S3); well localized → only few atoms required

⇑ Sparse recovery algorithm to approximate f

⇓ Current approach: just linear approximation scheme

- fast computation of matrix entries

- but all entries must be computed

- goal: adaptivity to overcome the curse of dimensionality
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Thank you for your attention
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