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Proceedings of the Conference

We intend to publish the proceedings of the conference by World Scientific. The
deadline for submission of manuscripts is the first of November, 2005. All papers
should be sent to Denise Wilson (dwilson@trinity.edu).

The following persons have agreed to be editors of the proceedings: Jim Cushing,
Saber Elaydi, Rupert Lasser, Andreas Ruffing, Walter van Assche.

All papers will be refereed.
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The complex moment problem
YURIJ M. BEREZANSKY

Institute of Mathematics
National Academy of Sciences of Ukraine
Tereshchenkivs’ka Str. 3
01501 Kyiv, Ukraine
berezan@mathber. carrier.kiev.ua

We consider the sequence of complex numbers (S,,n)50,—o- Such sequence is by
definition the complex moment sequence if

Smn = /sz"dp(z), m,n=0,1..., (1)
C

where dp(z) is a finite Borel measure on the complex plane C.

In the talk the conditions are given which guarantee the representation (1) and also
its infinite dimensional analogue.

Explain, that for infinite dimensional situation s,,, are bilinear functionals on nu-
clear complex space ® and in (1) 2™z" are replaced by 22m@z®" where z belongs
to the conjugate space ®’; dp(z) is a measure on 9.

The results are obtained by application of generalized eigenvector techniques for an
infinite family of commuting normal operators. The connection between moments
(1) and the corresponding " Jacobi matrix” is also investigated.

References and Literature for Further Reading
[1]  Yu. M. Berenzansky. Some generalizations of the classical moment problem,
Integr. equ. oper. theory, 44 (2002), 255-289.

[2]  Yu. M. Berezansky, M. E. Dudkin. The complex moment problem in the
exponential form, Methods Funct. Anal. Topology, 10 (2004), No. 4, 1-10.

3]  Yu. M. Berezansky, M. E. Dudkin. On the complex moment problem,
Math. Nachr. (2005), to appear.
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Logarithmic order and type of entire functions
associated with indeterminate moment problems

CHRISTIAN BERG

Unwversity of Copenhagen
Department of Mathematics
Universitetsparken 5
Copenhagen, DK-2100, Denmark
berg@math.ku.dk
http://www.math.ku.dk/~berg

In this talk T will report on ongoing research with Henrik L. Pedersen about the
logarithmic order and type of entire functions in the Nevanlinna matrix for an in-
determinate moment problem. In earlier work [1], [2] it was proved that the four
entire functions of the Nevanlinna matrix for an indeterminate Hamburger moment
problem have the same order, type and Phragmén-Lindelof indicator. For moment
problems connected with g-series the common order is zero.

In this case we study a refined scale which we call logarithmic order and type and
prove that these new concepts also agree for the four entire functions. For the ¢-
Meixner indeterminate moment problem the common logarithmic order is 2 and the

logarithmic type is m.

References and Literature for Further Reading

[1] C. Berg, H. L. Pedersen, On the order and type of the entire functions as-
sociated with an indeterminate Hamburger moment problem, Ark. Mat. 32
(1994), 1-11.

[2] C.Berg, H. L. Pedersen, Nevanlinna matrices of entire functions, Math. Nachr.
171 (1995), 29-52.
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Dynamic Equations on Time Scales
MARTIN BOHNER

Unwversity of Missouri—Rolla
Department of Mathematics and Statistics
Rolla, MO 65409-0020, USA
bohner@umr.edu
http:/ /www.umr.edu/~bohner

Time scales have been introduced in order to unify continuous and discrete analysis
and in order to extend those theories to cases “in between”. We will offer a brief
introduction into the calculus involved, including the so-called delta derivative of a
function on a time scale. This delta derivative is equal to the usual derivative if the
time scale is the set of all real numbers, and it is equal to the usual forward difference
operator if the time scale is the set of all integers. However, in general, a time scale
may be any closed subset of the reals. We present some basic facts concerning
dynamic equations on time scales (those are differential and difference equations,
resp., in the above two mentioned cases) and initial value problems involving them.
We introduce the exponential function on a general time scale and use it to solve
initial value problems involving first order linear dynamic equation. We also present
a unification of the Laplace and Z-transform, which serves to solve any higher order
linear dynamic equations with constant coefficients.

Throughout the talk, many examples of time scales will be offered. Among others,
we will discuss the following examples:

1. The two standard examples (the reals and the integers).

2. The set of all integer multiples of a positive number (this time scale is inter-
esting for numerical purposes).

3. The set of all integer powers of a number bigger than one (this time scale gives
rise to so-called g-difference equations).

4. The union of closed intervals (this time scale is interesting in population dy-
namics; for example, it can model insect populations that are continuous while
in season, die out in say winter, while their eggs are incubating or dormant,
and then hatch in a new season, giving rise to a nonoverlapping population).

19



References and Literature for Further Reading

[1] M. Bohner and A. Peterson, Dynamic Equations on Time Scales: An Intro-
duction with Applications, Birkhauser, Boston, 2001

[2] M. Bohner and A. Peterson (editors), Advances in Dynamic Equations on Time
Scales, Birkhéauser, Boston, 2003
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Periodically Forced Difference Equations and
Applications Arising From Population Dynamics

JiIM M. CUSHING

cushing@math.arizona.edu

Most models in population dynamics and theoretical ecology are autonomous, even
though most biological populations are subject to fluctuating environments (resource
availability, vital birth and death rates, etc.). A general mathematical problem is to
determine what effects fluctuating model parameters have on the model dynamics.
One tenet formulated in the 1970s is that a periodically fluctuating environment is
deleterious to a biological population (in the sense that its average population size
increases when an oscillating environment is instead held constant at the mean).
This talk is motivated by some experimental data that contradicts this tenet and
the search for an explanation using non-autonomous, periodically forced difference
equation models. Using bifurcation and perturbation methods I will discuss some
general existence and stability theorems for periodic solutions of nonlinear, period-
ically forced difference equations and some results and open problems concerning
the average of the periodic solutions.

21



Sierpinski Curve Julia Sets for Complex Rational
Maps

ROBERT L. DEVANEY

Department of Mathematics
Boston University
111 Cummington Street
Boston, MA 02215 USA
bob@bu.edu

In this lecture we describe the structure of both the Julia sets and the parameter
planes for families of rational maps of the form 2" + C/z" where C is a complex
parameter. These sets come in a variety of different shapes, including Sierpinski
curves and gaskets, Cantor sets, McMullen rings, and more. On the other hand,
unlike the complicated Mandelbrot set, i.e., the parameter plane for the family
22 + O, the parameter plane for these maps has a relatively easy-to-understand
structure.

22



Orthogonal polynomials and birth-death
processes with killing

ERIK A. VAN DOORN

Department of Applied Mathematics
University of Twente
P.O. Box 217
7500 AE Enschede, The Netherlands
e.a.vandoorn@utwente.nl
http://www.math.utwente.nl/~doornea

A birth-death process {X(t), t > 0} is a type of stochastic process on (a subset of)
the integers in which transitions take place only to neighbouring states. By a famous
result of Karlin and McGregor the transition probabilities Pr{X (t) = j | X(0) =
i}, t > 0, of a birth-death process may, under suitable conditions, be expressed in
terms of a sequence of orthogonal polynomials and their orthogonalizing measure.
This representation has led to detailed knowledge of many specific birth-death pro-
cesses and considerable insight into the behaviour of birth-death processes in general.

Evidently, it is of interest to investigate to which extent properties of birth-death
processes retain their validity if one allows more general transition structures. Such
investigations are usually hampered by the fact that the Karlin-McGregor represen-
tation and the analytical tools that go with it are no longer available. The class of
processes which is the subject of the lecture — and which comprises an outwardly
mild generalization of birth-death processes — does not have this drawback. At the
same time the class is interesting because it displays several of the phenomena that
occur beyond the setting of the pure birth-death process.

Concretely, I will consider birth-death processes on the set {—1,0,1,...}, with —1
an absorbing bottom state, and the additional feature that absorption in one step
(killing) may occur from any state rather than just state 0. I will explain why the
orthogonal-polynomial representation remains valid in the generalized setting, so
that the orthogonal-polynomial toolbox may be used to describe the behaviour of
such a process. In particular the existence of quasi-stationary distributions (initial
distributions with the property that the state distribution of the process, conditional
on non-absorption, is constant over t) will be related to the asymptotic behaviour

23



of the orthogonal polynomials involved.

The talk is based on joint work with P. Coolen-Schrijner and A. Zeifman.

References and Literature for Further Reading
[1]  P. Coolen-Schrijner and E.A. van Doorn, Birth-death processes with killing:
orthogonal polynomials and quasi-stationary distributions (2005), Preprint.

[2] E.A.van Doorn and A.L. Zeifman, Birth-death processes with killing. Statist.
Probab. Lett. 72 (2005) 33-42.

[3] E.A. van Doorn and A.l. Zeifman, Extinction probability in a birth-death
process with killing. J. Appl. Probab. 42 (2005) 185-198.
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Nonautonomous Difference Equations
SABER ELAYDI

Trinity University
Department of Mathematics
One Trinity Place

San Antonio, TX 79212-7200, USA
selaydi@trinity. edu

We will present extensions of three fundamental results in autonomous difference
equations to periodic nonautonomous difference equations. This task will be accom-
plished via the techniques of skew-product dynamical systems.

25



Fourth-order Bessel-type special functions
W. NORRIE EVERITT

School of Mathematics
Unwersity of Birmingham
Edgbaston, Birmingham B15 2TT, England, UK
w.n.everitt@bham. ac.uk

The even-order Bessel-type special functions were first defined in the paper [EM] of
1994, by Everitt and Markett. A significant earlier paper [THK], by Koornwinder,
on the Jacobi-type and the Laguerre-type orthogonal polynomials was published in
1984.

The Bessel-type special functions have a direct inheritance from the properties of
the classical Bessel functions and the Laguerre-type polynomials.

The fourth-order Bessel-type special functions satisfy the fourth-order linear differ-
ential equation, see [DEHLM, Section 1],

(zy" ()" — (927 + 8M )y (z)) = N2(\* + 8M Hay(x) for all x € (0,00), (1)

where M > 0 is a positive parameter, and A € C is a spectral parameter. This
differential equation is Lagrange symmetric (formally self-adjoint) on the open half-
line z € (0, 00); when considered on the complex plane, with the variable x replaced
by z € C, the equation has a regular singularity at the origin 0 and an irregular
singularity at the point at infinity of C. The Frobenius analysis at the origin 0 yields
integer indicial roots —2,0, 2, 4.

Two linearly independent solutions of the differential equation (1) are, see [DEHLM,
Section 1, (1.4) and (1.6)],

JOM () =1+ M(N/2)?)Jo(Az) — 2M (A/2)*(Az) " Ty (M) for all = € (0,00) (2)
and
YYM(z) = [1 4+ M(A\/2)2]Yo(A\x) — 2M (V/2)*(Az) 1Y (Az) for all = € (0,00); (3)

here J and Y on the right-hand sides of (2) and (3) represent the classical Bessel
functions. From a result of Rofe-Beketov, see [DEHLM,Reference [28]], it appears
that any additional solutions of (1), which are linearly independent of the solu-
tions (2) and (3), cannot be expressed explicitly in terms of Ji* and Y| say by
quadrature, nor in terms of the classical Bessel functions.
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We note that J(x) = Jo(Az) for all x € [0,00) and all A\ € C; similarly for Yy’
and Y.

The spectral properties of the differential equation (1), including the definition of
self-adjoint operators, are studied in the papers [DEHLM] and [EKLM] and consid-
ered in the two Hilbert function spaces:

1. The Lebesgue integral weighted space
2000k = {75 0.00) = € = [T alp@fde < 4oc} .
0
2. The Lebesgue-Stieltjes space, here the real parameter k € (0, 00),

Li(R) = {f :R—C:||fll; = kIf(O) +/Oool‘|f(f€)!2dfv < +OO}. ()

In the space L2(R),when k takes the special value M /2, there is a generalised Hankel
transform involving the Bessel-type function JE’M to compare with the classical
Hankel transform for the Bessel function Jy; for the classical case see the text of
Titchmarsh [ECT, Chapter VIII, Sections 8.4 and 8.18 both with v = 0].

For the classical Bessel function .Jy there is a distributional orthogonality result, see
[EM,Section 1, (1.7)],

A /00 Jo(Ax)Jo(pux)x de = §(\ — p) for all A\, u € (0, 00). (6)

The corresponding result for the fourth-order Bessel-type function JE’M, see [EM,Section
4, Corollary 4.3], is

515;;f{Amﬁﬂwwﬁﬂwww+%MﬁﬂmeHm}:&A—m,<w

which holds for all A, i1 € (0, 00).

The connection between the classical Bessel function Jy and the Bessel-type function
JYM s further extended in noting that the result (7) tends formally to the result
(6), as M tends to zero.

The lecture will discuss these results and properties.

Authors

The lecture reports on joint work with Jyoti Das, D.B. Hinton, H. Kalf, L.L. Little-
john and C. Markett.
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Two Variable Orthogonal Polynomials and
Factorization

JEFFREY S. GERONIMO

School of Mathematics
Georgia Institute of Technology
Atlanta, GA 30332, USA
geronimo@math. gatech. edu

Using the lexicographical ordering we will consider two variable polynomials or-
thogonal on the bicircle with respect to some positive linear functional. Recurrence
formulas will be derived and the properties of the recurrence coefficients will be
investigated. In particular if the orthogonality measure is the inverse of positive
bivariate trignometric polynomial conditions in terms of the recurrence coefficients
will be given in order for it to be factorized as the magnitude square of a stable
polynmial. This is work done with H. Woerdeman.
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On the zeros of a g-Bessel function and some
related functions

WALTER HAYMAN

Imperial College
South Kensington campus
London SW7 2A7

This lecture is about a method of getting at zeros via the power series of the func-
tions.
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The Ramanujan Continued Fractions
MourAD E. H. ISMAIL

Department of Mathematics
University of Central Florida

Orlando, FL 32816, USA
ismail@math.ucf. edu

Ramanujan’s note books are full of continued fractions. Many of them are special
values of continued J-fractions. We shall discuss some of the orthogonal polynomials
that arise from studying continued fractions in the note books. Of special interest
are some continued fractionsfrom the lost note book, which do not converge but
their convergents of order 3k+j converge to different limits depending on j. This is
then generalized from modulo 3 to general moduli.
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Analytic results for (ultra-discrete) cellular
automata

NALINTI JOSHI

School of Mathematics and Statistics FO7
The University of Sydney
NSW 2006 Australia
nalint@maths.usyd. edu. au

Cellular automata (CA) have been widely adopted in the sciences as simple but pow-
erful models of the real world. The complex patterns produced by their long-time
behaviours are used to confirm the correctness of scientific hypotheses underlying
the model. However, the analysis essential for testing scientific understanding ap-
pears to be missing. We show the beginnings of the mathematical analysis needed
by reviewing the connection that leads from differential equations to ultra-discrete
equations which are extended CA. New results for ultra-discrete equations include
a test for integrability and results on solvability through associated linear problems.
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Computer Algebra Methods

for Orthogonal Polynomials
WOLFRAM KOEPF

University of Kassel
Department of Mathematics
Heinrich-Plett-Str. 40
D-34132 Kassel, Germany
koepf@mathematik.uni-kassel.de
http: //www.mathematik.uni-kassel.de/~koepf/

In this talk we will show how computer algebra can be used in the study of orthogonal
polynomials and special functions. In such computations the following algorithms
are most often used: linear algebra techniques, multivariate polynomial factorization
and the solution of nonlinear equations, e. g. by Grobner basis techniques, see e.g. [1].

The classical orthogonal polynomials named after Jacobi, Gegenbauer, Chebyshev,
Legendre, Laguerre, Hermite and Bessel can be classified as the polynomial solutions
of second order differential equations. Similarly the classical “discrete” orthogonal
polynomials named after Hahn, Krawtchouk, Meixner and Charlier are classified as
the polynomial solutions of second order difference equations [5].

Using computer algebra one can compute the recurrence equations and hypergeo-
metric representations of these systems, one can convert this process by computing
differential and difference equations from the hypergeometric representations auto-
matically, and one can decide whether a recurrence equation has classical orthogonal
polynomial solutions ([2], [3], [4]). We will discuss these and related algorithms, and
give some on-line demonstrations with Maple.

References and Literature for Further Reading

[1]  K.O. Geddes, S.R. Czapor, G. Labahn, Algorithms for Computer Algebra,
Kluwer, Boston/Dordrecht/London, 1992.

[2]  W. Koepf, Hypergeometric Summation, Vieweg, Braunschweig/Wiesbaden,
1998.
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A.F. Nikiforov, S.K. Suslov, V.B. Uvarov, Classical orthogonal polynomials of
a discrete variable, Springer, Berlin, 1991.
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Asymptotic and convergent representations for
solutions of linear and nonlinear difference
equations

DonN LuTz

Department of Mathematical and Computer Science
San Diego State University
5500 Campanile Drive
San Diego, CA 92182-7720, USA
lutz@math.sdsu. edu

For systems of linear difference equations or recurrence relations, asymptotic repre-
sentations for solutions can be achieved by procedures which are sometimes called
"asymptotic diagaonalization”. This means that first some explicit transformations
are used to bring a given system into the form of a main diagonal term plus a small
perturbation and then an implicitly determined transformation completes the diag-
onalization. Thus the problem of determining asymptotic representations is reduced
to one-dimensional equations. In some earlier work with Z. Benzaid we showed the
implicitly defined transformations are asymptotic to the identity matrix and now
in some recent results with S. Bodine we are able to more accurately estimate the
remainders using majorants.

In the second part of the talk, some results obtained jointly with R. Gerard will be
discussed, which have to do with the problem of obtaining convergent representations
for the error terms for certain classes of difference equations and more general types
of operator equations having formal power series solutions.
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Hypergeometric tau-functions for the
elliptic difference Painlevé equation

FRANCISCO MARCELLAN

Departamento de Matemticas
Universidad Carlos III de Madrid
Leganés, Spain
pacomarc@ing.uc3m.es

In this talk we will present a survey on analytic properties of a family of polynomials
orthogonal with respect to a wide class of Sobolev type inner products in terms of
measures with unbounded support on the real line. In particular different kind of
asymptotic properties of such polynomials as well as the contracted zero distribution
is analyzed. For some basic references see [1] and [2].

References and Literature for Further Reading

[1] J. S. Geronimo, D. S. Lubinsky, F. Marcelldn, Asymptotics of Sobolev Or-
thogonal Polynomials for Esxponential Weights. Constr. Approz.. 2005. In
press.

[2] G. Lépez Lagomasino, F. Marcellan, H. Pijeira, Logarithmic Asymptotic of
Contracted Sobolev Orthogonal Polynomials on the Real Line. Submitted.
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Hypergeometric tau-functions for the
elliptic difference Painlevé equation

MASATOSHI NOUMI

Department of Mathematics
Kobe University
Rokko, Kobe 657-8501, Japan
noumi@math.kobe-u.ac.jp
http:/ /www.math.kobe-u.ac.jp/ noumi/

There are several ways to formulate the elliptic difference Painlevé equation with
affine Weyl group symmetry of type Fs. In this talk I will discuss a system of non-
autonomous bilinear equations of Hirota-Miwa type for tau- functions, following the
lattice approach of Ohta-Ramani-Grammaticos. In particular I will explain how
hypergeometric tau-functions for this system are constructed by means of Casorati
determinants from the elliptic hypergeometric integrals in the sense of Spiridonov-
van Diejen-Rains. This talk is based on a joint work with K.Kajiwara, Y.Komori,
T.Masuda, Y.Ohta, and Y.Yamada.
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Multi-variable

Gould-Hopper and Laguerre polynomials

ANGELA BERNARDINI and PAaorLo EMILIO Riccr

Universita di Roma ”La Sapienza”
Dipartimento di Matematica

P.le A. Moro, 2, 00185 Roma, Italia
Paoloemilio. Ricci@uniromal.it

The monomuality principle was introduced by G. Dattoli in order to derive proper-
ties of special polynomials starting from the corresponding ones of monomials.

The idea of monomiality traces back to the early forties of the last century, when
J.F. Steffensen, in a largely unnoticed paper, suggested the concept of poweroid.

Y. Ben Cheikh proved that all polynomial families can be viewed as quasi-monomials
with respect to a suitably defined derivative and multiplication operators. Unfor-
tunately, it turns out that the derivative and multiplication operators for a general
set of polynomials are expressed by formal series of the ordinary derivative, so that
it is in general impossible to obtain sufficiently simple formulas to handle.

However, for particular polynomials sets, related to suitable classes of generating
functions, the above mentioned formal series reduce to finite sums, so that the rel-
evant properties can be easily derived. The leading set in this field is given by
the Hermite-Kampé de Fériet or Gould-Hopper polynomials, since many sets of
multi-variable or multi-index polynomials have been constructed starting from this
important polynomial family.

Multi-index Hermite polynomials were used in order to study the distribution of
coherent (or not coherent) radiation fields in quantum optics, the multidimensional
coupled systems for electromagnetic radiation problems, and the relevant wave prop-
agation phenomena.

In this article we show a quite general technique for constructing the monomiality
operators of many-variables polynomial sets, starting from the corresponding opera-
tors of a basic monomial (or quasi-monomial) set of functions. Assuming the basic
set of monomials z™ or z"/n!, the many-variables Hermite and Laguerre-type
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polynomials are derived and the relevant properties are easily constructed, showing
connections with the Bell polynomials.

The Laguerre derivative Dy := DxD, and its iterations D, := DxDx---DxD
(containing (n + 1) derivatives), are used in order to derive families of higher order
multi-variable Laguerre polynomials, which correspond to the multi-variable Gould-
Hopper ones.

Finally, an application of the Laguerre derivative in the framework of population
dynamics models is shown.

AMS CLASSIFICATION: 44A45, 30D05, 33C45.
KEY WORDS: Exponential operators. Monomiality principle. Gould-Hopper and
Laguerre polynomials. Laguerre-type population dynamics.
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Elliptic analogues of multivariate beta integrals
ERIC RAINS

Department of Mathematics
University of California
One Shields Ave.
Davis, CA 95616, USA

One of the most important ”special integrals” is, of course, the beta integral, with
its central role in the theory of Gauss’ hypergeometric function. I will discuss
three particular generalizations of the beta integral, simultaneous generalizations
of Selberg-type multivariate beta integrals and Spiridonov’s elliptic beta integral.
In each case, there is an associated family of difference operators satisfying a sort of
adjointness property leading to an easy proof of the integral. I will also discuss the
corresponding analogues of the Euler integral, with associated transformation laws.
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Discretizing Manifolds via Minimum Energy
Points

EDWARD B. SAFF

Center for Constructive Approximation
Department of Mathematics
Vanderbilt University

Nashuville, TN 87240, USA
nalini@maths.usyd. edu. au

For a compact set A in Euclidean space we consider the asymptotic behavior of op-
timal (and near optimal) N-point configurations that minimize the Riesz s-energy
(corresponding to the potential 1/t%) over all N-point subsets of A, where s > 0. For
a large class of manifolds A having finite, positive d-dimensional Hausdorff measure,
we show that such minimizing configurations have asymptotic limit distribution (as
N tends to infinity with s fixed) equal to d-dimensional Hausdorff measure whenever
s > dor s = d. In these cases we obtain an expression for the dominant term in the
minimum energy. (For d = 1 it involves the Riemann zeta function.) Our results are
new even for the case of the d-dimensional sphere and are related to best-packing
problems. Possible applications to problems in chemistry, physics and biology as
well as extensions to weighted Riesz energies will also be discussed.

References and Literature for Further Reading

[1]  D. Hardin, E. B. Saff. NOTICES of the American Mathematical Society, Vol.
51, No. 10 (2004), pp. 1186-1194.

[2] D. Hardin, E. B. Saff. Advances in Math, Vol. 193 (2005), pp. 174-204.
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Infinity computer and calculus
YAROSLAV D. SERGEYEV

Dipartimento di Elettronica

Informatica e Sistemistica Universit della Calabria
Via P. Bucci, Cubo 41-C 87036 Rende (CS), Italia
yaro@si.deis.unical.it

All the existing computers are able to execute arithmetical operations only with
finite numbers. Operations with infinite and infinitesimal quantities could not be
realized. The talk introduces a new positional system with infinite radix allowing
us to write down finite, infinite, and infinitesimal numbers as particular cases of
a unique framework. This new numeral system gives possibility to introduce a
new type of computer able to operate not only with finite numbers but also with
infinite and infinitesimal ones. The new approach both gives possibilities to execute
calculations of a new type and simplifies fields of mathematics where usage of infinity
and/or infinitesimals is necessary (for example, divergent series, limits, derivatives,
integrals, measure theory, probability theory, etc.). Particularly, the new approach
and the infinity computer are able to do the following;:

e to substitute symbols +8 and -8 by spaces of positive and negative infinite
numbers, to represent them in the memory of infinity computer and to execute
arithmetical operations with them using this computer of a new type as we
are used to do with usual finite numbers using traditional computers;

e to substitute qualitative description of the type ’a number tends to zero’ by
precise infinitesimal numbers, to represent them in the memory of infinity
computer and to execute mathematical operations with them using infinity
computer as we are used to do with usual finite numbers using traditional
computers;

e to calculate limits (including indeterminate forms) as arithmetical expressions
using infinity computer;

e to calculate sums of divergent series and improper integrals of various types
using infinity computer and to execute operations being indeterminate forms
in traditional approaches, e.g. difference and division of divergent series;

e to evaluate functions and their derivatives at infinitesimal, finite, and infinite
points (infinite and infinitesimal values of the functions and their derivatives
can be also calculated);
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to study divergent processes at different infinite points;

to extend definition of volume to objects having parts of different dimensions
and to calculate these volumes within unique framework using infinite and
infinitesimal numbers;

to introduce notions of numbers of elements in infinite sets compatible with
this notion used traditionally for finite sets and to calculate them within unique
framework (and not only to distinguish numerable sets from continuum as it
happens in traditional approaches);

to elaborate new mathematical and physical models working simultaneously
at micro and macro levels within unique framework.

References and Literature for Further Reading

1]
2]

Ya.D. Sergeyev, Arithmetic of Infinity, Edizioni Orizzonti Meridionali, CS,
2003.
Ya.D. Sergeyev, Computer system for storing infinite, infinitesimal, and finite

quantities and executing arithmetical operations with them, patent pending,
08.03.04.
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Ideal turbulence and problems of its visualization
ALEXANDER N. SHARKOVSKY

Institute of Mathematics
Department of Dynamical Systems Theory
Kiev, Ukraine
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Zeros of Orthogonal Polynomials
BARRY SIMON

Mathematics 253-37
California Institue of Technology
Pasadena, CA 91125, USA
bsimon@caltech.edu

I'll discuss recent progress on the fine structure of the zeros of orthogonal polyno-
mials on the real line (OPRL), the unit circle (OPUC) and zeros of paraorthogonal
polynomials on the unit circle (POPUC). For OPRL, the focus will be on clock be-
havior for a large class of examples. For OPUC, we’ll discuss clock behavior when
there are competing exponentials and also the case of random Verblunsky coeffi-
cients. A new variational principle for zeros of OPUC will be discussed and the
related issues of approximation of eigenvalues of non-normal matrices. Some of the
work described is joint with Yoram Last and Brian Davies and some of it is work
by Mihai Stoiciu.
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mixed mononotone difference equations
HAL SMmITH

Department of Mathematics and Statistics
Arizona State University
Tempe, Arizona 85287-1804, U.S.A
halsmith@asu. edu

We consider difference equations in ordered Banach spaces which have increasing
and decreasing decompositions.
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Orthogonal Polynomials, Padé Approximants

and Sets of Minimal Capcity
HERBERT STAHL

TFH Berlin / FB 11
Luzemburgerstr. 10
D-13353 Berlin, Germany
stahl@thf-berlin.de

The connection between orthogonal polynomials and continued fractions is classical,
and at a conference in Munich it may be a good idea to mention the classical book
by Oskar Perron on this subject. Nowadays, a large part of the theory of continued
fractions is incorporated into the theory of Padé approximation, which is already
present in Perron’s book, but confined to a small chapter close to the end. The
classical results by Markov, Stieltjes, and Hamburger are still given in their original
continued fractions formulation, they are concerned with types of functions that
correspond in the associated area of orthogonal polynomials with polynomials that
are defined on the real axis or on a real interval.

The study of Padé approximation for a wider class of functions leads away from the
real axis into the complex plane, and instead of real intervals, sets of minimal ca-
pacity come into play. The complements of these sets are called extremal domains,
and they are domains in which typically diagonal sequences of Padé approximants
converge. In this respect, extremal domains are for Padé approximants what disks
are for power series.

In the talk we address results about sets of minimal capacity and their associated ex-
tremal domains. Topics of discussion will be their unique existence, the relationship
with similar concepts in geometric function theory, and methods for the numerical
determination of such sets.
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Basic Bernoulli and Euler polynomials and ¢-zeta
function

SERGEI SUSLOV

Department of Mathematics and Statistics
Arizona State University
Tempe, Arizona 85287-1804, U.S.A

We discuss some some properties of ¢-Bernoulli and ¢-Euler polynomials and their
relations with ¢-zeta and similar functions.
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Pascal matrix, special polynomials

and difference equations
DONATO TRIGIANTE

Dipartimento di Energetica
Via Lombroso, 6/17
50134 - Firenze
trigiant Qunifi.it

Although Pascal matrix could be considered the oldest matrix in the history of
Mathematics, in recent years it has attracted the attention of many specialists in
different areas of Mathematics and Applied Mathematics. New and surprising prop-
erties have been derived. In this talk, after exploiting some more or less known
definitions, its relations to differential and difference equations will be presented
along with its use in defining and studying special polynomials such as Bernoulli,
Euler, Hermite etc. The matrix can be generalized in many ways, obtaining inter-
esting new matrices, all of them showing peculiar properties. Finally, examples of
non trivial partial difference equations which can be treated by using the Pascal
matrix will also been discussed.
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Heun functions versus elliptic functions
GALLIANO VALENT

Loboratoire de Physique Théorique et des Hautes Energies
CNRS, Unité associée URA 280
2Place Jussieu, F-75251 Paris Cedex 05, France

Heun’s differential equation is again under intense study either from the special
functions point of view or from the integrability point of view. I will examine some
items, missing in the recent book by Ronveaux et al, mainly related to solutions of
Heun’s equation using the ideas and techniques due to Hermite and Picard for the
special functions side. These results will be compared with the so-called finite-gap
solutions and Krichever-Hermite solutions intensively studied from the integrability
side.
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Orthogonal polynomials, recurrence relations and
difference equations

WALTER VAN ASSCHE

Department of Mathematics
Katholieke Universiteit Leuven
Celestignenlaan 200 B

B-3001 Leuven (Heverlee), Belgium
Walter. VanAssche@Quis. kuleuven. ac. be

Orthogonal polynomials always satisfy a three term recurrence relation and the
spectral theorem for orthogonal polynomials implies that the converse is also true:
a sequence of polynomials satisfying a three term recurrence relation of the form

xpn(m) = an—l—lpn-{-l(x) + bnpn(x) + anpn—l(l‘))

with a, > 0 and b, real, is always a sequence of orthonormal polynomials for some
orthogonality measure on the real line. This give rise to two problems: (1) if the
orthogonality measure is known, then how can we obtain the recurrence coefficients?
(2) If the recurrence coefficients are known, then how can we find the orthogonality
measure?

We consider the first problem for exponential weights on the real line. Freud gave
a very interesting way to find the recurrence coefficients for weights of the form
w(z) = |z|P exp(—2®™). These are symmetric weights so that b, = 0, and Freud
found a non-linear recurrence relation for the a,,, which for m = 2 corresponds to
discrete Painlevé I. Freud was able to obtain the asymptotic behavior of the a, for
m = 1,2,3 and gave a conjecture for general m, which was later proved by Magnus
and Lubinsky, Mhaskar and Saff. In this talk I will explain Freud’s technique and
some of the later resuls inspired by Freud’s conjecture.

A second part of the talk wll be about discrete orthogonal polynomials, in particular
Charlier, Meixner, Krawtchouk and Hahn polynomials. These polynomials satisfy a
second order difference equation in the variable x, and like all orthogonal polynomials
they also satisfy a second order recurrence relation in the variable n. Hence these
discrete orthogonal polynomials satisfy a bispectral problem, which in both variables
x and n is a discrete problem. Generalized Charlier polynomials are orthogonal on
the integers with weights wy, = a*/(k!)™, where m is an integer and m = 1 gives the
Charlier polynomials. We show that Freud’s idea can be modified so that we get non-
linear recurrence relations for the recurrence coefficients b,, and a,, for generalized
Charlier polynomials, and for m = 2 these can be reduced to discrete Painlevé II.
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Explicit Padé interpolation tables and special
functions

ALEXEI ZHEDANOV

zhedanov@yahoo.com

We construct numerous explicit examples of the Padé interpolation tables (including
schemes with prescribed poles and zeros). These examples give rise to almost all
known explicit systems of orthogonal polynomials and biorthogonal rational func-
tions. Some new explicit examples of the biorthogonal rational functions are con-
structed.
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Functions ¢g-orthogonal with respect to their own
Zeros:
The analogue of Hardys theorem.

LUIS DANIEL ABREU

Unwersidade de Coimbra
Department of Mathematics

3000 Coimbra, Portugal
daniel@mat.uc.pt

G. H. Hardy proved that, under certain conditions, the only functions satisfying

/0 F Ot fOut)dt = 0 (1)

where the \,’s are the zeros of f, are the Bessel functions.
Replace the integral in (1) with the g-integral and consider functions such that

A?@WﬂMmuzo @

where the \,’s are the zeros of f. Under the same general assumptions made by
Hardy, we prove that, for functions satisfying (2), in one case f must be of the form

f(l') — ZfraleKJ(3)

y_1/2(Mx§ C]2)

where J5* denotes the third Jackson g-Bessel functions, M? = —ag=3(1 — ¢*)(1 —
@), a = =23 1/)2 and K is a real constant. In other case f must satisfy the
following g-difference equation:

1-¢)0-¢""H (@=¢*(a+1)
(1—¢*)(g"*"2? (1+q)g" "=

DEf() + —-Duf(2) = flaz) = o
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A discrete Counterpart of a Continuous-time
Additive Hopfield-Type Neural Network with
Impulses in an Integral Form

HAYDAR AKCA

King Fahd University of Petroleum and Minerals,
Department of Mathematical Science, P.O. Box 1071
Dhahran 31261, Saudi Arabia
akca@kfupm.edu.sa
http://faculty.kfupm.edu.sa/math/akca

A discrete analogue of a continuous -time additive Hopfield-type neural network
with distributed delay and with impulses in an integral form is formulated and its
global stability characteristics are investigated.

References and Literature for Further Reading
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Positive Increasing Solutions of Quasilinear
Dynamic Equations

ELVAN AKIN-BOHNER

Unwersity of Missouri—Rolla
Department of Mathematics and Statistics
Rolla, MO 65409-0020, USA
akineQumr. edu
http://www.umr.edu/~akine

We consider a quasilinear dynamic equation reducing to a half-linear equation, an
Emden-Fowler equation or a Sturm-Liouville equation under some conditions. Any
nontrivial solution of the quasilinear dynamic equation is eventually monotone. In
other words, it can be either positive decreasing (negative increasing) or positive in-
creasing (negative decreasing). In particular, we investigate the asymptotic behavior
of all positive increasing solutions which are classified by certain integral conditions.

References and Literature for Further Reading
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On the Krall-type discrete polynomials
R. ALVAREZ NODARSE

Departamento de Andlisis Matemdtico
Unwversidad de Sevilla
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In this talk we will present a unified theory for studying the so called Krall-type
discrete orthogonal polynomials. In particular, the three-term recurrence relation,
lowering and raising operators as well as the second order linear difference equation
that the sequences of monic orthogonal polynomials satisfy will be established. Some
relevant examples of ¢-Krall polynomials are considered in details as well as the limit
relations among them. This is a joint work with J. Petronilho and R. Costas-Santos.

References and Literature for Further Reading
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R. Alvarez-Nodarse and R.S. Costas-Santos, Limit relations between ¢-Krall
type orthogonal polynomials, Preprint 2005
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sion of the Krall polynomials. Internat. Math. Res. Not. 8, (1997), 359-392.
Koornwinder T H 1984 Orthogonal polynomials with weight function (1 —
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Scientific, Singapore, 2000, 181-193.
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On the limit behavior of recurrence coefficients

for multiple orthogonal polynomials
IGNACIO ALVAREZ ROCHA

Dpto. de Matemdtica Aplicada EUITT
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28031 Madrid, (Spain)
1galvar@euitt. upm. es

Polynomials of multiple orthogonality associated to Angelesco and Nikishin systems
have ratio asymptotic under general conditions for the measures. They satisfy a
recurrence relation of more than three terms and the ratio asymptotic of the poly-
nomials gives the asymptotic properties of the recurrence coefficients.

In this work we investigate the connection between the properties of the recurrence
coefficients and the algebraic equation satisfied by the limit of the ratio for the poly-
nomials of Angelesco and Nikishin systems.

References and Literature for Further Reading

1]
2]

A. 1. Aptekarev, Asymptotics of the polynomials of simultaneous orthogonality
in the Angelesco case, Math. USSR Sb. 64 (1989), 57-84.

A.1. Aptekarev, Strong asymptotics of multiple orthogonal polynomials for
Nikishin systems, Sbornik: Math. 190 (1999), 631-669.

Al Aptekarev, G. Lopez-Lagomasino and [.A. Rocha, Ratio Asymptotic of
Hermite-Pade orthogonal polynomials for Nikishin systems, Mat. Sbornik (to

appear)
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of Markov-type functions, Sbornik: Math. 188 (1997), 671-696.

V.A. Kaliaguine and A. Ronveaux, On an system of classical polynomials of
simultaneous orthogonality, J. of Comp. and Appl. Math., 67 (1996), 207-217.
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The study of dynamical zeta functions is an important topic in the general theory of
Dynamical Systems. The talk concerns to the main role that Linear Algebra plays
in that study. Recall that if f : X — X is a map from an arbitrary set X to itself,
one defines the Artin-Mazur zeta function of f as the following power series

Cr(t) =exp) o Hre X : fM(z) =a}" n

In order to study the Artin-Mazur zeta function of a continuos interval map f :
[0,1] — [0, 1], Milnor and Thurston introduced the notion of kneading determinant
Af(t). Starting from a main identity, (f(t)As(t) = 1, it was possible to show that
(¢(t) is meromorphic and as well to compute explicitly the poles of this function.

Our goal in this talk is to provide an original proof of this main result different from
the standard one of Milnor and Thurston which uses an homotopy argument. We
will show that these dynamical zeta functions can be regarded as trace zeta functions
of a suitable pair of linear endomorphisms with finite rank. With this we are able to
study (s(t) in a purely Linear Algebra context, simpler than in the previous works.

References and Literature for Further Reading

[1]  Joao F. Alves, J. Sousa Ramos, Kneading theory: a functorial approach, Com-
munications in Mathematical Physics 204 (1999), 89-114.

[2] V. Baladi, D. Ruelle, An extension of the theorem of Milnor and Thurston
on the Zeta functions of interval maps, Ergodic Theory Dynam. Systems 14
(1994), 621-632

[3] J. Milnor, W. Thurston, On Iterated maps of the interval, Dynamical Systems
(Maryland 1986-1987) LNM 1342, Springer-Verlag 1988, 465-563
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Sobolev Equations
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The present study is concerned with the numerical solution, using finite difference
method of one-dimensional initial-boundary value problems for linear and quasilin-
ear Sobolev partial differential equations with initial layer. Equations of this type
arise in many areas of mechanics and physics. Various approximating aspects of
this kind of problems in the regular cases, i.e. when the boundary and initial layers
are absent, have been considered by many authors. But the numerical treatment of
singular perturbation cases has always been far from standard because of the layer
behaviour of the solution. If classical stable numerical methods (finite differences
or finite elements) are used on a uniform mesh, it is known that the numerical so-
lution is reliable only if a very large (parameter depending) number of mesh points
taken. Thus, it is necessary to use robust numerical methods, i.e. methods that
are convergent uniformly in perturbation parameter. In order to obtain an efficient
method, to provide good approximations with independence of the perturbation pa-
rameter, we have developed a numerical method which combines a finite difference
spatial discretization on uniform mesh and the implicit rule on piecewise-uniform
and graded meshes for the time variable. The fully discretes scheme are shown to be
convergent of order two in space and of order one in time, uniformly in the singular
perturbation parameter. Some numerical results confirming the expected behaviour
of the method are shown.

References and Literature for Further Reading

[1]  G. M. Amiraliyev, On the numerical solution of the system of Boussinesque
with boundary layers, USSR Modelling in Mechanics 3 (1988) 3-14.
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In this talk a systematic study of the orthogonal polynomial solutions of a second or-
der partial difference equation of hypergeometric type of two variables is presented.
The Pearson’s systems for the orthogonality weight of the solutions and also for the
difference derivatives of the solutions are also presented. Some explicit examples
related with bivariate Hahn, Kravchuk, Meixner, and Charlier families, and their
algebraic and difference properties are given.

References and Literature for Further Reading
[1]  M.V. Tratnik, Multivariable Meixner, Krawtchouk, and Meixner—Pollaczek
polynomials, J. Math. Phys. 30(12) (1989), 2740-2749.

[2] J. Rodal, I. Area and E. Godoy, Orthogonal polynomials of two discrete vari-
ables on the simplex, Integral Transforms and Special Functions 16(3) (2005),
263-280.
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Let n € N, o > 0, K= [0, 00[xR and K = R x N. We denote by
Coum (@, 1) = € L2 (|A[2?) for all ((z,1), (A, m)) € K x K

where L% (1) = ™2 ig’;gg;

and L9 being the Laguerre polynomial of order a

We define the Fourier-Laguerre transform F.(f)(A, m) of a suitable f at (\,m) € K
as follows

FuPO) = [ o, ) )i, ) 3
K
where dm(z,t) = xj?(jﬁ(ft is the Haar measure on the Laguerre hypergroup K.

And for reasonable function ¥ defined on K, the inverse of the above Fourier La-
guerre transform is given by
0.()(w.0) = |

P(-am) (@, 1) W (A, m)dya (A, m), (4)

where dy, (A, m) = L (0)8,, ® [A[*+'d\ is the Plancherel on K.
For all v € R we define the Sobolev-Laguerre type space H] as the set of all tempered
distributions f such that 7 f € L, (K, dmg) and || f|lzy < oo where

loc

1fll2g = (gL%(O)/}R(l—lﬂM(m_’_ 04—21—1)>m

The aim of this paper is to study the continuity of generalized pseudodifferen-
tial operator B, , and the commutator [B,, , I, | on the Sobolev-Laguerre type-

, 1/p
faf()\,m)‘ |/\|a“d)\> .

spaces H)) where o belongs to a class of generalized symbols defined on K x K and
Ip = Go (PF, (+)). @ is being a suitable function.
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The finite Fourier transforms
for certain g-polynomial families
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Some g-extensions of Mehta’s eigenvectors of the finite Fourier transform are dis-
cussed. It is shown that the finite Fourier transform interrelates certain well-known
g-polynomial families.
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We are dealing with delayed difference equations of the form

Tntk = f(xn)

with £ > 2 and defined on continua X (non-empty compact and connected spaces)
with empty interior.

There are examples of such type of equations when X = I = [0, 1] coming from
Population Dynamics. For example, there exist species that are semelparous, i.e.
they reproduce only once and die thereafter but live for several years, it is the case
of biennial plants, salmons, cicadas, etc. In special situations, such as when all
density dependence is due to competition in the nursery, years classes may develop
independently and the population evolution is describe by the former equation.
We are able to find a frame of forcing relations among the periods that a continuous
map f : I — T has in the sense of Sharkovskys ordering ([2]) when X =T or S'. Tt is
essentially made in ([1]) and will be reviewed. As an example will see that for k =3
the frame of periods we obtain is

3:3 = 3:5&e5)=0B-7¢7)=3-9=3-1111)=...
3.2.3 = (3-2:522.5)=(3-2722-7)=3-2-9= ...

We will deal also with new situations where similar frames can be obtained when the
state space is a continuum (tree, graph, dendrite, etc) and also explore new line of
research in the subject like the consideration of non-autonomous delayed equations,
vertical endomorphisms, etc.
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The search for the missing link in dynamics
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In 1986 J. Smital proved that regular or chaotic behavior can be appropriately char-
acterized, in the setting C(I) of continuous maps of a compact interval I into itself,
as follows:

Theorem 1: If f € C(I) then one and only one of these alternatives must occur:

e all points of I are approzimable by cycles, that is, for any x € I and any € > 0
there is a periodic point p such that

limsup|f"(z) — f"(p)| < e

(f is reqular);

e there is a perfect set S which is d-scrambled for f for some 6 > 0. that is,

lim sup [ f*(z) = f"(y)| > 0,

lim inf | * () = f"(y)| = 0
for any x,y € S, x # vy (f is chaotic).

Yet, for an “almost everywhere” point of view (which is the important one for
applications) this approach can be misleading, as there are very natural maps (even
polynomial ones) which are chaotic in the above sense but for which almost all points
(in the sense of Lebesgue measure) are approximable by cycles. The aim of this talk
is to show that, under appropriate smoothness conditions for f and an additional
technical assumption (non-existence of so-called strange attractors) it is possible to
propose reasonable definition for “empirical regularity” and “empirical chaos” in the
spirit of Smital’s theorem. More precisely:
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Theorem 2: Let f € C3(I) finite number of points C(f) on which f' vanishes and
assume that it has negative Schwarzian derivative

-58-3(58)

in all points x ¢ C(f)‘. Additionally, assume that f has no strange attractors. Then
one and only one of these alternatives must occur:

Sf(x)

e almost all point of f are approximable by cycles (f is empirically reqular);

e there are a perfect set R C I? of bidimensional positive Lebesque measure and
a6 > 0 such that

limsup | f"(x) = f"(y)| >0,

fmint |7"(@) = £7()] =0
for any (xz,y) € R (f is empirically chaotic.

On the other hand, there are no such maps having scrambled sets of positive Lebesgue
measure.

References and Literature for Further Reading

[1] Blokh, A. and Misiurewicz. M., Wild attractors of polymodal negative
Schwarzian maps, Commun. Math. Phys. 199 (1998), 307-416.
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Commun. Math. Phys. 100 (1985), 4/95-524. (Erratum: vol. 112 (1987),
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[3] Martens M., de Melo W. and van Strien, S., Julia-Fatou-Sullivan theory for
real one-dimensional dynamics. Acta Math. 168 (1992), 273-318.

[4]  Lyubich, M., Ergodic theory for smooth one-dimensional dynamical systems
(1991), preprint.

[5]  Lyubich, M., Combinatorics, geometry and attractors of quasi-quadratic maps.
Ann. of Math. 140 (1994), 347-404.

[6]  Smital, J., Chaotic functions with zero topological entropy, Trans. Amer.
Math. Soc. 297 (1986), 269-282.
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Multidimensional Difference Equations
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Ben-Gurion University of the Negev
Department of Mathematics
P.0.B.653 Ber-Shevafle 3
84105, Israel
genrich@math.bgu.ac.1l

Multidemensional linear difference equations in spaces of smooth functions are con-
sidered.Solvability conditions via mutual configuration of shifts are stated.Corollaries
and examples are presented.
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Let P be the linear space of polynomials with complex coefficients and let P’ be
its algebraic dual. We denote by (u, f) the effect of the functional u € P’ on the
polynomial f € P. Let {P,},>0 be a sequence of polynomials in P such that
deg P, (x) = n for all n and let d be an arbitrary positive integer. The polynomial
sequence {P,},>o is called a d-orthogonal polynomial sequence with respect to a
d-dimensional functional U = *(ug, - -+ ,ug—1) if it fulfills:

(ug, PPy) =0 , m>dn+k ,n>0,
(ug, Py Panyr) #0, n >0,

for each integer k belonging to {0,1,...,d — 1}. For d = 1, we recognize the well-
known notion of orthogonality.
In this talk, we characterize all d-orthogonal polynomial sets that have generating
functions of the type:
A(t) S n

=200 ;P"(x)t !
where A and C are two formal power series satisfying: C'(0) = 0 and A(0) = C'(0) =
1. For the obtained polynomials, we discuss their links with known polynomial sets,
we give some of their properties, and we express explicitly the corresponding d-
dimensional functionals.

References and Literature for Further Reading

[1] Y. Ben Cheikh and A. Zaghouani, d-orthogonality via generating functions, J.
Comput. Appl. Math., to appear.
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For a scalar delay difference equation
r(n+1) —x(n) = ag(n)z(he(n)), hi(n) <n,
k=1

a connection between the following properties is established: nonoscillation, posi-
tiveness of the fundamental function and existence of a nonnegative solution for a
some nonlinear difference inequality.

Explicit nonoscillation and oscillation conditions, a comparison theorems for linear
and nonlinear equations are presented.
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Asymptotics of nonlinear difference equations
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We study equations of type
D:Y(X+1)=F(X,Y(X))

with X — oo and F nonlinear and C! in Y. We call an approximate solution Y a
sequence that satisfies the asymptotic functional equation

- F(X,Y(X)) = Y(X)
X—o P(X) ( FQ’(X,SA/(X)‘ - 1)

—0. (5)

Note that a fix-point of F' satisfies (5), but approximate solutions are good as well
in case it is practically impossible to determine such fix-points. It will be argued
that equation (5) has a natural geometric interpretation, in fact it expresses that
near the approximate solution occurs strong contraction of solutions, attraction if

‘FQ’(X,?(X)’ < 1 and repulsion if ‘FQ’(X,?(X)‘ > 1.

We present conditions that imply the existence of a true solution ?(X ) of D asymp-
totic to Y. In fact we derive the asymptotic behaviour of all solutions in an
asymptotic neighbourhood of Y. The study, which includes joint work with B.L.J.
Braaksma (Groningen), is inspired by similar, but not totally analogous, results in
differential equations on rivers obtained by among others Reeb, F. and M. Diener
and the author in the 80’s.

References and Literature for Further Reading

DieneMedbiener, G. Reeb, Champs polinomiaux: nouvelles trajectoires remarquables,
Bul.l Soc. Math. Belgique 38, p. 131-150, 1987.

vandehbérghn den Berg, On solutions of polynomial growth of ordinary differential
equations, J. Differential Equations 81, p. 368-402, 1989.
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Our aim is to prove a result about controllability to the following partial neutral
functional differential equation with infinite delay

9Day = ADxy + Bu(t) + F(t,zy), t > 0, (©)
Zo = ¢ € 87

where the state z(.) takes values in a Banach space (E, |.|), the control u(.) is given
in L?([0,T],U), T > 0, the Banach space of admissible control functions with U a
Banach space, B is a bounded linear operator from U into £, A: D(A) C E — E is
a linear operator on F, B is the phase space of functions mapping (—oo, 0] into FE,
which will be specified, D is a bounded linear operator from B into E defined, for
any ¢ € B, by Dy = ¢(0) — Doyp. Dy is a bounded linear operator from B into E
and for each x : (—o0,T] — E, T > 0, and t € [0,T], x; represents, as usual, the
mapping defined from (—oo,0] into E, for € (—o0,0], by x;(0) = z(t + 6). F is
an F-valued nonlinear continuous mapping on R, x B.

References and Literature for Further Reading

[1]  P. Balasubramaniam and C. Loganathan, Controllability of functional differ-
ential equations with unbounded delay in Banach space, Journal of the Indian
Math. Soc., N. 1-4, Vol. 68, 191-203, (2001).

[2]  H. Bouzahir, On neutral functional differential equations, Fized Point Theory,
Vol. 5, N. 1, 11-21, (2005).

[3]  J. Wu, Theory and Applications of Partial Functional Differential Equations,
Vol. 119, Springer-Verlag, New York, 1996.
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In this talk we present the general theory of multiple orthogonal polynomials. Our
departure point is the three term recurrence relation, with matrix coefficients, sat-
isfied by a sequence of vectors polynomials. Characterization of classical multiple
orthogonal polynomials are presented. .

References and Literature for Further Reading
[1]  A. Aptekarev, A. Branquinho e W. Van Assche, Multiple orthogonal polynomi-

als for classical weights. Transactions of the American Mathematical Society
335 (10) (2003) 3887-3914.
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Symbolic dynamics for real rational maps
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We will study the two parameter family of rational maps

2> +a
2+

fa,b(x) = s
using symbolic dynamics. Further we define kneading sequences and subshift of
finite type (topological Markov chains) with the main goal of studying the depen-
dency of topological entropy of the parameters a and b.

References and Literature for Further Reading

[1]  Robert L. Devaney, Kresimir Josic and Yakov Shapiro, Singular Perturbations
of Quadratic Maps, International Journal of Bifurcation and Chaos 14 (2004),
161-169

[2] Mario Sarreira and J. Sousa Ramos, Markov Shifts in Complex Dynamical
Systems, Intern. Conf. Equadiff95, Lisboa, ed. L. Magalhaes, C.Rocha and
L. Sanchez, World Scientific (1998), 498-505.
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this paper we study a particular type sequence of biorthogonal trigonometric

polynomials, in the Szegd’s sense. For these type of sequences we study the usual
topics in the OP theory. In particular we obtain a new connection with OP on the
circle and nice properties like:

1. Short term recurrence relation with a Jacobi type representation.
2. Christoffel-Darboux type formula.
3. Properties about quadrature formulas.

4. Properties about zeros: separation and interlaced.

References and Literature for Further Reading

1]
2]

G. Szegd, On bi-orthogonal systems of trigonometric polynomials, Magyar Tud.
Alcad. Kutatd Int. Kézl. 8 (1963) 255-273.
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Global Behavior of Solutions of the Third Order

Rational Difference equation
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We study the global behavior of solutions of the third order rational difference
equations of the form

a+ fBrgy + YT+ 0Ty o
A+ Bz, +Cxy1+ Dz’

Tntl n=20,1,..

where the initial conditions x_5, x_1, xg and the parameters o, 3,7, 9, A, B, C, D are
nonnegative real numbers such that the denominator of the equation is always pos-
itive.

We study the bounded and unbounded character of all solutions, solutions that con-
verge to a finite limit, periodic solutions and solutions that converge to periodic
solutions.

References and Literature for Further Reading

1]  AM. Amleh, V. Kirk, and G. Ladas, On the Dynamics of
Tni1 = S5t Math. Sci. Res. Hot-Line, 5(2001),1-15.
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Basic Fourier Expansions on a ¢g-Linear Grid
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For 0 < ¢ < 1 define the symmetric ¢-linear operator acting on a suitable func-
tion f(z) by 6f(z) = f(¢"/?z) — f(¢~"/?z). The g-linear initial value problem

o/ (@) = Af(x), f(0) = 1, has two entire functions C,(z) and S,(z) as linearly

independent solutions, which are orthogonal on a discrete set. Sufficient conditions
for pointwise convergence and for uniform convergence of the corresponding Fourier
expansion are given. Examples.
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Bessel functions for p-radial functions
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Bessel functions occur in classical analysis in connection with radial symmetry. From
the point of view of harmonic analysis they are the zonal spherical functions for the
Gelfand pair (Mg, SO,4). As such they characterize the Fourier transform of radial
functions on R?, i.e., the Fourier-Bessel transform.

Considering functions on R? which are radial with respect to the £,-norm in R?
Richards introduced generalized Bessel functions J,, characterizing the Fourier
transform. Since the ¢,-sphere is in general not a group orbit, there is no inter-
pretation of these functions in terms of Gelfand theory. Nevertheless, there are
symmetry properties which can be interpreted in terms of group actions.

We will show properties of these functions and give a connection to reflection in-
variant Bessel functions which result from the action of the symmetry group of the
{,-sphere on R%.

References and Literature for Further Reading
[1] D. St. Richards, Positive definite symmetric functions on finite dimensional

spaces 1. Applications of the Radon transform, J. Multivar. Anal. 19 (1986)
280-298.
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New results on Chebyshev polynomials

CLEMENTE CESARANO

Facolta div Ingegneria,
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Via E. Longoni
Roma, Italy
cesarano@frascati.enea.it

The theory and the related formalism of the Monomiality Principle can help us to
deduce relevant relations in the field of Chebyshev polynomials. In particular we
can state integral representions for first and second kind Chebyshev polynomials
by using the properties of the generalized two-variable Hermite polynomials. By
mixing the different kinds of the Chebyshev polynomials, we can also investigate
new families of polynomials and derive the related properties.
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Linearization coefficients for Sheffer Polynomial
sets

HAMZA CHAGGARA
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The lowering operator ¢ associated with a polynomial set { P, },>0 is an operator not
depending on n and satisfying the relation 0P, = nP,_;. In this talk, we express
explicitly the linearization coefficients for polynomial sets of Sheffer type using the
corresponding lowering operators. We obtain some well known results as particular
cases. A Crofton-type formula are derived. As application we give linearization
coefficients for Gould-Hopper polynomials as well as reduction formulae for Kampé
de Fériet functions .

References and Literature for Further Reading
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Jour. Comput. Appl. Math., 178 (2005) 45-61.
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Self-adjoint difference operators and
indeterminate moment problems
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The polynomials within the g-analogue of the Askey-scheme are eigenfunctions of
a second order ¢-difference operator. When the associated moment problem is in-
determinate and several positive measures p come into play, this operator is only
symmetric on L?(y) under certain restrictions on p.

As an example we consider the Stieltjes—Wigert polynomials. The difference opera-
tor in question is essentially self-adjoint on L?(u) when p is a discrete or absolutely
continuous solution to the g-Pearson equation and the corresponding spectral decom-
position can be presented very explicitly. In the discrete case the spectral analysis
boils down to considering doubly infinite Jacobi operators whereas the spectral anal-
ysis for the continuous case involves direct integral techniques.

It is worth mentioning that the analysis for the discrete case also leads to an or-
thogonal set of g-Bessel functions complementing the Stieltjes—Wigert polynomials

to an orthogonal basis for the underlying L2-space.

The talk is based on joint work with Erik Koelink, TU Delft.
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Abel’s Lemma on summation by parts
and Basic Hypergeometric Series
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chu.wenchang@unile.it

Basic hypergeometric series identities are revisited systematically by means of Abel’s
lemma on summation by parts. Several new formulae and transformations are also
established. The author is convinced that Abel’s lemma on summation by parts is
a natural choice in dealing with basic hypergeometric series.
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Special polynomials associated with rational and
algebraic solutions of the Painlevé equations
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The Painlevé equations (Pr-Pyy) are six nonlinear ordinary differential equations
that have been the subject of much interest in the past thirty years, which have
arisen in a variety of applications such as random matrices and may be thought
of as nonlinear special functions. Rational solutions of the Painlevé equations are
expressible in terms of the logarithmic derivative of certain special polynomials. For
P11 these polynomials were first derived in the 1960’s by Yablonskii and Vorob’ev.
The locations of the roots of these polynomials have a highly regular triangular
structure in the complex plane [1]. In this talk I shall describe the analogous special
polynomials associated with rational and algebraic solutions of other Painlevé equa-
tions. It is shown that their roots also have a highly regular structure and other
properties of these special polynomials will be discussed.

References and Literature for Further Reading
[1] P A Clarkson & E L Mansfield, “The second Painlevé equation, its hierarchy
and associated special polynomials”, Nonlinearity, 16 (2003) R1-R26.

[2] P A Clarkson, “The third Painlevé equation and associated special polynomi-
als”, J. Phys. A: Math. Gen., 36 (2003) 9507-9532

[3] P A Clarkson, “The fourth Painlevé equation and associated special polyno-
mials”, J. Math. Phys., 44 (2003) 53505374

[4] P A Clarkson, “Special polynomials associated with rational solutions of the
fifth Painlevé equation”, J. Comp. Appl. Math. (2005) 111-129
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Structure Theorems for Continuous
PolynomialHypergroups
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Let H be a compact set in R%. Let (H, *) represent a hypergroup with polynomial
characters supported on H. A sufficient condition is given for (H, *) to be the tensor
product of certain canonical Hermetian and canonical non-Hermetian hypergroups.
These conditions involve the location of the hypergroup identity, e, in H, and the
relative topology of H near e.

References and Literature for Further Reading
[1]  W.C. Connett and Alan L. Schwartz, Continuous 2-variable polynomial hy-
pergroups, Contemporary Mathematics, 183 (1995), 89-1009.

[2]  W.C. Connett and Alan L. Schwartz, Partial differential equations satisfied
by polynomials which have a product formula, Rocky Mountain Journal of
Mathematics, 32 (2002), 607-637.
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Factorization of the hypergeometric-type
difference equation on non-uniform lattices:
dynamical algebra
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We argue that one can factorize the difference equation of hypergeometric type on
non-uniform lattices in the general case. It is shown that in the most cases of ¢-
linear spectrum of the eigenvalues, this directly leads to the dynamical symmetry
algebra su,(1,1), whose generators are explicitly constructed in terms of the differ-
ence operators, obtained in the process of factorization. Thus all models with the
g-linear spectrum (some of them, but not all, previously considered in a number of
publications) can be treated in a unified form.

References and Literature for Further Reading

1] R. Alvarez-Nodarse and R.S. Costas-Santos, Factorization method for differ-
ence equations of hypergeometric-type on nonuniform lattices, J. Phys. A:
Math. Gen 34 (2001), 5551-5569.

[2] R. Askey and S. K. Suslov, The g-harmonic oscillator and an analogue of the
Charlier polynomials, J. Phys. A: Math. Gen. 26 (1993) L693-1L698.

[3] N. M. Atakishiyev and S. K. Suslov, Difference analogs of the harmonic oscil-
lator., Theoret. and Math. Phys. 85, (1991), 1055-1062.
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Fock representations for a quadratic
commutation relation
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We characterize the Fock representations of the x-algebra generated by the operators
X, X* satisfying the algebraic relation

XX* = f(X*X)

where f is the family of quadratic maps f(z) = ax® + Bx + v with a, 3,7, real
numbers. The representations associated to relation (1) are closely connected with
the dynamical system (R, f). The Fock representation is a representation on /?(N)
and is directly associated with the solution of the difference equation x,1 = f(z,)
with initial condition xq = 0. We identify regions in the parameter space for which
the Fock representations exist, are bounded/unbounded or finite/infinite.
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A continuum limit of the relativistic Toda lattice:
asymptotic theory of discrete Laurent orthogonal
polynomials with varying recurrence coefficients
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We consider the continuum limit of the relativistic Toda lattice. In particular, we
propose a method in order to ’integrate’ this system of nonlinear partial differential
equations for some particular initial data and boundary conditions, before possible
shocks. First, we recall the relation between the finite relativistic Toda lattice and
the theory of discrete Laurent orthogonal polynomials. Our analysis is then based
on some results for the asymptotic theory of discrete Laurent orthogonal polynomi-
als with varying recurrence coefficients and the connection with a constrained and
weighted extremal problem for logarithmic potentials.

References and Literature for Further Reading
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Planar fronts in bistable coupled map lattices
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Planar fronts in multidimensional coupled map lattices can be studied by reduction
to an one-dimensional extended dynamical system that generalises one-dimensional
coupled map lattices. This methodology is fully investigated and developed. Con-
tinuity of fronts velocity with the coupling strength and with the propagation di-
rection is proven. Examples are provided and illustrated by some numerical pictures.

References and Literature for Further Reading
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Let » > 0 and m > 2 be integers and consider:

A. (0,1,2...,7, 7+ m) interpolation

- given n pairwise distinct complex numbers z1, ..., z, (nodes),

- given n(r + 2) complex numbers ¢ (1 <j <n, i €{0,1,2,...,r,7+m}) (data),
find a polynomial Py(z) of degree at most N = n(r + 2) — 1 satisfying

PO(z) =ci (1<j<n, i€{0,1,2,...,r,r+m}).

B. (0,m,m+1,m+2,...,m+r) interpolation
- given n pairwise distinct complex numbers 21, ..., z, (nodes),

- given n(r+2) complex numbers d (1 < j <n, i € {0,m,m+1,m+2,...,m+r})
(data),

find a polynomial Py(z) of degree at most N = n(r + 2) — 1 satisfying
P](\;')(zj) = d; (1<j<n,ie{Omm+1,m+2,..., m+r}).

Some aspects of the connection between the length m of the gap and regularity (the
polynomial Py is unique for all sets of data) will be studied.
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Let {pn(x)} denote a sequence of polynomials orthogonal on A with respect to
the weight function w(x). The information entropy F, of the polynomials p,(z) is
defined as

E, = - /A P2 () () log 72 (x)d. 1)

In the last ten years much attention has been paid to the evaluation of these in-
tegrals for several families of orthogonal polynomials, because of their interest in
the context of quantum theory. However, in most cases only asymptotic expansions
and/or algorithms for numerical evaluation are known. Closed analytical formulas
have only been obtained for Gegenbauer polynomials of parameter 0 (Chebyshev
polynomials of the first kind), 1 (Chebyshev polynomials of the second kind) and 2.
This last result was achieved using an algorithmic formula for the entropy of Gegen-
bauer polynomials of integer parameter. In this work we present a new approach to
the evaluation of the information entropy of Gegenbauer polynomials of parameter
A € N in terms of finite sums. We derive closed formulas for A = 2, reproducing the
result known before, and for A = 3. We also discuss the application of this method
to other values of the parameter.

References and Literature for Further Reading
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Let u and v be two symmetric quasi—definite linear functionals and denote by {P,}
and {R,,} their corresponding systems of monic orthogonal polynomials. In the the-
ory of Sobolev orthogonal polynomials, the concept of coherent pairs has played an
important role. As a generalization of this concept, we assume these two sequences
are related by an algebraic-differential equation in the form

(n+1)P,+a,Po =R, 1 +b,R, 1, n>2,

n—1

with b, # 0 for every n > 2. If a,, = 0 for all n > 2, then (u,v) is said to be a sym-
metric coherent pair. In our contribution we present a study of the case when the
linear functional v is symmetric semiclassical of class 1 and we describe the possible
companion linear functionals. We also conjecture that in this situation, one of the
functionals, either u or v, must be a semiclassical linear functional of class at most 2.

References and Literature for Further Reading
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products: A case study, J. Comput. Appl. Math. 178 (2005) 155-168.

[2] H.G. Meijer, Determination of all coherent pairs, J. Approz. Theory 89 (1997)
321-343.
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Global Behavior of Solutions of the Nonlinear
Difference Equation x, .1 = p, + x,_1/x,
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We study the global asymptotic behavior of solutions of the nonautonomous differ-
ence equation

Tp—1
Tpna1l = Pn + , n=20,1,...,
‘,L‘n

where {p,}>, is a positive bounded sequence and the initial conditions x_; and z
are positive. We obtain sufficient conditions for the boundedness and persistence
of solutions and for the existence of unbounded solutions. In addition we obtain
global attractivity results. The results are applied to the case when {p,}>°, is peri-
odic with prime period k. We also state some open questions related to the equation.

References and Literature for Further Reading
[1] M. R.S. Kulenovic, G. Ladas, and C. B. Overdeep, On the dynamics of x, 1 =
Do+ Tp_1/xn. J. Diff. Eqn. Appl.; 9, (2003), 1053-1056.

[2] M. R.S. Kulenovic, G. Ladas, and C. B. Overdeep, On the dynamics of x, 1 =
Pn + Tn_1/x, with period-two coefficient. J. Diff. Eqn. Appl., 10, (2004), 905-
914.
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Asymptotic Behavior of Solutions of Discrete
Equations
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A survey of author’s latest results achieved (together with his collaborators) in
asymptotic theory of discrete equations is presented. Consider a system of nonlinear
ordinary difference equations

u(k + 1) = F(k,u(k)), 2)

where u = (uy,...,u,), F : N(a) x R* — R" is a one valued mapping, N(a) =
{a,a+1,...},a € Nisfixed, N={0,1,... } and k is independent variable assuming
values k = a,a+1,a+2, ... . Define, for every k € N(a), aset Q(k) as n-dimensional,
open, bounded and simply connected subset of the set S(k) := {(k,u) : u € R"}.
Let a point M = (k,u") € S(k) with k& € N(a) be given. We say that a point
M¢ = (k+ 1,u') with u!' = F(k,u°) is the first consequent point to the point M
and we write M{ = C[M]. Let a set S C S(k) with k € N(a) be given. We say
that a set S{ is the first consequent set to the set S if §§ := {M{, M € S} and we
write §§ = C[S]. Define a mapping F : N(a) x R" — N(a) x R" by the formula
F(kyu)=(k+1,F(k,u)), k € N(a), u € R™.

Theorem: Let mapping F' : N(a) x R" — R™ be continuous with respect to its
second coordinate and the mapping F : 0€2(s) — C[0S2(s)] is bijective for every fired
s € N(a). Suppose that for every fized s € N(a) the set C[02(s)] is a boundary
of n-dimensional closed domain D(s+ 1), homeomorphic with n-dimensional closed
ball B(s+1), and Q(s+1) C D(s+1). Then there exists at least one initial problem
ux(a) = u? with (a,u?) € Q(a) such that corresponding solution u = u.(k), k € N(a)
of (2) satisfies (k,u.(k)) € Q(k) for every k € N(a).

Example: Consider a nonlinear system

w(k+1) = Kuy(k),
1 + arctgus (k) (3)
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for k € N(2). With the aid of above theorem one can prove that the system (3) has
a solution u, (k) = (u.1(k), us(k)), satisfying uZ, (k) +u2, (k) < 1 for every k € N(2).
Acknowledgment. This research was supported by the Grant 201/04/0580 of Czech
Grant Agency and by the Council of Czech Government MSM 00216 30503.
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We present new summation inequalities with applications to the half-linear difference
equation
A (an|Aa7n |“sgn Amn) = by|Tpa1|“sgnx, .

We show that the half-linear equation exhibits not only similarities but also some
discrepancies with the linear case, especially as regards the possible coexistence of
the so-called extremal solutions. Some of our results are new also for the linear dif-
ference equation. (Joint work with M. Cecchi and M. Marini, University of Florence,
and I. Vrko¢, Czech Academy of Sciences)
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[1] M. Cecchi, Z. Dogld, M. Marini, I. Vrko¢, Summation inequalities and half-
linear difference equations, J. Math. Anal. Appl. 302 (2005) 1-13.

[2] M. Cecchi, Z. Dosl4, M. Marini, On recessive and dominant solutions for half-
linear difference equations, J. Differ. Equations Appl. 10 (2004) 797-808.

[3] M. Cecchi, Z. Dosla, M. Marini, Limit behavior for quasilinear difference equa-
tions, Proceedings of the Sixth International Conference on Difference Equa-
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Sharkovsky’s Theorem
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A self-contained non-directed graph proof of the well-known result of Sharkovsky
on the periods of coexistent periodic points of continuous interval maps using the
following lemma is presented.

Lemma. Let P be a period-m orbit of f with m > 3. Then there exist a fived
point z of f, a period-2 point y of f, and a point v such that f(v) € P and
max{f?(v),y} < v < z < min{f(y), f(v)}. Furthermore, f(x) > z and f*(z) < x
forally <z <w.
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Bursting activity is an interesting feature of the temporal organization in many cell
firing patterns. This complex behavior is characterized by clusters of spikes (action
potentials) interspersed with phases of quiescence. The interpretation of experimen-
tal results, particularly the study of the influence of coupling on chaotic bursting
oscillations, is of great interest from a physiological and mathematical perspective.
In this paper, we apply techniques of symbolic dynamics to study the topological
entropy of a map used to examine the role of coupling on identical bursting cells.
Finally, the strength of coupling leads to the introduction of a second topological
invariant that allows us to distinguish isentropic dynamics. We exhibit numerical
results about the effect of coupling strength on the variation of the topological in-
variants.
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We study the symmetric operators A[W] associated with conjoined bases of sym-
plectic difference systems Y, = W;Y;, WTJW = J. Main property of A[W] defined
é g } is that A[WV] = VI(A[W] — A[V-1)V for
any symplectic W, V' is congruent to the variation A[W] — A[V~!]. In this work we
consider the separation results connected with the variation of a conjoined basis Y.
Thus, by analogy with the definition of the multiplicities of focal points introduced
by W. Kratz, we consider so called comparative index p(7) defined for two conjoined
bases Y, Y. We show that (i) describes the index (the number of the negative eigen-
values) of the generalized variation of the factors L1 in the symplectic factorization
Y = LNMT 0]T which holds for any conjoined basis of the symplectic system
(see[2]). We derive (under some assumptions) the formula Ap(i) = m(i) — (i)
which connects the numbers of focal points m(i), m(i) of Y, Y with p(i + 1) — u(4)
in (4,7 + 1]. We also state other index results which generalize well-know separation
results in Sturmian theory.

for any symplectic W = [
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Results on Oscillation for Dynamic Equations
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We consider the oscillation properties of linear and nonlinear dynamic equations on
time scales. In addition to a discussion of various Hille-Wintner comparison criteria,
we present some explicit oscillation results.
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n—1
Let the g-shifted factorial be defined by (a;q),, = H (1—q*t™),

m=0
n—1

and let the tilde operator be defined by (a;q), = H(l + ¢“™™). We present a
g-umbral calculus in the spirit of Rota and M.Ward V:;Ll?fl the following ingredients:
1. The Nalli-Ward-Alsalam ¢-addition.
2. The Jackson-Hahn-Cigler g-addition.
3. A close connection to the Jackson g-gamma function and the Heine Q) function.

In this way we can find g-analogues of the results of Norlund for generalized Bernoulli-
and Euler polynomials, which are more general than the recent article by M. Schlosser.

This kind of g-calculus is a mix of the work of among others Heine and his pupil
Thomae (who reintroduced the g-integral), P. Appel 1879, Ashton & Lindemann
1909, Smith & Pringsheim 1911, Daum 1941, Gasper & Rahman.

The Jacobi-Neville elliptic functions can easily be expressed in terms of the Heine
Q) function and its tilde version.

I hope that this talk will also bring attention to some interesting results in g-calculus
previously published in different languages.
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We consider discrete laplacians for iterated maps on the interval and examine their
eigenvalues. We have introduced a notion of conductance (Cheeger constant) for
a discrete dynamical system, now we study their relations with the spectrum. We
compute the systoles and the first eigenvalue of some families of discrete dynamical
systems.
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This talk will outline some simple combinatorial techniques used recently to obtain
sharp bounds for linear difference equations with coefficients in [—A, 0] for various
orders. Generating functions associated with the discrete bounding process are seen
to be generalizations of Fibonacci and Pell polynomials. The talk concludes with a
discussion of the properties of these polynomials including some new results.
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rences in terms of Maximal Products over Integer Partitions, Proceedings of
the Eleventh International Conference on Fibonacci Numbers (2005) in press.
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Let (P,) be a familly of classical orthogonal polynomial on the quadratic or ¢
quadratic lattice x(s). As orthogonal polynomial sequence, it satisfies a three-term
recurrence relation given in the monic form by

Puii((s)) = (2(s) = B) Pa(a(s) = 7 Paca(a(s)), 0> 1,
Py((s)) = 1, Pi(a(s)) = a(s) — fho. (4)

where (3, and 7, are complex numbers with =, # 0.
(P,) also satisfies a second-order divided-difference equation

0(2(8)) Fui) (Y (2(s)) + 7(2(5)) M) (Y (2(s)) + Ao Y(2(s)) = 0,

where A, is a constant, ¢ is a polynomial of degree at most 2 and 7 is a first degree
polynomial. [, and M) are the divided difference operators defined by

A V(s) 1 (Af(s) | Vf(s)
~ Az(s— 1) Va(s)’ <A95(3) * Vx(s)) 7

Fa(s) (f(s)) M) (f(5)) =

2
where A and V are the forward and the backward operators given by
A(f(s)) = f(s+1) = f(s), V(f(s))=f(s)=f(s—1).

Given a positive integer r, the rth associated of the sequence (P,) is the sequence
denoted (Py)) and given by the three-term recurrence relation obtained from (4) by
replacing n by n + r in the coefficients (3, and 7,

P\ (2(5)) = (2(5) = Bugr) P (@(8) = Yntr Py (2(5)), n > 1,
P (x(s)) = 1, P ((s)) = a(s) — Br. (5)
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We prove that the (P,(f)) satisfy a fourth-order difference equation of the form

Ta(, ) T (5()) + Ty (2, 1) P Myt (9(5)) + Ta(, ) Fago(y(s)
1 () Moo (y(5) + Tole, n) y(s) = 0, (6)

where [;(x,n) are polynomials in the variable z(s).

Next factorize and find a basis of four independent solutions of these fourth-order
difference equations and give explicitely the coefficients [;(x,n) for r associated
Askey-Wilson and Raccah polynomials.
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Polynomial differential equations are considered. The main problem of qualitative
theory of such equations is Hilbert’s Sixteenth Problem on the maximum number
and relative position of limit cycles, special functions determined by these equations.
There are three local bifurcations of limit cycles: 1) Andronov—Hopf bifurcation;
2) separatrix cycle bifurcation; 3) multiple limit cycle bifurcation. We connect all
these local bifurcations by means of the Wintner — Perko termination principle, con-
struct canonical systems with field-rotation parameters which correspond to our
equations and, using geometric properties of these parameters, develop a new global
approach to the solution of the Problem in the quadratic case of polynomial equa-
tions [1].

By means of Erugin’s two-isocline method, we construct also a canonical Kukles-
type cubic system with field-rotation parameters and apply it for studying limit
cycle bifurcations. In particular, we consider a special case of the Kukles system
which corresponds to a generalized Liénard equation and is very important for ap-
plications, classify separatrix cycles and study global bifurcations of limit cycles [2].

Finally, we carry out the global qualitative analysis of a cubic centrally symmetric
equation which can be used as a learning model of planar neural networks [3] and
study a general Liénard equation of 2k + 1 degree proving that it can have at most
k limit cycles.
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Difference equations and Monte Carlo method for
the Smoluchowski process of the coagulation
kinetical theory !

V. A. GALKIN
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We consider the physical system consisting of N particles possessing non-negative
masses in the volume V(N). The coagulation process is supposed during collision
of couples of particles [1-3]. The main goal of the paper is the mathematical simu-
lation of coagulation process based on difference equations. The background of the
Monte Carlo process which leads to to the solution of above difference equations
was obtained. We describe the behavior of the solutions in the Grad-Boltzmann-
Smoluchowski limit when N — oo, V(N) — oo. The convergence of approxima-
tions to the solution of the Smoluchowski kinetical equation was established.

The special case of Boltzmann gas was considered for the orthogonal collisions and
respective difference equations were described. The Monte Carlo approximate solu-
tion for above system was compared with exact solution and background of Smolu-
chowskii approach for difference kinetics was obtained.

Consider a system of N particles of nonnegative mass in a volume V(N). The
particles are assumed to move chaotically in V' (N) and experience pairwise collisions,
in which they can merge to form particles of aggregate mass (coagulation). An
accepted mathematical model of the coagulation process as N and V(N) is the
Smoluchowski kinetic equation [1, 2]. If we assume that the initial masses of the
particles in the system are my, = km, where k € Z* and m; > 0, then the mass of the
particle formed in the coagulation of a pair of particles remain the same. Without
loss of generality, we assume that m; = 1. Let ug(t) denote the concentration of
particles of mass £ € N at time ¢ > 0 and ®;; be the coagulation intensity for
particles of masses k and [, with ®;; = ®;;, > 0 . The values of the Smoluchowski
collision operator S [1, 2] specify the rate of change in the concentrations wu; and

! Supported by RFBR grant # 05-01-00688
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are defined by the relation

SC(IDk) (U) d;f Z (I)l,rulur - 2uk Z <I>]€7[Ul, k € N.
=1

l+r=k =
The Smoluchowski kinetical equation

du

—F—9Ww), t>0, keN, (1)
dt

is used in numerous applications for description of coagulation process, but there
exists gap between equation (1) and direct simulation of the above process, based
on difference equations.

This study analyzes the relationship between solutions of the difference equations
and the asymptotic behavior (as N — oo, V(N) — o0) of the results obtained
by Monte Carlo direct simulation of coagulation [3] based on random draws of co-
agulation acts for individual particles. Following this approach, the Smoluchowski
equation is rigorously derived for a wide class of coagulation intensities ® and initial
data.
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Chemical reactions discrete chaotic dynamics (DCD) is the theory describing multi-
component systems evolution in discrete time and space. Interactions between the
systems constituents (agents), in addition to the physicochemical transformations,
include into consideration information exchange. DCD’s basic equations which are
derived from the first physicochemical principles have a form of the system of non-
linear difference equations [1].

Discrete space distributed patterns are presented on the squared lattices where each
cell, at each discrete moment of time, is filled with corresponded to the calculated
by DCD difference equations solutions colors. Therefore we are receiving discrete
time evolution of the images (colored cells within the lattice).

In this work we will present and analyze evolution of the sequences of the 2-D sym-
metrical images. It will be shown that the symmetrical images evolution presents
three different types of dynamical behavior: convergence to the one pattern (steady
state), convergence to the periodically changing patterns (period two, three, etc.)
and convergence to the asymmetrical disordered patterns.

References and Literature for Further Reading
[1] V. Gontar, Theoretical foundation for the discrete chaotic dynamics of physico-

chemical systems: chaos, self-organization, time and space in complex systems,
Discrete Dynamics in Nature and Society 1 (1997) 1, 31-44.
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In connection with the difference equation of the square root spiral (spiral of Theodorus)
we consider an approach of Herbert Kociemba who gave an approximation of this
spiral using Euler’s summation formula. Aspects of stability in the sense of Hyers-
Ulam are indicated.

These observations can also be applied to more general linear difference equations
of first order.
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The studies related to onset of chaos in one-dimensional discrete systems modelled by
non-linear maps have been quite intense and exhaustive during the last two decades.
This paper proposes an analysis of creation mechanism of bubbling sequences and
bistability regions in bifurcation scenario of a special class of one-dimensional, two-
parameter map. The simplest cases where those are present are maps with at least
two control parameters, one that controls the non-linearity and the other that is a
constant additive one, i.e. maps of the type:

Xn+1 = f(Xn’a’a b) = fl(Xnaa) +0b

Analyses of character of observed bifurcations in dynamic systems are more frequent
in the literature now. The bubbling scenario is seen in the bifurcation diagrams of
many non-linear systems like coupled driven oscillators, oscillatory chemical reac-
tions, diode circuits, lasers, insect populations, traffic flow systems, etc. Bistability
is an equally interesting and common feature associated with many non-linear sys-
tems like a ring laser and a variety of electronic circuits.

There is also proposed an answer is also proposed to the question: which one of
those behaviors is more typical in economic systems. In the paper there is the
analytical and graphical analysis of the dynamic properties for economic models
(demographic models, production and cost models, growth models) described by
non-linear difference equations having two decision parameters.
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In this lecture, which is a joint work with J. A. D. Appleby and D. Reynolds, we
study general linear Volterra convolution difference equations on finite dimensional
spaces, and give results which ensure that their solutions are bounded, asymptoti-
cally stable. These results are then used to obtain the exact rate of decay of solutions,
by considering suitable weighted solutions: indeed exact asymptotic representations
for the solutions are obtained. It is also shown that the hypotheses of our results are
used as weights. Using subexponential functions, for such equations we can obtain
the exact rate of convergence of solutions in cases of the solution not converging
exponentially, and of their being no characteristic roots.
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It is well known that the characteristic Lie algebras, introduced by A.B.Shabat in
1980, play the crucial role in studying the hyperbolic type partial differential equa-
tions. For example, if the characteristic algebra of the equation is of finite dimension,
then the equation is solved in quadratures, if the algebra is of finite growth then
the equation is integrated by the inverse scattering method. Recently, it has been
observed by A.V.Zhiber that the characteristic algebra provides an effective tool to
classify the nonlinear hyperbolic equations. However, the characteristic algebras has
not yet been used to study the discrete equations. In the talk the notion of the char-
acteristic Lie algebra of the discrete hyperbolic type equation will be introduced.
An effective algorithm to compute the algebra for the equation given is suggested.
Examples and further applications will be discussed.
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Change in Time Scales:

The Effects of Parameterization on Dynamics
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In this paper, we introduce the idea of using time scales as a parameter to under-
stand the changes in dynamics between difference and differential equations and we
investigate the changes that occur for particular sequences of time scales. More
specifically, we use times scales converging to R, to examine how altering the time
scale sequence changes the dynamics as we vary p from constant to nonconstant
values.

References and Literature for Further Reading

[1]  Devaney, R., An Introduction to Chaotic Dynamical Systems, 2"* ed., West-
view Press, Boulder, Colo. (2003).
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eds.
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We consider the global attractivity of the nonlinear delay difference equations which
appear as the neural networks model.

References and Literature for Further Reading

[1] Y. Hamaya and S. Sato, Global attractivity of some neural net model, To
appear.
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Higher order Veselov discretization of field
theories
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We discuss multisyplectic discretisation of Lagrangian systems of high order. It con-
sists in discretising the Lagrangian of a Lagrangian system before deriving the Euler-
Lagrange equations for the stationary solutions. The numerical schemes generated
posess geometric properties similar to the continuous system, i.e. they constitute a
(multi) symplectic system. On integrable systems this could mean the preservation
of features such as symmetries and conservation laws. We give the example of a
higher order system that contains the integrable nonlinear Schrodinger equation as
a reduction.

References and Literature for Further Reading

[1] J. E. Marsden, G. W. Patrick and S. Shkoller, Comm. Math. Phys. 199
(1998), 351-395.
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129
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Discrete versions of the heat and harmonic oscillator equation will be studied within
a general concept of ladder formalisms. The combination of the underlying ladders
will allow to introduce Kravchuk polynomials as operators acting on the ladders. It
will turn out that the whole theory is the natural generalization to the discrete case
of the algebraic background of those basic equations of mathematical physics.
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Time scales symplectic systems without normality
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We present a theory of the definiteness (nonnegativity and positivity) of quadratic
functionals F related to time scales symplectic systems (S). These are time scales
linear systems which generalize and unify the linear Hamiltonian differential sys-
tems and discrete symplectic systems. Under a time scale T we mean any nonempty
closed subset of R and, in particular for this talk, we consider a bounded time scale
denoted by [a,b]. The novel approach is in removing the assumption of normality
in characterizations of the nonnegativity and positivity of F. This requires a new
notion of generalized focal points for conjoined bases (X, U) of (S), results on piece-
wise constant kernel of X (), and Picone-type results under such piecewise constant
kernel condition. These results generalize many recent ones, for example in the ref-
erences below.

References and Literature for Further Reading

[1] M. Bohner, O. Dosly, W. Kratz, Positive semidefiniteness of discrete quadratic
functionals, Proc. Edinburgh Math. Soc. 46 (2003) 627-636.
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scales, Appl. Math. Optim. 43 (2001) 129-146.

[3]  R. Hilscher, V. Zeidan, Symplectic difference systems: variable stepsize dis-
cretization and discrete quadratic functionals, Linear Algebra Appl. 367 (2003)
67-104.

[4]  W. Kratz, Definiteness of quadratic functionals, Analysis (Munich) 23 (2003)
163-183.
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In this talk we consider order preserving semiflows generated by differential equa-
tions in Banach spaces and we investigate whether their discretizations with arbi-
trary Runge-Kutta methods are alike order preserving. To this aim, first we derive
sufficient and necessary conditions that guarantee the continuous semiflow be or-
der preserving with respect to an arbitrary order cone. Then we construct explicit
formulas for the discretization parameter, the step size of the Runge-Kutta method
that imply the discrete semiflow be order preserving. We remark that in many sit-
uations of practical importance this construction provides us with the largest step
size of this property. From these results we see that the order preservation of the
discrete semiflow is possible only for few methods and even for them under severe
time step restrictions. To avoid these to some extent we construct a subcone of the
original order cone such that the order preservation with respect to this new cone
requires much weaker conditions on the method and its step size.

References and Literature for Further Reading
[1] Horvéth, Z., Positivity of Runge-Kutta and diagonally split Runge-Kutta
methods. Applied Numerical Mathematics 28, (1998) 309-326.

[2] Kloeden, P.E. and Schropp, J., Runge-Kutta methods for monotone differential
and delay equations. BIT 43, No.3, (2003) 571-586.

[3]  Smith, Hal L., Monotone dynamical systems: an introduction to the theory of

competitive and cooperative systems., Providence, RI: American Mathematical
Society (1995).
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Gevrey type solutions of analytic difference
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We discuss the existence of Gevrey-type solutions in different (unbounded) domains
of the complex plane: domains containing a part of the real axis and domains con-
tained in an upper or lower half plane. The results are of importance in the study
of (accelero-)summability of formal solutions.
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Global Attractivity in Difference Equations and
Dynamics of Certain Functional Differential
Equations
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We relate several classes of functional differential equations with specially con-
structed difference equations. The latter is defined by explicit or implicit multi-
dimensional maps. Some of the basic properties of the maps, such as global attrac-
tivity, are then translated back to the functional differential equations. We show
in particular that the global attractivity in difference equations implies the global
asymptotic stability in the corresponding functional differential equations. The in-
stability implies the existence of periodic solutions, under some additional natural
assumptions. The general approach applies in particular to the well-known delay
differential equation

pa(t) = fla(t — 7)) — g(z(t))
which serves a mathematical model of a number of real life phenomena. Some of

the results on the latter equation were recently obtained in a joint work with E. Liz
and S. Trofimchuk [1].

References and Literature for Further Reading

[1]  Anatoli Ivanov, Eduardo Liz and Sergei Trofimchuk, Global Stability of a Class
of Scalar Nonlinear Delay Differential Equations, Differential Equations and
Dynamical Systems 11 (2003) 33-54.
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7)), Dynamic Systems and Applications 8 (1999) 197-210.
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To clarify the mechanism promoting biodiversity is very important problem. Here
we pay attention to the coexistence of plant species. It is well known that n + 1
species cannot survive under n resources theoretically[1]. There is dilemma between
nature and theory, and we consider it by using the lottery model[2]. Chesson and
Warner (1981) showed that on the lottery model two species can coexist under the
fluctuating environment. However, in tropical rain forest, environment for plant
species seems to be almost constant. In this talk, we introduce a new lottery model
and consider the species coexistence under constant environment.
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Construction of an integral manifold

for delay differential-difference equations

KLARA JANGLAJEW

University of Bialystok
Institute of Mathematics
Akademicka 2
15-267 Bialystok, Poland
jang@math.uwbd. edu. pl
http: //www-math.uwb. edu.pl/~jang/

A linear system of differential-difference equations with delays and containing a
small parameter is studied. It is assumed that this system satisfies the dichotomy
conditions when the small parameter vanishes.

The sufficient conditions for the existence of an asymptotic integral manifold de-
scribed by a system of differential equations without delays are obtained. For the
coefficients of this system the expansions are given in powers of parameter provided
that parameter is small enough. An estimate for this parameter is obtained.

References and Literature for Further Reading

[1] S. Elaydi, New trends in the asymptotics of difference equations , Proceedings
of the Third International Conference on Difference Equations, Taipei. Gordon
and Breach, 1999, 161-181.

[2] S. Elaydi, I. Gyori, Asymptotic theory for delay difference equations, J. Diff.
Eq. and Appl. 1 (1995) 99-116.
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J. Diff. Eq. and Appl. 5 (1999) 1-23.
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We consider a discrete-time economic model which is a particular case of the Kaldor-
type business cycle model and it is described by a two-dimensional dynamical system.
Under certain conditions the map can be reduced to a skew map whose components,
the base and the fiber map, both have entropy. Our proposal is to study and measure
the complexity of the system using symbolic dynamics techniques and the topolog-
ical entropy.
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Positive Lyapunov exponents or positive metric
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Let f: I =10,1] — I be a map and let u be a probability measure on the Borel
subsets of I absolutely continuous with respect to the Lebesgue measure and/or
invariant for f. We say that x € [ is sensitive to initial conditions if there exists a
number ¢ > 0 with the property that for any neighbourhood U of x there is some
n = n(x,U) such that diamf"U > J.

Under rather mild assumptions on f and p we show that if the set of points with
positive Lyapunov exponent has positive py-measure or the metric entropy of f is
positive then the set of points having sensitivity to initial conditions has positive

p-measure. In particular we improve previous results from [1].

This is an account of a joint work with Alejo Barrio Blaya, Universidad de Murcia,
Spain [2].

References and Literature for Further Reading
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The Euler integral representation of the o F; Gauss hypergeometric function is well
known and plays a prominent role in the derivation of transformation identities and
in the evaluation of 2 F(a,b;c; 1), among other applications. The general i F,
hypergeometric function has an integral representation where the integrand involves
»Fy. We give a simple and direct proof of an Euler integral representation for a
special class of ;1 F, functions for ¢ > 2. We then obtain an asymptotic expansion
for the Euler integral representation of some 3F5 hypergeometric polynomials which
leads us to our main result that, asymptotically, the zeros of these 3Fy hypergeo-
metric polynomials cluster on the loops of specified lemniscates.
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On the Trichotomy Behavior of Equations
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Abstract

We extend the known results of the non-autonomous solutions of equation in the
title to the situation where any of parameters are period two sequence with non-
negative values and the initial conditions are positive. In particular we find regions
of local stability and regions where unbounded solution exists

References and Literature for Further Reading
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For a« >0, A€ R and p € C, we consider the functions

o u(y,0) = e (chy) o7V (y) . (y,0) €]0, +oo[xR,

where cp,(f”\) is the Jacobi function defined by

a+ A+ 1+ip a+X+1—iu
2 ’ 2

90;(?’/\)(31) = oF ( ;a+ 1 —Shzy) ;

oF1 being the Gaussian hypergeometric function. ¢, , are eigenfunctions of the
following partial differential operators

0
b=
0? 0 1 02
Do = 2 4[(2a +1)cothy + thy] — — —— 2 1)?
o 8y2+[(a+ Jeothy + y]ay ch2y892+(a+)

A generalized convolution # on the half-plane is associated with the operators D
and D,. A Calderén’s reproducing formula associated with # and which involves
finite Borel measures is studied.
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We investigate the periodic character of positive solutions of the difference equation
A, B

Tpi1 = Max {—n , — }, where {A,} -, and {B,} -, are both periodic sequences
Tp Tp—1

of positive numbers with (not necessarily prime) period four. We show that every

positive solution is eventually periodic with (not necessarily prime) period eight.

This is work-in-progress, and utimately our objective is to extend the proof of this

investigation (and others) and generalize our results to the case when {A4,} 7 is

a periodic sequence of positive numbers with period p € {1,2,...}, {B,},—,is a

periodic sequence of positive numbers with period ¢ € {1,2,...}, and neither p nor

q is a multiple of three, in which case we intend to show that every positive solution

is eventually periodic with period 2 -lem(p, q).
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Analysis methods of multiple eigenvalues
of spheroidal wave functions
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Spheroidal wave functions are eigenfunctions of special differential operator of sec-
ond order. They play an important role in many applied problems of diffraction,
astrophysics, etc.

When the spheroid slenderness parameter c is real or pure imaginary, the numerable
set of different real eigenvalues A, (c) corresponds to different spheroidal functions.
Otherwise, when the differential operator is not self-adjoint, the values of \,(c)
can coincide. This case originates in the complex plane ¢ the singular points ¢, —
square-root branch points of eigenvalues.

Several modern methods are proposed for the structure of these singularities analy-
sis. By means of effective symbolic evaluations the explicit power series expansions
An = An(c) were obtained and the character of singularities on the boundary of
convergence disk was studied. The strong cancellation of digits appearing during ¢,
evalution was overcome. Application of Padé approximants and its generalization —
Hermite-Pade approximants — allowed to compute branch points ¢, and eigenvalues
An(cp) with high precision and computation speed.

References and Literature for Further Reading
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We deal with linear discrete systems with delay

Ax(k) = Bz(k—m)+bu(k), keZy:={0,1,...},

m?

Oifk<—m

[k — (j — Dm]!

gt k= —1)m—j]!
ifk=(0-1)(m+1)+1,....0(m+1),1=0,1,...
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(1)

where Az(k) = x(k+1)—x(k), z : Z%,, — R™, B is a square n X n constant matrix,
m > 1 is an integer, b is a constant nonzero vector and u : Z3 — R is a control
function. The system (1) is called to relatively controlled, if for arbitrary initial
arbitrarily finite k; > k*, where k* € Zlfl_l is a
fixed number, and arbitrary finite state x* € R"™ there exists function uv* : Zlglfl — R,
such that system (1) with v = w* has solution z : 7k — R" satisfying initial
conditions and the terminal condition z(k;) = z*. We solve this problem with the
aid of discrete matrix function e2* defined as



We prove that system (1) is relatively controllable if and only if £* = 14+(n—1)(m+1)
and rand(b, Bb, B?D, ..., B"'b) = n. Corresponding control function has e.g. the
form

1
u*(k)::b(Bklmkl) [Z B(k1mjbbT( klmg>]

0
X [ZI:* - eﬁklgp(_m) - Z ei(kl_m_j)A(p(j - 1)] ) k= 07 1a sy kl -1

j=—m+1

References and Literature for Further Reading
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Dynamical quantum groups are analogues of Hopf algebras, where the base field is
extended from C to meromorphic functions on a complex vector space in a non-
trivial way. Such dynamical quantum groups can be constructed from solutions of
the quantum dynamical Yang-Baxter equation, and they come naturally equipped
with a kind of self-duality, see [3]. This duality leads to natural actions of a dy-
namical quantum group on itself. In case of the elliptic U(2) quantum group, cor-
responding to an elliptic solution of the Yang-Baxter equation, we can establish the
duality between matrix elements of corepresentations in terms of elliptic hyperge-
ometric series. This can be used for a dynamical quantum group theoretic proof
of the bi-orthogonality relations, Bailey’s transform and the hexagon relation for
very-well-poised elliptic hypergeometric series extending the approach of [2]. This
work [1] is joint with Yvette van Norden (TU Delft).
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The Leslie matrix model for a semelparous population often exhibits a synchronous
phenomenon in which all but one year-class is missing [1,2]. In this talk, we investi-
gate the condition leading to a synchronous phenomenon in the Leslie matrix model.

The synchronous phenomenon in matrix population models is characterized by an
orbit lying on the boundary of the non-negative cone R}, which is called a syn-
chronous orbit. It is known that a synchronous orbit does not exist in matrix
population models with primitive life cycle graph [3]. Therefore, we concentrate
on matrix population models with imprimitive life cycle graph. In particular, we
provide a condition for attractivity of (periodic or aperiodic) synchronous orbits in
the Leslie matrix model for a semelparous biennial population.

References and Literature for Further Reading
[1]  N. V. Davydova, O. Dieckmann and S. A. van Gils, Year class coexistence or
competitive exclusion for strict biennials? J. Math. Biol. 46 (2003) 95-131.

[2] J. M. Cushing, Cycle chains and the LPA model. J. Difference Equ. Appl. 9
(2003) 655-670.

[3] R. Kon, Non-existence of synchronous orbits and class coexistence in matrix
population models, (preprint).
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We investigate the periodic character of solutions of the third order rational differ-
ence equation

o+ Bx, + YTn_1 + 01, o
A + Bl’n + Ol'nfl + Dl’n,Q

Tn+1 n:O,17...

In particular, we determine all special cases which posses an essentially unique
period-two solution.

References and Literature for Further Reading

[1]  V.L. Kocic and G. Ladas, Global Behavior of Nonlinear Difference Equations

of Higher Order with Applications. Kluwer Academic Publishers, Dordrecht,
(1993).

[2]  M.R.S. Kulenovic, G. Ladas, and W.S. Sizer, On the Recursive Sequence
Tppq = Lm0t Aroth Sci. Res. Hot-Line 2 (1998) no 5, 1-16.

YT +0Tn—1

3] G. Ladas, On the Recursive Sequence x,.; = %, J. Diff. FEqua.
Appl. 110 3 (1995), 317-321.
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Convergence of the Agreement Algorithm in
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The agreement algorithm studied by Tsitsiklis et al. ([1, 4]) is extended to higher
dimensions by the nonautonomous dynamical system

P(t+1) = ) ayt)r’(t), 1<i<n, teN
j=1

where 27(-) € D C R? and the matrix A(t) of coecients of interaction a;;(t) is
row-stochastic. Conditions on t — A(t) are specied which guarantee that to every
z(0) € D there exists some ¢ € D such that tlim 2I(t) — cfor all 1 <i < n. This

result extends a convergence result proved in [1] for the scalar case and constant
communication strength.

References and Literature for Further Reading

1]
2]

V.D. Blondel, J.M. Hendrickx, A. Olshevsky, J.N. Tsitsiklis, Convergence in
multiagent coordination, consensus, and flocking, (2005) preprint.

R. Hegselmann, U. Krause, Opinion dynamics and bounded confidence: mod-
els, analysis, and simulation, Journal of Artificial Societies and Social Simu-
lation, (JASSS) 5 (3) (2002) http://jasss.soc.surrey.ac.uk/5/3/2.html.

U. Krause, Positive particle interaction, in L. Benvenuti, A. De Santis, L. Posi-
tive Systems, Lecture Notes in Control and Information Sciences 294, Springer,
2003, 199-206.

J.N. Tsitsiklis, Problems in decentralized decision making and com-
putation, Ph.D. thesis, Dept. of Electrical Engineering and Com-
puter Science, Mas- sachusetts Institute of Technology, (1984);
http://web.mit.edu/jnt/www/PhD- 84-jnt.pdf.
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On a solution of the Painlevé II equation

with no real poles
ARNO KUIJLAARS

Katholieke Universiteit Leuven
Department of Mathematics
Celestijnenlaan 200 B
3010 Leuven, Belgium
arno.kuylaarsQuis. kuleuven. be
http://wis.kuleuven.be /analyse/arno

This talk is based on joint work with Tom Claeys and Maarten Vanlessen.

The Painlevé II equation ¢” = sq + 2¢> — o with o # 0 has a unique solution ¢ = ¢,
with the asymptotic behavior ¢,(s) ~ a/s as s — +o0o0 and ¢u(s) ~ \/—s/2 as
s — —oo. We show that for @ > —1/2 this solution has no poles on the real line.
This result is used in the study of random matrix ensembles

|det M|2a G_NTrV(M)dM

Zn,N

defined on n x n Hermitian matrices M, when the limiting mean eigenvalue den-
sity associated with V' vanishes quadratically at the origin. Then as n, N — oo so
that n? 3(% — 1) remains constant, the eigenvalue correlation kernel has a double
scaling limit which is expressed in terms of -functions associated with ¢g,. These
1-functions exist exactly because the Painlevé transcendent has no real poles. The
¢o function itself describes the double scaling limit of the recurrence coefficients of
the orthogonal polynomials associated with the weight |2[?**e~V(®) on the real line.
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We investigate the attractivity of an equilibrium of a system

Yn = yng(xmyn)

where f, g are continuous functions and f(z,y), g(x,y) are non-increasing in y and x
respectively in some domain A. We will assume the existence of unique equilibrium
e in the interior of A. We will consider two cases depending of local asymptotic
stability of the equilibrium e. In case where € is locally asymptotically stable, we
will prove that it is also globally asymptotically stable (competitive coexistence).
In case where € is locally saddle point, we will prove that the equilibrium points on
the boundary are attractors of all points which are above or below the global stable
manifold W*(€) (competitive exclusion).

References and Literature for Further Reading
[1]  D. Clark and M. R. S. Kulenovi¢, On a Coupled System of Rational Difference
Equations, Comput. Math. Appl. 43 (2002), 849-867.

[2] D. Clark, M. R. S. Kulenovi¢, and J.F. Selgrade, Global Asymptotic Behavior
of a Two Dimensional Difference Equation Modelling Competition, Nonlinear
Anal., TMA 52(2003), 1765-1776.
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Some problems on Gamma and Polygamma
functions
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We consider some problems on gamma and polygamma functions. These are related
to inequalities, functional properties, monotonicity and convexity (concavity) prop-
erties, Turan-type inequalities.
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The first normal ordering problem involves bosonic harmonic oscillator creation and
annihilation operators (Heisenberg algebra). It is related to the problem of finding
the finite transformation generated by Ly_; := —2% 0.,k € Z, 2 € C (conformal al-
gebra generators). It can be formulated in terms of a subclass of Sheffer-polynomials
called Jabotinsky-polynomials. The coefficients of these polynomials furnish gener-
alized Stirling-number triangles of the second kind, called S2(k;n, m) for k € Z.
Generalized Stirling-numbers of the first kind, S1(k;n, m) are also defined.

The second normal ordering problem appears in thermo-field dynamics for the har-
monic Bose oscillator. Again Sheffer-polynomials appear. They relate to FEuler
numbers and iterated sums of squares. In a different approach to this problem one
solves the differential-difference equation

for1 = fi 4+ n® f_1,n > 1, with certain inputs fo and f; = f}.
In this case the integer coefficients of the special Sheffer-polynomials which emerge
have an interpretation as sum over multinomials for some subset of partitions.

References and Literature for Further Reading

[1] D.E. Knuth, “Convolution polynomials”, The Mathematica J., 2.1 (1992) 67-
78.

[2] W. Lang, “On Generalizations of the Stirling Number Triangles ”, Journal of
Integer Sequences, 3 (2000) Article 00.2.4

3] S. Roman, “The Umbral Calculus’, Academic Press, New York, 1984.

[4] L. W. Shapiro, S. Getu, Wen-Jin Woan and L. C. Woodson: “The Riordan
Group”, Discrete Appl. Maths. 34 (1991) 229-239.

[5]  H. Umezawa et al., “Thermo Field Dynamics and Condensed States ”, North-
Holland, 1982.
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Generalization of static problem for beams
formulated by finite element method using

difference equations
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In the paper the bending problem of one-dimensional systems loaded by an arbi-
trary set of forces is solved. Equilibrium equations are formulated by finite element
method. If a beam is divided into a regular mesh of identical finite elements, the
set of algebraical equations can be replaced by the set of two difference equations:

AY(E7 = B)¢, + AyA*w, = ApP,

(A3A2 + A4)¢r — Al(Eil — E)U}r = Ammr

where ¢, is a discrete function of nodal rotations, w, is a discrete function of nodal
displacements, E™ is the shifting operator, P, and m, are the nodal forces and
moments, A2 = (E + E~1 — 2) is the second-order difference operator, A; are the
constants depending on the type of used finite element.

A solution of the difference equations is determined in the analytical form by using
the eigenfunction method. This method requires the determination of a set of eigen-
values and eigenfunctions for each type of boundary conditions. This advantage is
eliminated by introductions of elastic supports at the beam ends. Reactions in these
supports are linearly depending on displacements. An advantage of the obtained so-
lution for non-homogeneous boundary conditions is that using the eigenvalues for
clamped-clamped beam it is possible to build the analytical function of generalized
displacements for any combination of boundary conditions.

The presented method is a generalization of the static problem solution for one-

dimensional discrete systems, which is obtained in the analitical form using the
difference equations.
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Solutions of Dynamic Equations with Varying
Time Scales
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Consider the dynamic equations z® = 4x(3/4 — z) with the initial condition x(0) =
xo on different time scales. The differential equation on the time scale R, yields
smooth, continuous solutions, whereas solutions of the difference equation, for the
time scale Z,, are generically chaotic.

Our goal is to understand the behavior of such solutions of dynamic equations of
the same function over different time scales as bifurcations and limits over their
underlying domains—the time scales R, and Z, 7, respectively. For this purpose we
consider the hyperplane CI(IR, )-the set of time scales in R, —as a parameter space
for a given equation.

We will discuss some results in this direction.
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In this presentation we consider multiple lattices and functions defined on them.
We introduce slow varying conditions and define a multiscale analysis on the lat-
tice, i.e. a way to express the variation of a function in one lattice in terms of
an asymptotic expansion with respect to the others. We apply these results to the
case of the multiscale expansion of the potential lattice Korteweg—de Vries equation.

References and Literature for Further Reading

[1]  Levi D. and Hernédndez Heredero R., Multiscale Analysis of Discrete Nonlinear
Evolution Equations: The Reduction of the dANLS, Jour. Nonl. Math. Phys.
12 Supplement 1 (2005)440-448.

[2]  Leon J. and Manna M. Multiscale analysis of discrete nonlinear evolution equa-
tions, J. Phys. A: Math. Gen. 32, (1999), 2845-2869.

[3] Levi D. and Yamilov R., On the integrability of a new discrete nonlinear
Schrodinger equation, J. Phys. A: Math. Gen. 34, (2001), L553L562.
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An extension of the g-Bernstein polynomials
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The generalized Bernstein basis in the space of polynomials of degree at most n,
being an extension of the g-Bernstein basis introduced by Phillips [2], is given by
the formula [1]

n

Biwih) = o |

Gl | osisn),

i
where w is a parameter (Phillips’ case corresponds to w = 0). Notice that also the
classical Bernstein, and discrete Bernstein basis polynomials [3] are limiting forms of
the polynomials B}'(-;w|q). Formulas relating B!(-;w|q), big ¢—Jacobi and ¢—Hahn
(or dual g-Hahn) polynomials are presented. The dual basis functions D} (- ; a, b, w|q)
for the polynomials B!(-;w|q) are given explicitly in terms of big ¢-Jacobi polyno-
mials Py(-;a,b,w/q;q), a and b being parameters; the connection coefficients are
evaluations of the g-Hahn polynomials. Further, an alternative formula is given,
representing the polynomial D7 (-;a,b,wlg) (0 < j < n) as a "short” linear combi-
nation of min(j,n — j) + 1 big ¢-Jacobi polynomials with shifted parameters.

References and Literature for Further Reading

[1] S. Lewanowicz, P. Wozny, Generalized Bernstein polynomials, BIT Numerical
Mathematics 44 (2004), 63-78.

[2]  G.M. Phillips, Bernstein polynomials based on the g-integers, Annals of Nu-
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The study of invariance groups associated with two term transformations between
(basic) hypergeometric series has received its fair share of attention, and indeed, for
most two term transformations between (basic) hypergeometric series the invariance
group is explicitly known (see [2] and references therein). In this talk, we will present
the group structure underlying some three term transformation formulae, which can
e.g. be found in (the appendix of) [4] or in the list of identities accompanying [3].
The main result is that the group structure underlying a three term identity com-
prises a “local” invariance group H, of which the action leaves each of the terms
invariant, and a “invariance group” G O H. Each term in the three term identity
is characterized by a coset of H in G. We show that conversely for each triple of
cosets there exists a three term identity.

The group structure is determined by giving explicit and simple realizations that
prove very helpful in determining whether two of these transformation formulae are
equivalent are not. Using the group theoretical context allows us to summarize,
for each of the cases studied, the various three term formulae that appear in the
literature in one simple statement. The presented results are available in [1].

References and Literature for Further Reading
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We give a brief overview of some recent results for the global asymptotic stability
of a difference equation

Tp+1 = f(TL?:CTLv e ,l’n,k), n Z OJ

assuming that the zero solution is the unique equilibrium. Different techniques are
used, involving the use of new discrete inequalities, monotonicity arguments, and
delay perturbation methods. For the particular case of linear autonomous difference
equations, we present new explicit sufficient conditions for the exponential stability.
Some related conjectures and open problems are discussed.

References and Literature for Further Reading
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We consider a class of linear difference equations for which non invertibility plays
a central role. We present general assumptions under which forward splittings are
considered as generalized (h, k) hyperbolicity, thus naturally extending the theory
developed for exponential dichotomies.

This work base on previous results obtained by Aulbach et al in the field of non-
invertible difference equations, but it also comes from the theory of generalized
difference and differential equations (via the so called differential equations with
impulse effect), following the spirit of extensions of the notion of dichotomies, like
(11, p12) dichotomies of Muldowney.
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We bring a new proof for showing that an orthogonal polynomial sequence is classi-
cal if and only if any of its polynomial fulfils a certain differential equation of order
2k, for some k£ > 1. So, we build those differential equations explicitly. If k£ =1, we
get the Bochner’s characterization of classical polynomials. With help of the formal
computations made in Mathematica, we explicitly give those differential equations
for k =1, 2 and 3 for each family of the classical polynomials. Higher order differ-
ential equations can be obtained similarly.
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The main goal of this work is to generalize the quadratic decomposition presented
in [1].

If we have a monic polynomial sequence {I,,} ., , it is always possible to associate
with it two monic sequences {P,}, ., and {R,}, -, and two sequences {a,}, -,
and {b,},, such that: - - -

Waon(z) = Po(2?) + 20,1 (27)

Wani1(z) = by (2?) + 2R, (2?)

where dega, <n, degb, <n, a_i(x)=0.
More generally, given @(x) =2+ pr+q, p,q € C and a € C, it is possible to
obtain the following unique decomposition:

Wan(z) = Po(w(2)) + (2 — a)ap—1 (@ ()
, n>0.

Wan1(2) = bu(w(2)) + (2 — a) Ru(w(2))

We give the general quadratic decomposition of a MPS and we use it to the special
case of the sequence {z"} ., .

We study some particular cases where the sequence {Why},>o is orthogonal and
finally we fully characterize the sequence {W,}, ., whose coefficients {f,},-,
satisfy

ﬁQn—l—l =/ and ﬁ2n+2 = —(p+ ﬁ1) , n>0,

170



showing that, if {W,}, ., is a MOPS, then the sequences {P,}, ., and {R,},
are also MOPS, and conversely. - -
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Recently, M. F. Kondratieva and S. Sadov have introduced an accurate and robust
numerical algorithm for diffraction problems in mid-high frequency range. In this
note, a sketch of proof of an asymptotic formula for the ratio of two neighboring
Hankelos function as the index goes to infinity has given. This proof is based on a
difference equation with variable coefficients. Study of the asymptotic behavior of
this equation, is a very difficult problem because the coefficients varies as a noncon-
tinuous function of the index. We treat this difficulty by introducing two system of
difference equations with constant coefficients, which sandwich the main difference
equation for all indexes. Then, we proof that the only equilibrium point of either of
these systems of equations is globally asymptotical stable. The proof is applied only
for upper bound system; since there is only a slight difference in the formulation of
these two systems, the proof can be used for the lower bound system too. We show
this in a simple corollary.

References and Literature for Further Reading
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We present some new results concerning the dynamics of the real third order lyness
equation T,43 = (@ + Tpi9 + Tpy1)/T,, where a is a real parameter and the initial
conditions are in R®. Among others, we prove the existence of continua of initial
conditions giving rise to periodic orbits of period 2, 4,5, 6, 7 and 4p for p > 2,
as well as continua of initial conditions giving rise to dense orbits in R. The main
results are obtained by using the well known first integral (invariant) of the discrete
dynamical system associated with the difference equation: V(x,y,2) = (z + 1)(y +
(z+1)(a+ 2+ y+ 2)/(xyz). The dynamics at one of the level sets of V' can
be studied using a new system for which it can be found a new first integral. The
key point is that on each leaf of the foliation induced by this new first integral the
dynamics is given by a real Mobius transformation.
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Asymptotic properties of recessive solutions for
half-linear difference equations

MAURO MARINI

Unwversity of Florence
Via div S. Marta, 3
Florence 50139, Italy
marini@ing.unifi.it

Recessive and dominant solutions of the half-linear difference equation are investi-
gated. It is shown that the property of the recessive solutions to be smallest solutions
in a neighbourhood of infinity continue to holds also in the half-linear case. In ad-
dition it is proved that recessive solutions can be fully characterized by means of
two different summation criteria, which reduce to that one well-known in the linear
case. Using some summation inequalities stated in [3], some applications are offered
and new results on the asymptotic behavior of these solutions are presented.

The presented results have been achieved in a joint research with Mariella Cecchi
(University of Florence) and Zuzana Dosla (University of Brno).
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and recessive solutions, to appear on Adv. Difference Equations (2005).
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175
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Classical dynamics of polygonal billiards is neither integrable nor chaotic, it is pseu-
dointegrable [1], which implies that in the quantum case the Bohr-Sommerfeld’s
method of quantization cannot be used to find the energy levels of the system.
Polygonal billiards have, except the Hamilton’s function H, also a second constant
of motion K [2] if all angels o between sides are rational, i.e. & = mn/n. In this
case the motion is restricted to two-dimensional invariant surfaces. We study the en-
ergy spectra (energy levels) of cyclic polygonal billiards in terms of the side lengths.
There are attempts to express the area of a polygon in terms of its side lengths [3].
This possibility enables us to find a close connection between the properties of the
energy spectra and the polygon area. Cyclic polygons can also be considered as a
polygonalization of a circle billiard [4] which is integrable.

References and Literature for Further Reading
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Robbins, math.MG/0403503.
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We study the g-difference analogue of the sixth Painlevé equation (g-Py) by means
of tau functions associated with affine Weyl group of type Ds. We prove that a
solution of ¢-Py; coincides with a self-similar solution of the ¢-UC hierarchy. As
a consequence, we obtain in particular algebraic solutions of ¢-Pyy in terms of the
universal character which is a generalization of Schur polynomial attached to a pair
of partitions. This is a joint work with Dr. Teruhisa Tsuda.
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[4] T. Masuda, On a class of algebraic solutions to the Painlevé VI equation, its
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Asymptotic Behavior of Solutions of a Linear
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Recently, several authors have investigated the asymptotic behavior of solutions of
linear difference systems under the assumption that the associated characteristic
equations have a dominant real root. In this talk we will classify the limits of so-
lutions of a linear delay difference system completely. In paticular, if the solution
tends to an equiliblium point or a periodic orbit, we will give the explicit expressions
in terms of the initial conditions and delay parameters.

References and Literature for Further Reading

1]

R. P. Agarwal and M. Pituk, Convergence to equilibria in recurrence equations,
Advances in difference equations II, Comput. Math. Appl. 36 (1998), no. 10-
12, 357-368.

R. D. Driver, G. Ladas and P. N. Vlahos, Asymptotic behavior of a linear
delay difference equation, Proc. Amer. Math. Soc. 115 (1992), 105-112.

H. Matsunaga, R. Ogita and K. Murakami, Asymptotic behavior of a system
of higher order linear difference equations, Nonlinear Anal. 47 (2001), 4667
4677.

Y. Nagabuchi, Asymptotic behaviors of a linear difference system with multiple
delays, Funkcial. Ekvac. 46 (2003), 89-119.

M. Pituk, The limits of the solutions of a nonautonomous linear delay difference
equation, Advances in difference equations III, Comput. Math. Appl. 42
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order
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Some third and fourth order linear difference equations are considered. Asymptotic
properties of their solutions, particularly oscillation and boundedness, are described.
In the case of the constant coefficients we compare our solutions with solutions of
suitable differential equations. These equations with the same roots of their char-
acteristic equations can have solutions with different asymptotic properties.
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The two and three-dimensional discrete Kepler motions were presented in [2, 3]
which conserve all of the constants of motion such as the Hamiltonians, the angu-
lar momenta and the Runge-Lenz vectors. Sequences of points described by the
discrete Kepler motions exactly lie in the continuous orbits of the Kepler motions.
However, the time evolution of the discrete Kepler motions is different from that of
the continuous Kepler motions. In this talk formulas are found which describe the
time when the two and three-dimensional continuous Kepler motions arrive at the
points located by the discrete Kepler motions. As an application time adjustments
of the discrete Kepler motions are performed. Consequently an accurate numerical
integration method for the Kepler motions is designed.
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which conserves the Runge-Lenz vector, Physics Letters A. 306 (2002) 127-
133.
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In this paper we study Fourier-Padé approximation for Angelesco systems of func-
tions. This construction is similar to that of Hermite-Padé approximation. Instead
of considering power series expansions of the functions in the system, we take their
expansion in a series of orthogonal polynomials. The main results of the present pa-
per concern the diagonal Hermite-Padé approximants of orthogonal expansions. We
give the rate of convergence of these approximants for a system of Markov funtions
whose supports do no intersect, that is, Angelesco systems. The answer is given in
terms of the solution of the extremal solutions of certain vector valued equilibrium
problems for the logarithmic potential.
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Recently it has been shown that the multiple orthogonal polynomials, related to the
Hermite-Padé approximation of type I or type II, to a system of Markov functions
are solutions of a Riemann-Hilbert problem. It is also be given the normalization
of this Riemann-Hilbert problem for two particular well known systems of Markov
functions, the Angelesco and the Nikishin systems. In this paper we extend this re-
sult to the class of Generalized Nikishin systems and we also give the normalization
for this Riemann-Hilbert problem using a solution of an equilibrium problem.
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We consider the multi-processor model illustrated in Figure 1. The system consists
of a service and a delay station set in tandem. The service station consists of a
buffer, server unit and a splitting unit. The server unit consists of ¢ individual
servers, identical and set in parallel. The buffer capacity is M — ¢ > 0 and is set
before the server unit. Next to each server, there is an exit way from the system,
a runway to a splitter that is set in tandem with the server, and a feedback way to
the delay station. Next to each splitter there is also an exit way from the system,
and a feedback way to the delay station. We will solve the steady-state system of
differential-difference equations analytically. To check the validity of the result, not
only we compare the special cases with those that exist in the literature, but we will
also simulate the system and compare the analytical and simulated results.
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Research of finite-difference analogues for non-local problems have been conducted
by various scientists (see e.g. [1]-[6]). In these works the authors basically stud-
ied convergence issues of finite-difference schemes on classes of smooth solutions for
either second order ordinary differential equations or the simplest partial differen-
tial equations, particularly heat conductivity and Poisson’s equations in quadrangle
areas.

This talk is devoted to the construction and investigation of various types of dif-
ference schemes relevant to non-local boundary value problems stated for multi-
dimensional elliptic equations. Suitable tools for performing our investigation are
developed, including difference analogue of Green’s formula and inequalities corre-
sponding to non-local boundary conditions.

More specifically, analogically to the methods of lines, we construct difference schemes
on irregular grids for non-local problems for elliptic equations. The convergence of
the discretized solution to the solution of the initial problem is proved. The speed
of convergence is estimated. It is worth to note that the irregularity of the grids
allows considering non-local conditions without approximation. The same topics are
covered in the case of a regular grid. But in the latter case it becomes necessary to
approximate non-local conditions on the grid.

It is also covered all the above considered issues in the case of full discretization.
We investigate and estimate the speed of convergence in this case as well.

References and Literature for Further Reading
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Some stability properties for the zero solution of linear Volterra difference equations
on a Banach space are studied in connection with the summability of the fundamen-
tal solution and the invertibility of the characteristic operator. A key is to extend
Wiener’s lemma for absolutely convergent scalar sequences to summable sequences
of bounded linear operators on a Banach space by applying certain result in com-
mutative Banach algebras.
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This paper reports on results about the global asymptotic stability of the equilibrium
x* > 0 on some classes of positive rational difference equations, e.g. the Putnam
difference equation

Tp + Tp—1 + Tpn—2Tn-3

Tpa1 = ,n=0,1,2,....
TnTp—1 + Tp—2 + Tn-3

In the last years many authors proved global asymptotic stability for various fam-
ilies of positive rational difference equations by different approaches. Some classes
of these equations have in common that they are contractive with respect to the
part-metric.
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A form (linear functional) u is called regular if there exists a unique sequence of
monic polynomials { P, },>0, deg P, = n, which is orthogonal with respect to u. On
certain regularity conditions, the product of a regular form by a polynomial is still
a regular form. In this work, we consider the particular inverse problem: given a
regular form v, find all the regular forms u which satisfy the equation z%u = —\wv,
A e C\ {0}. We give the second order recurrence relation of the orthogonal poly-
nomial sequence with respect to u. Some examples are studied.
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An uniform asymptotics in the complex plane for the third Painlevé transcendent
is constructed and proved. The leading term of asymptotics as |z| — oo is given
by the Boutrouz ansatz, i.e. by an elliptic function with its modulus depending on
arg z. A functional equation for the modulus is universal for PIII equation and does
not depend on initial conditions. It can be solved as an Abel problem of inversion
of elliptic integrals.

Another component of the Boutroux ansatz is the phase shift in the elliptic func-
tion. It depends on initial data, and we calculate it with the help of Isomonodromic
Deformation Method (IDM) [3]. By solving a direct monodromy problem for a rel-
evant Lax pair operators, we fit given monodromy data with their approximations,
coming from the leading term of asymptotics. This leads to explicit formulas both
for the modulus and the phase shift. Since a monodromy data for PIII transcendent
can be expressed explicitly through the initial conditions at z = 0 (see [2]), we come
to a connection formulas linking the PIII transcendent asymptotics at infinity and
at the origin.

Finally, the IDM technique provides the proof of the above constructions, giving an

analog of the Bolibrukh-Its-Kapaev theorem proved earlier for the similar asymp-
totic description of PII transcendent in the complex plane [4].
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We give some oscillation theorems for difference functional equation of the form

m+41 l

Aga(t) =Y ai(t)z(g'(t)) + Y b;(t)x(g7 (1),

i=1 j=1

where t € & C R4, m,l € X. The difference operator A, is defined by Ajx(t) =
z(g(t)) — x(t). The functions a;,b; : S — Ry, (i=1,2,....,m+1,j=1,2,...,1) and
g : & — $ are given and z is an unknown real-valued function. By ¢™ we mean the
m-th iterate of the function g, i.e.

9t =t 9" (t) = g(g™(1), tes, m=0,1,...
By ¢g~! we mean the inverse function to g and g~ 1(t) = g1 (g ™ (t)).
We also show an application of our results to difference equations.
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Consider the dynamic equations 2 = 4x(3/4 — z) with the initial condition x(0) =
xo on different time scales. The differential equation on the time scale R, yields
smooth, continuous solutions, whereas solutions of the difference equation, for the
time scale Z ., are generically chaotic.

Our goal is to understand the behavior of such solutions of dynamic equations of
the same function over different time scales as bifurcations and limits over their
underlying domains-the time scales R, and Z,Z, respectively. For this purpose we
consider the hyperplane CI(R)-the set of time scales in R,—as a parameter space
for a given equation.

We will discuss some results in this direction.

195



Hankel Determinants
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Hankel determinants of certain combinatorial numbers are calculated explicitly in
terms of the Toda equation and orthogonal polynomials. These combinatorial num-
bers contain the so-called generalized Catalan numbers. It is shown that the de-
terminant form of the 7-function of the Toda equation is composed of such kind
of combinatorial numbers. Hankel determinants of the combinatorial numbers with
shifted index are then presented. Next some orthogonal polynomials are considered
whose moments are represented by combinatorial numbers. Hankel determinants of
sum of adjacent combinatorial numbers are derived through the Christoffel trans-
form of orthogonal polynomials.
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and Its Reductions

YASUHIRO OHTA

Kobe Unwversity
Department of Mathematics
Rokko, Kobe 657-8501, Japan

ohta@math.kobe-u.ac.jp

We discuss about a generalization of the UC hierarchy which was recently introduced
by Tsuda as an extension of the KP hierarchy. By generalizing the determinant ex-
pression of universal characters with the independent variable transformation given
by Tsuda, the bilinear equations for the multicomponent determinants are con-
structed through the Laplace expansion technique. It is also shown that the periodic
reductions derive discrete integrable 2+1 dimensional equations.

References and Literature for Further Reading
[1]  T. Tsuda, Universal characters and an extension of the KP hierarchy, Comm.
Math. Phys. 248 (2004) 501-526.

[2] T. Tsuda, Universal characters and g-Painlevé systems, Comm. Math. Phys.
in press.

[3] T.Tsuda and T. Masuda, ¢-Painlevé VI equation arising from ¢-UC hierarchy
(2004) preprint.

197



Bifurcations of non continuous discrete

dynamical systems on the real line
HENRIQUE OLIVEIRA

holiv@math.ist. utl.pt

In this paper we study the iteration of symmetric non continuous one real parameter
family of mappings on the real into itself

g(r) = —ftan(ftanx).

The classic bifurcations obtained when we vary the real parameter ( are: saddle
node, period doubling and pitchfork.

We obtain bifurcations associated to the non continuous nature of the family, non
classic period doubling (fusion of orbits) and non classic period halving (splitting of
orbits).

The global structure of the bifurcation scheme is studied and a cascade of bifurca-
tions observed.

When the parameter is increased the complexity increases and consequently the
topological entropy.
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Diagonalization of the Hilbert matrix
PETER OTTE

Department of Mathematics
Ruhr-University Bochum
Universitatsstr. 150

D-44801 Bochum, Germany
peter.otte Qruhr-uni-bochum.de
http://homepage.rub.de/peter.otte/

It is shown that the infinite Hilbert matrix H commutes with a special self-adjoint
Jacobi matrix, which turns out to be an elementary function of H. The correspond-
ing orthogonal polynomials are the continuous dual Hahn polynomials. Thus, one
obtains explicitely a complete set of formal eigenvectors of H by dint of those poly-
nomials or, equivalently, by the associated difference equation. This yields formulae
that are considerably simpler than those of Rosenblum [2], who wrote H as an in-
tegral operator and computed formal eigenvectors in terms of Laguerre coefficients
of Whittaker functions. Finally, an application to Hilbert’s inequality is discussed.

References and Literature for Further Reading

[1]  N.G. de Bruijn and H.S. Wilf, On Hilbert’s inequality in n dimensions,
Bull. Amer. Math. Soc. 68 (1962) 70-73.

[2] M. Rosenblum, On the Hilbert matrix. I, Proc. Amer. Math. Soc. 9 (1958)
137-140.

3]  Q.A.M.M. Yahya, On the generalization of Hilbert’s inequality, Amer. Math.
Monthly 72 (1965) 518-520.
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Compatible Discrete Integrable Partial Difference
Equations on multidimensional lattices

VASSILIOS G. PAPAGEORGIOU

Department of Mathematics
Unwversity of Patras
University Campus, Rion
GR-265 00, Patras, Greece
vassilis@math.upatras. gr

We review the structure of integrable partial difference equations using their mul-
tidimensional compatibility. In particular we present the effect of slicing the mul-
tidimensional orthogonal grid in order to obtain planar quadrilateral graphs and
show the relation of some of them with non quadrilateral ones. The presentation of
some of the integrable partial difference equations as coupled maps is also discussed.
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On a (k + 1)-th order difference equation with a
coefficient of period k + 1

G. PAPASCHINOPOULOS and C. J. SCHINAS

Department of Electrical and Computer Engineering

Democritus University of Thrace
67100 Xanthi, Greece

We study the boundedness, the periodicity and the attractivity of the positive so-
lutions of the non-autonomous difference equation

Tn—k
Tpt1l = Pn + , n=20,1,...

n

where k is an odd number, p,, n = 0,1, ... is a positive sequence of period k£ + 1 .
Moreover we investigate the global asymptotical stability of the above equation for
k= 3.

References and Literature for Further Reading

[1]  A.M. Amleh, D.A.Georgiou, E.A. Grove and G. Ladas, On the recursive se-
Tn=l 1 Math. Anal. Appl. 233 (1999), 790-798.

[2] J. M. Cushing, Perioébically forced nonlinear systems of difference equations,
J. Differ. Eqns Appl. 3 (1998), 547-561.

[3] J. M. Cushing and S.M. Henson, Global dynamics of some periodically forced,
monotone difference equations, J. Differ. Eqns Appl. 7 (2001), 859-872.

[4]  J. M. Cushing and S.M. Henson, A periodically forced Beverton-Holt equation,
J.Differ. Eqns Appl. 8 (2002), 1119-1120.

[5]  M.R.S. Kulenovic, G. Ladas and C.B. Overdeep, On the dynamics of z, 1 =

Tp— . . . . .
Dn + 2271 with a period-two coefficient, J. Difference Equations Appl. 10
x

(2004), 905-914.

[6] G. Papaschinopoulos, On a class of third order neutral delay differential equa-
tion with picewise constant argument, Internat. J. Math. Sci. 17 (1994),
113-118.

quence Tpi1 = a +

201



The Chen-Rubin conjecture

in a continuous setting

HENRIK L. PEDERSEN

Royal Veterinary and Agricultural University
Department of Natural Science
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DK-1871, Frederiksberg C, Denmark
henrikp @dina.kvl. dk
http: //www.matfys.kvl.dk/~henrikp/

The median m(z) of the I'-distribution with parameter z > 0 is defined implicitly

as
/ e T dt = = / et dt.
0 2 0

0<m(z) <1

We shall show that

for all z > 0. This implies a conjecture of Chen and Rubin from 1986: the sequence
m(n) — n decreases for n > 1. The proof is based on a mixture of real and complex
methods and the theory of Pick functions plays an essential role.

We shall relate our results to work of Szego, Watson and others concerning Ramanu-
jan’s error function. We shall also describe the behaviour of m at zero and at infinity.

This is joint work with Christian Berg at the University of Copenhagen.
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The Henstock-Kurzweil Delta and Nabla Integrals
ALLAN PETERSON

University of Nebraska - Lincoln
Mathematics Department
Lincoln, NE 68588-0323, USA
apeterso@math.unl.edu
http: //www.math.unl.edu/~apeterso/

We will define the Henstock-Kurzweil delta and nabla integrals and give several of
their properties. This enables one to study more general dynamic equations on time
scales.
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A matrix Rodrigues formula for classical
orthogonal polynomials in two variables

MIGUEL A. PINAR

Departamento de Matematica Aplicada
ETSI Informadtica
Unwersidad de Granada
Granada, E-18071, Spain
mpinar@ugr.es
http: //www.ugr.es/local /mpinar

Classical orthogonal polynomials in one variable can be characterized as the only
orthogonal polynomials satisfying a Rodrigues formula. In this paper, using the
symmetrized Kronecker power of a matrix, a Rodrigues formula is introduced for
classical orthogonal polynomials in two variables.

References and Literature for Further Reading

[1]

C. F. Dunkl and Y. Xu, Orthogonal Polynomials of several variables, Ency-
clopedia of Mathematics and its Applications 81, Cambridge University Press
(2001).

L. Fernandez, T. E. Pérez and M. A. Pinar, Classical Orthogonal Polynomials
in two variables: a matrix approach, Numerical Algorithm 39 (1-3) (2005)
131-142.

L. Fernandez, T. E. Pérez and M. A. Pinar, Weak Classical Orthogonal Poly-
nomials in two variables, J. Comput. Appl. Math. 178 (2005) 191-203.

L. Fernandez, T. E. Pérez and M. A. Pinar, On multivariate classical or-
thogonal polynomials, Rediconti del Circolo Matematico di Palermo (2005) (to
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Y. J. Kim, K. H. Kwon and J. K. Lee, Partial differential equations having
orthogonal polynomial solutions, J. Comput. Appl. Math. 99 (1998) 239-253.
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The aim of this note is to discuss the existence of nonoscillations for the difference

Nonoscillations in odd order difference systems

of mixed type
SANDRA PINELAS

Departamento de Matemadtica
Universidade dos Acores

R. da Mae de Deus
Ponta Delgada, Portugal

system of mixed type

n

j =1,...,m). Those measures are formulated in basis upon arbitrary logarithmic

l m
Ax(n) = ZPZ-x(n—i)—I—Zij(n—l—j), n=0,1,2,...
i=1 Jj=1

terms of some matrix measures envolving the matrices P, and Q; (1 = 1,...

norms of matrices.

References and Literature for Further Reading
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piecewise constant arguments, SIAM J. Math. Anal. 22 (1991) 769-773.
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ford Univ. Press, (1991).
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Heath, Boston, (1965).
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Academic Press, (1975).
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equations with distributed delay, Differential Equations and Dynam. Systems,
3 (1995) 101-120.

Q. Chuanxi, S. A. Kuruklis and G. Ladas, Oscillations of linear autonomous

systems of difference equations, Applicable Analysis 36 (1990) 51-63.
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Extensions of Perron’s Theorems for Differential
and Difference Equations

MIHALY PITUK

Unwversity of Veszprém
Department of Mathematics and Computing
P.O. Box 158
H-8201 Veszprém, Hungary
pitukm@almos.vein.hu

Recent extensions of Perron’s theorems about the strict Lyapunov exponents of the
solutions of differential and difference equations will be discussed.

References and Literature for Further Reading

[1]  W. A. Coppel, Stability and Asymptotic Behavior of Differential Equations,
Heath (1965).

[2] S. Elaydi, An Introduction to Difference Equations, Springer (1999), 2nd edn.

[3] H. Matsunaga, S. Murakami, Asymptotic behavior of solutions of functional
difference equations, J. Math. Anal. Appl. 305 (2005) 391-410.

[4] M. Pituk, More on Poincaré’s and Perron’s theorems for difference equations,
J. Differ. Equations Appl. 8 (2002) 201-216.

[5] M. Pituk, A Perron type theorem for functional differential equations, J. Math.
Anal. Appl. in press.
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Discrete Inertial Manifolds
CHRISTIAN POTZSCHE

School of Mathematics
University of Minnesota
206 Church St SE
Mainneapolis, MN 55455, USA
poetzsch@umn. edu
http: //www.math.umn.edu/~poetzsch/

Various evolutionary processes in physics and other sciences can be described using
nonlinear dissipative partial differential equations generating infinite dimensional
dynamical systems. The reduction of such a system in an appropriate infinite di-
mensional state space to a finite one preserving its long-time behavior, is a relevant
and interesting problem in both pure and applied mathematics.

The description of the long-term behavior of a dynamical system ultimately means
to determine its attractor. It has been found out that in many cases the global at-
tractor can be embedded into exponentially attractive finite dimensional manifolds
(cf., e.g. [2]). Consequently, it turned out that so-called inertial manifolds are often
an appropriate tool for the studies related to the long-term behavior of evolutionary
equations, which allow for the reduction of the dynamics to a finite dimensional
ordinary differential equation.

Motivated by an analytical discretization theory for evolutionary equations, this
talk deals with such questions of existence and exponential attraction to invariant
manifolds for nonautonomous (ordinary) difference equations, instead of evolution-
ary differential equations. We discuss their essential properties, like smoothness,
the existence of an asymptotic phase and normal hyperbolicity in a nonautonomous
framework of pullback attractors (cf., e.g. [1]).

References and Literature for Further Reading

[1]  P.E. Kloeden, Pullback Attractors in nonautonomous difference equations,
Journal of Difference Equations and Applications 6 (2000) 23-52.

[2] G.R. Sell and Y. You, Dynamics of Evolutionary Equations, Springer (2002).
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Exact and quasi-exact solvability of
two-dimensional

superintegrable quantum systems
GEORGE S. POGOSYAN

Joint Institute for Nuclear Research
Laboratory of Theoretical Physics
Dubna, Moscow region, 141980, Russia
and Department of Mathematics, CUCEI
Unwversity of Guadalajara
Guadalajara, Jalisco, Mexico
pogosyan@theor.jinr.ru

In this note we show that the separation of variables for second-order superin-
tegrable systems in two-dimensional sphere and two and three dimensional Eu-
clidean spaces generates both exactly solvable (ES) and simple quasi-exactly solvable
(QES)problems in quantum mechanics.
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On the ergodic and spectral properties of
generalized Boole transformations. Part 1
Ergodic and spectral properties

ANATOLIY K. PRYKARPATSKY* and JACEK FELDMAN

The AGH University of Science and Technology
Department of Applied Mathematics
Krakow 30059, Poland
pryk.anat@Qua.fm

The invariant ergodic measures for generalized Boole type discrete dynamical sys-
tems are studied making use of the invariant quasi-measure approach, based on
some special solutions to the Frobenius-Perron operator. Some generalizations are
suggested for the transformatuions of general form.

References and Literature for Further Reading
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Aaronson J. A remark on this existence of inner functions. Journ. LMS, 1981,
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Period-Two Convergence

in a Third Order Rational Difference Equation
EUGENE QUINN

Department of Mathematics
Unwversity of Rhode Island

Kingston, Rhode Island 02881-0816, USA
quinn@math.uri.edu

We investigate the periodic character of solutions of the third-order difference equa-

tion

@+ BTn + YTn-1 + 0T
A+,

Tnal , n=0,1,....

In particular, we discuss the convergence to period-two solutions.
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Morse Decompositions of Nonautonomous
Dynamical Systems

MARTIN RASMUSSEN

University of Augsburg
Institut fiir Mathematik
D-86135 Augsburg, Germany
martin.rasmussen@math.uni-augsburg. de
http:/ /www.uni-augsburg. de/ “rasmusse

The global asymptotic behavior of dynamical systems on compact metric spaces
can be described via Morse decompositions. Their components, the so-called Morse
sets, are obtained as intersections of attractors and repellers. In this talk, we intro-
duce special notions of attractor and repeller for nonautonomous dynamical systems
which are designed to establish nonautonomous generalizations of the Morse decom-
position. We discuss the dynamical properties of these Morse decompositions and
consider Morse decompositions of one-dimensional and linear systems.

References and Literature for Further Reading

[1]  C. Conley, Isolated Invariant Sets and the Morse Index, Regional Conference
Series in Mathematics 38, AMS, Providence, Rhode Island (1978).

[2] J.F. Selgrade, Flows on Vector Bundles and Hyperbolic Sets, Transactions of
the AMS 203 (1975), 359-390.
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Discrete Functional Boundary Value

Problems on Infinite Intervals
PAVEL REHAK

Mathematical Institute
Academy of Sciences of the Czech Republic
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CZ-61662 Brno, Czech Republic
rehak@math.muni.cz
http: //www.math.muni.cz/~rehak/

Joint work with Mauro Marini and Serena Matucci
University of Florence, Italy

A method for solving discrete functional boundary value problems on infinite inter-
vals will be presented and applied to the investigation of the existence of positive
unbounded solutions of coupled nonlinear difference systems.
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Dynamical equivalence

of nonautonomous difference equations
ANDREJS REINFELDS

Institute of Mathematics
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With the use of Green’s type map, sufficient conditions under which the the nonau-
tonomous semilinear difference equation in the Banach space X x Y is simpler than
the given one in terms of decoupling and linearization are obtained. The second
system splits into two parts. The first of them does not contain the variable y € Y,
while the second one does not contain the variable x € X and is linear. This result
allows one to replace the given system by a much simpler one. Relevant results
concerning partial decoupling and simplifying of the noninvertible nonautonomous
difference equations are given also.
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An algebraic geometric approach to integrable
birational maps and difference equations
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www.maths.unsw.edu.av/ jagr

We consider birational maps of the plane, autonomous birational second order differ-
ence equations being a special case. Moreover, we assume there is a rational integral
(invariant) of the motion so that the dynamics occurs on the integral’s level curves.
Famous examples include the McMillan map or the Lyness second order difference
equation (well known, respectively, in the integrable dynamics community and the
difference equation community).

We take an algebraic geometric approach which elucidates the dynamics of such
systems. We show that the dynamics of a birational map on an elliptic curve over a
field is, typically, conjugate to addition by a point (under the associated group law).
When the field is taken to be the function field of rational complex functions of one
variable, this amounts to an algebraic geometric version of the Arnol’d-Liouville in-
tegrability theorem for integrable planar maps or second order difference equations.
When the result is applied to finite fields, it helps underpin the theoretical basis for
a quick and very accurate test of whether a rational map or difference equation has
an integral in the first place.

References and Literature for Further Reading
[1]  D. Jogia, J.A.G. Roberts and F. Vivaldi, An algebraic geometric approach to
integrable maps of the plane, (2005), UNSW preprint.

2]  J.A.G. Roberts and F. Vivaldi, Arithmetical method to detect integrability in
maps, Physical Review Letters 90 (2003) 034102.

3] J.A.G. Roberts, D. Jogia and F. Vivaldi, The Hasse-Weil bound and integra-
bility detection in rational maps, Journal of Nonlinear Mathematical Physics
10 (2003) 165-179.
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On Asymptotic Behavior of Solutions to
Stochastic Difference Equation of the First Order

ALEXANDRA RODKINA! and GREGORY BERKOLAIKO?

L Department of Maths/CSci

Unwversity of the West Indies

Mona, Kingston-7, Jamaica
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2 Department of Mathematics
Texas AEM University
TX 77843, U.S.

We consider stochastic nonlinear difference equation

Tpi1 = Ty (1 + anf(z,) + g(xn)an) +S,, n=0,1,..., (1)

with nonrandom initial value xy > 0, independent random noises &, and bounded
nonlinear functions f and g. Applying the martingale inequality approach we obtain
sufficient criteria for a.s. asymptotic stability of the solutions of (1). We study two
cases: when the drift part, a, f(x,), is non-positive and ensures stability, and when
the diffusion part, g(x,)&,+1, is big enough to stabilize the equation (in the second
case the drift part a,f(x,) can even be positive). We investigate the balance be-
tween summability of the free coefficient S,, and the strength of the noises &,, needed
to guarantee asymptotic stability of the solution (cf. [1]-[3]). We also obtain results
on the rate decay of the solutions and asymptotic behavior of moments Ex,,.

Reference

[1] J. Appleby and A. Rodkina, Rates of decay and growth of solutions to linear
stochastic differential equations with state-independent perturbations. Ac-
cepted for publication in “Stoch. and Stoch. Reports”, 2005.

[2] H. Kesten, Random difference equations and renewal theory for the product
of random matrices. Acta Math., (1973),131, 207-248.
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”2004-Dynamical Systems and Applications 7, (2004), 614-623.
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Local Bifurcations of Periodic Points

of Algebraic Maps
VALERY ROMANOVSKI

Center for Applied Mathematics and Theoretical Physics
Krekova 2 , SI-2000 Maribor, Slovenia
valery.romanovsky @uni-mb.si
http: //www. camtp.uni-mb.si/camtp /valera/

Consider the equation

w+ z+ Z aijz'w’ = 0. (1)
ij=2
In a neighborhood of the origin it implicitly defines an analytic map z — w of the
form

w=f(z)=—-2-Y bula;)z""", z€R. (2)

One possible way to investigate the behavior of trajectories of the map (1) near the
origin is a transformation to the normal form

2 —2(14+di22 +dpz* + .. 0).
If the first coefficient, which differs from zero, is d; and if d; > 0 then
f2(2) = 2+ 2dp 2T+ o(2%Y),

which implies the instability of z = 0, otherwise if d;, < 0 then the singular point
z = 0 is asymptotically stable.

Another possible way is based on making use of Lyapunov functions, that is the
functions of the form

O(z) = 22(1+ ) bz") (3)
k=1
with the property
O(f(2) — P(2) = goz* + gaz® + -+ go 2™ T2 4. (4)
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The coefficients g9 are called focus quantities.

Variations of the coefficients a;; of the equation (1) change stability of the equi-
librium point z = 0 of the map (2) yielding bifurcations of periodic points in a
neighborhood of the origin. Therefore there arises the problem to estimate the max-
imum number of periodic points of map (2) bifurcating from z = 0 with variations
of coefficients of equation (1). This is a discrete analog of the so-called local 16th
Hilbert problem.

We present a general method to investigate the problem and apply it to the case of
equation (1) with n = 3, namely, to the map defined by the equation

U(z,w) =2z +w+ Az* + Bzw + Cw® + D2 + Ez*w + Fzw® + Gu® = 0. (5)

We show that it is sufficient to compute at most three first focus quantities in
order to resolve the problem of stability for the map defined by (5), namely, if
g2(A* ... G) = gu(A*,...,G*) = gs(A*,...,G*) = 0 then the z = 0 is stable,
but not asymptotically, that is, f%(z) = 2, otherwise, 2 = 0 is asymptotically
stable if the first different from zero number among go(A*, ..., G*), g4(A*, ..., G¥),
g6(A*, ..., G") is negative, and unstable if the first different from zero term in the
sequence go(A*, ..., G"), g4(A*,...,G*), gs(A*, ..., G*) is positive.

We also prove that if at least one of the numbers go(A*, ..., G*), g4(A*, ..., G"),
gs(A*, ..., G") is different from zero, then all maps from a neighborhood of the

point (A*, ..., G*) have at most two periodic points in a small neighborhood of
z=0.

References and Literature for Further Reading

[1] V. Romanovsky and I. Benediktovich, On Bautin ideal of a cubic map, Applied
Mathematics Letters 14 (2001) 159-165.

[2]  V.G. Romanovski and A. Rauh, Local dynamics of some algebraic maps, Dy-
namics Systems and Applications 7 (1998) No.4, 529-552.

3] H. Zoladek, The problem of center for resonant singular points of polynomial
vector fields, Journal of Differential Equations 137 (1997) 94-118.
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Orthogonal Polynomials
and the Bezout Identity

ANDRE RONVEAUX
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ronveaux@math.ucl.ac.be

We present in this talk a new way to compute the BEZOUT polynomials A(x), B(z)
solving the Bezout’s problem A(x)P,(z) + B(x)Q.,(z) = 1, when P,(x) and Q,,(x)
relatively prime, belong to two Orthogonal Polynomials families. We extend first
results given by P. Humbert for @Q,,, = D{P,(z)} (P.(x) classical) with D = d/dx,
and generalize when D is replaced by respectively, the difference or the g-difference
operator. All these cases generate new families of Orthogonal polynomials linked
to the first associated of P,(z). We examine also some cases where A(z) and B(z)
satisfy also a three term recurrence relation like P,(z) and @,,(x), and situations
allowing to build a differential equation for A(z) and B(z) when both P,(x) and
Qm(z) are only solution of differential equations.

References

[1] 1. Area, E. Godoy, A. Ronveaux and A. Zarzo, Extensions of some results
of P. Humbert on Bezout’s identity and Classical Orthogonal Polynomials.
(Submitted).

[2] P. Humbert, A reduction-formula for the functions of the second kind con-
nected to the polynomials of applied mathematics. Proc. Royal Soc. Edinburg
38 (1918) 61-69.
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Difference Schrodinger Operators

for Harmonic Oscillators on a Unitary Lattice
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D-85747 Garching, Germany
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http://www-m6.ma.tum.de/~ruffing/

The formalism of raising and lowering operators is developed for the difference oper-
ator analogue of a quantum harmonic oscillator which acts on functions on a discrete
support. The grid under consideration is a mixed version of an equidistant lattice
and a basic linear grid. Several properties of the grid are described. The grids under
consideration are referred to by the name unitary linear lattices. The ladder differ-
ence operators are derived and compared with the continuum situation. The arising
spectral problems for these operators are dealt by using the theory of bilateral Jacobi
operators in weighted [?(Z) spaces. Eventual applications to mathematical physics
and numerical Schrodinger theory are briefly discussed.

References and Literature for Further Reading
1]  R.N. Alvarez, D. Bonatsos and Yu. F. Smirnov, ¢-Deformed vibron model for
diatomic molecules, Physical Review A. 50 (1994) 1088-1095.

[2]  R. Askey, S. K. Suslov, The ¢g-harmonic oscillator and the Al-Salam and Carlitz
polynomials, Letters in Mathematical Physics 29 (1993) No. 2, 123-132.

[3] C. Berg, M.E.H. Ismail, Q-Hermite polynomials and classical orthogonal poly-
nomials, Can. J. Math. 48 (1996) 43-63.

[4]  C. Berg, A. Ruffing, Generalized g-Hermite Polynomials, Communications in
Mathematical Physics 223 (2001) 1, 29-46.

[5]  A. Ruffing, J. Lorenz, K. Ziegler, Difference Ladder Operators for a Harmonic
Schrodinger Oscillator Using Unitary Linear Lattices, Journal of Computa-
tional and Applied Mathematics 153 (2003), 395-410.
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Riccati inequality and other results

for discrete symplectic systems

VIERA RUZICKOVA
(Joint work with ROMAN HILSCHER)
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CZ-60200 Brno, Czech Republic
xruzicko@math.muni.cz

We present a characterization of the positivity of a quadratic functional for discrete
symplectic systems with separable endpoint constraints in terms of the existence of
a solution of the Riccati inequality, and a characterization of the nonnegativity of
the functional with general endpoint constraints in terms of conjoined bases of the
discrete symplectic system and solutions of an implicit Riccati equation.

References and Literature for Further Reading
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The hyperspherical harmonics have been shown to determine the angular part of the
wavefunctions which describe the quantum-mechanical states of the physical systems
with a central potential in a D-dimensional space. The spatial spreading of these
systems can be measured by means of the tralationally-invariant Fisher information,
which is an information-theoretic quantity of local character. Here we prove that
this quantity is controlled by means of the heretoforth called Fisher information
of the involved hyperspherical harmonics. Moreover, we explicitly calculated this
mathematical quantity in a compact and closed form.
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We apply concepts and tools from nonlinear dynamics and chaos to the modeling
and study of higher brain functions.

Better understanding of brain functions can have implications in the study of the
dynamics of the learning.

We model coupled neurons in basic functional units by parametrically coupled
chaotic maps, governed by difference equations. Our results show that these systems
can exhibit self-organization and learning.

References and Literature for Further Reading

[1] M. Courbage, V. B. Kazantsev, V. I. Nekorkin, and M. Senneret, Emergence

of chaotic attractor and anti-synchronization for two coupled monostable neu-
rons, Chaos, 14 (2004) 1148-1156.

[2]  Mykola Lysetskiy and Jacek M. Zurada, Bifurcating neuron: computation and
learning, Neural Networks. 17 (2004) No. 2, 225-232.

[3]  Lusheng Wang, Hao Zhao, Guozhu Dong and Jianping Li, On the complexity
of finding emerging patterns, Theoretical Computer Science. 335 (2005) 15-27.

225
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We study the periodicity, the boundedness and the asymptotic behavior of the pos-
itive solutions of the non-autonomous difference equation

Tp-1
xn-ﬁ-l:pn—i_ ) n:O)17"'

n

where p,, n = 0,1, ... is a positive sequence of period 3.
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Classical affine Lie algebras appear e.g. as symmetries of infinite dimensional inte-
grable systems and are related to certain differential equations. They are central
extensions of current algebras associated to finite-dimensional Lie algebras g. In
geometric terms these current algebras might be described as Lie algebra valued
meromorphic functions of the Riemann sphere with two possible poles. They carry
a natural grading. In this talk the generalization to higher genus Riemann surfaces
and more poles is reviewed. In case that the Lie algebra g is reductive (e.g. g is sim-
ple, semi-simple, abelian, ...) a complete classification of (almost-) graded central
extensions is given. In particular, for g simple there exists a unique (almost-)graded
extension class. The considered algebras play a role in Conformal Field theory.
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We consider a class of higher order nonlinear neutral difference equations with qua-
sidifferences

A(a%kil)A(a%kiz)A<-'-ag)A@n + PnYn—r)))) + (0, Yn—0) = 0,

where sequence (p,) is any real sequence. The classification of nonoscillatory solu-
tions of the above equation is obtained. For a class of even order nonlinear neutral
difference equations, we establish conditions under which the eventually positive
solutions of this equation can be classified into three nonempty distinct categories.
Sufficient conditions under which considered equation has solution which converges
to zero, which tends to nonzero constants and which diverges to infinity are given.
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We investigate the difference equation in the title with positive parameters and
positive initial conditions. We obtain sufficient conditions for the equation to have
unbounded solutions and sufficient conditions for the existence of invariant and at-
tracting intervals. We also present some conjectures concerning the global character
of the solution.
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The critical group G of a connected graph is a finite abelian group, which is closely
related to the discrete laplacian. The order of G is the number of spanning trees in
the graph.

Using the Markov partition associated to the itinerary of the critical points of one-
dimensional maps we define and study critical groups for m-modal discrete dynam-
ical systems.
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Inverse task of the discrete chaotic dynamics (DCD) have been formulated as a
search for the parameters sets of DCD difference equations which will result to the
desired images and oscillations. The solution of this task is extremely time con-
suming due to the necessity to solve numerically the system of non-linear algebraic
equations on each step of the searching procedure as well as to the general problem
of finding the regions of high dimensional parameter space corresponded to the de-
sired solutions.

In this work we justify the use of parallel programming for solution of the DCD
inverse task. Since this task allows decomposition of the entire parameter space into
the smaller regions, the principles of parallel programming are applied. For that pur-
poses we used the Linux cluster of 16 interconnected nodes. It shown that the total
computational time can be reduced as much as the number of slave processing units.

It’s known that the systems of difference equations usually contain numerous of
chaotic solutions which makes results of the computations to be strongly dependent
on computer accuracy, types of data representation, program language and opera-
tional system. The impact of these characteristics on DCD inverse task is analyzed
and the results will be presented.
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Nowadays huge amounts of observational and numerical data are available to recon-
struct and predict the behaviour of an underlying dynamical system, e.g. velocity
fields in oceanography. However, available data is discrete in time and space and
available only over a finite time interval. As a consequence the classical asymptotic
methods of the theory of dynamical systems do not apply.

We study such an example namely the merging of two vortices. The vortices merge
in time and the data describing this process is given only numerically as the solution
of a PDE, discrete in time and space. The solution of the PDE gives rise to a time-
dependent (nonautonomous) difference equation which is known only on a finite-
time interval. This nonautonomous difference equation undergoes a bifurcation as
two vortices come close together and merge to one big vortex. However, classical
methods do not apply, since the bifurcation does not depend on a parameter but
on time. The description of this merging process as a bifurcation in time leads to a
new aspect of nonautonomous bifurcation theory, an actual topic of research.
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We shall consider a certain generalization E(z) of the Gaussian bell e=*"/2 on sym-

metric time scales T, as has been treated among other topics in the monograph [2].
In particular, we are interested in the following question: What conditions must the
time scale T satisfy in order to guarantee E(z) is square integrable? We will pro-
vide sufficient and necessary conditions on the growth of the time scale’s graininess.
Indeed not every symmetric time scale possesses a square integrable Gaussian bell.
However, the counterexamples have a huge growth of graininess — meaning that at
least for applications we seem to be on the right side. The Gaussian bells topic has
been a joint work with L. Erbe and A. Peterson, see [1].
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In this paper we study the periodic nature of the solutions of the following fuzzy
max-difference equations:

A B}’

Tn+1 = max{ )
Tn—k Tpn—m

where k, m are positive integers, A, B are positive real numbers and the initial values
x;, i =—7,—m+1,...,0, where 71 = max{k, m}, are positive fuzzy numbers.
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The Askey-Wilson second order g-difference operator is an important quantum ana-
logue of the Gauss’ hypergeometric differential operator. Its polynomial eigenfunc-
tions are the celebrated Askey-Wilson polynomials.

In the first part of the talk I discuss the (non-polynomial) spectral problem for the
Askey-Wilson second order g-difference operator when the base ¢ = exp(2mi7) has
modulus less than one. I will focus on the constructions of eigenfunctions as Barnes
or Euler type integrals.

In the second part of the talk I discuss the common spectral problem for two com-
muting Askey-Wilson second order difference operators. One of the operators is
defined with respect to the base ¢ = exp(27it), the other operator is defined with
respect to the modular inverted base § = exp(—2mi/7). Quite remarkably, common
eigenfunctions exist which admit analytic continuation to 7 € R, in which case
lg| = |G| = 1. Two such eigenfunctions will be considered, one due to Ruijsenaars
[2] defined as a Barnes type integral, the other defined as an Euler type integral.
The interrelations between different eigenfunctions will be discussed.

The talk is based on joint work with Fokko van de Bult.
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Some of the most common problems in applied sciences and engineering are usually
formulated as two point boundary value problems. A well known fact is that exact
solutions in closed form of such problems do not exist. This fact makes numerical
solutions of special interest. More than that and unlike initial value problems which
are normally uniquely solvable, boundary value problems can have no solution or
several solutions. In fact under very restrictive conditions, one can show the unique
solvability of certain boundary value problems.

We will consider a nonlinear two point boundary value problem of the form

PO (O] + a(t)u(t) = g(t); a<t<b.

with he functions p(t), p/(t), q(t) and g(t) are continuous. This can be written in
the form

p(t)u" (t) + p' () (t) = h(t,u,u)
subject to

u(a) =a, u(b))=7p.

We will present an efficient shooting method for solving two point boundary value
problems. The Adomian decomposition method will be utilized to obtain a series
solution of the initial value problems involved. Numerical examples and comparison
of the work of others will also be done.

References and Literature for Further Reading
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Let us consider the following Gauss hypergeometric series,

k

s (2m)g(—n)gz

F=n,2m;2m 4 n+ 152) = B (2m +n + 1),k!

where m is a positive constant and n is a positive integer. Let
R(—n,2m;2m + n+ 1;t) = R{F(—n, 2m;2m + n + 1;¢") }

and

I(=n,2m;2m +n + 1;t) = S{F(=n,2m; 2m + n + 1;¢")}.

On the Gauss hypergeometric series F(—n, 2m;2m +n + 1; ) we can derive some
formulas of trigonometric sums.
Theorem 1: [t holds that

|F(—n,2m;2m +n + 1;¢")?

(n+ 1)n n ( ) (n+ 1 - S)n s(2m)sys
(2m+n+1), =0 (=2n),(2m +n + 1),_,s!

- E?:0(2m+n+ )<( Zn 1) (Z) <2nn— S> @ =9y ()

where y = 2(1 — cost).
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Theorem 2: It holds that

n{](—n +1,2m;2m +n+ 1;t)R(—n, 2m;2m +n + 1;t)
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where y = 2(1 — cost).
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The Mehler-Heine type formula tells a scaling asymptotic property of orthogonal
polynomials near the endpoints of the interval of orthogonality. Jacobi-Jacobi type
multiple orthogonal(polyorthogonal) polynomials have the same property, which can
be proved by a direct calculation[6]. We note that they satisfy a 4-terms recurrence
relation. We consider a certain 4-terms recurrence formula as a discretization of the
Bessel equation, and prove the Mehler-Heine type formula for the broader class of
multiple orthogonal polynomials.
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Let K denote a field, and let V' denote a vector space over K with finite positive
dimension. We consider a pair of linear transformations A : V — Vand A*: V — V
that satisfy both conditions below.

1. There exists a basis for V' with respect to which the matrix representing A is
irreducible tridiagonal and the matrix representing A* is diagonal.

2. There exists a basis for V' with respect to which the matrix representing A* is
irreducible tridiagonal and the matrix representing A is diagonal.

We call such a pair a Leonard pair on V. There is a natural correspondence between
the Leonard pairs and a class of orthogonal polynomials consisting of the ¢g-Racah
and related polynomials in the Askey Scheme. Let A, A* denote a Leonard pair on
V. Associated with this pair is a certain parameter ¢ that is used to describe the
eigenvalues. For the case ¢ # 1, ¢ # —1, we display a basis for V' with respect
to which the matrix representing AA* — qA*A is upper triangular and the matrix
representing A*A—qAA* is lower triangular. With respect to this basis the matrices
representing A, A* are tridiagonal, with entries of a very simple and attractive form.
We call this basis the compact basis. This is joint work with Hjalmar Rosengren.
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In this talk we investigate the behavior of the second order nonlinear difference equa-
tion 41 = 1+ 35;—;1 This equation has been studied in the context of periodicity by
Grove and Ladas, as well as others. We re-examine the dynamics of the system us-
ing geometric techniques applied to the associated planar diffeomorphism. We also
answer a question of Kulinovic by showing that the equation possesses a continuous
invariant which very effectively distinguishes between different solutions. We show,
however, that it possesses no nontrivial invariant that is a rational function of the
variables. The results are extended to the system x,,,; = c+ Cxx”—n‘l, ¢ > 0, and some
unanswered questions are discussed.
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We show how the Stieltjes-Wigert orthogonal polynomials appear in Chern-Simons
theory. More precisely, we show their usefulness as a tool for nonperturbative com-
putations of the quantum topological invariants associated to Chern-Simons gauge
theory. Explicit examples are worked out and we also discuss the connection with
random matrix theory and the moment problem.
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We consider the nonlinear difference equation with delay which arises in many con-
texts in mathematical biology

Tpt1 = qTp + [o(Tn, oo, Tng), nEZL, (1)

where ¢ € (0,1) and £, : R¥"! — R satisfy the following assumptions (H):
(H1) There exists 9 : R — R such that f,(¢) < 9(z) for every ¢ € R*! with

min ¢; > z.
(H2) There are b > 0, a < 0 such that

aM(¢)

_ _—aM(=9)
1+ bM(9)

< n
for all ¢ € R¥! such that min; ¢; > —b~! € [~00,0). The monotone continuous
functional M : R*! — R, is defined as M(¢) = max;{0, ¢;}.

Eq. (1) has the unique steady state solution z = 0. Hypothesis (H2) can be easily
verify if f, has negative Schwarzian. If (H2) holds with b = 0, then (H1) is satisfied
automatically with 9(z) = —aM (—=z).
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Theorem 1. Suppose that ¢ € (0,1) and f, satisfy (H). If b # 0 and the condition

s a 1MaQ—a(l—q)7
P

holds, then lim,, .., x, = 0 for every solution {z,} of Eq. (1).

Theorem 2. Assume that b # 0 and f,, satisfy the hypotheses (H). Then for every
positive integer k there exists g, € (0,1) such that for ¢ € (0, ¢x] the inequality

1 k+1
1iq2_1i—3k+1 (2)

assures the global attractivity of eq. (1). Condition (2) is sharp within the class of
egs. (1) determined by (H) and the assumptions b # 0 and ¢ € (0, g

We propose formulae from which ¢ can be found explicitly, let us list some values
of q: ¢ = 0.887;q2 = 0.796;q3 = 0.788; 94 = 0.795;¢5; = 0.805; g5 = 0.815;¢; =
0.825; g3 = 0.834; g9 = 0.842; q190 = 0.849; q190 = 0.965; 1000 = 0.994. Upper restric-
tions on ¢ are intrinsic to (1) and cannot be omitted for £ > 1 since (2) do not
guarantee even the local stability for ¢ close to 1. Notice that the above mentioned
values of ¢ are not optimal (exact). If b = 0, then a result similar to Theorem 2
holds with ¢} being the positive root of ¢**1(q + ... + ¢*) = 1. In this sublinear case
the values of ¢ proved to be the best possible and we conjecture that Theorem 2
also holds with g, = g;.

We apply our results to discrete versions of Nicholsons blowflies equation, the
Mackey-Glass equations, and the Wazewska and Lasota equation.

We give conditions for global attractivity of eq. (1) in the case ¢ = 1 and show
that these conditions are sharp in the class of all non-autonomous equations. As
application, we consider Ricker’s equation with delayed-density dependence and gen-
eralization of the Pielou equation.
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On the symmetries of integrable partial difference
equations
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We investigate symmetries and invariant solutions of partial difference equations
on elementary quadrilaterals, possessing parametres assigned to the lattice direc-
tions. For the relevant constructions we exploit the link between partial difference
equations and compatible partial differential equations which is provided once the
continuous lattice parametres are treated as independent variables. We use sev-
eral examples to demonstrate the symmetry based techniques for certain linear and
nonlinear integrable partial difference equations.
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Universal Characters and an Extension
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The universal character is a polynomial attached to a pair of partitions and is
a generalization of the Schur polynomial. In this talk, we introduce an infinite-
dimensional integrable system characterizing the universal characters as its homo-
geneous polynomial solutions, called the UC hierarchy; we regard it as an extension
of the KP hierarchy. We study also discrete analogues of the UC hierarchy and
relationships to the Painlevé equations through similarity reductions.

References and Literature for Further Reading
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Determinant structure of the discrete integrable
systems associated with biorthogonal rational
functions
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The discrete integrable systems associated with the biorthogonal rational functions
is studied using Hirota’s bilinear method. The bilinear method is one of the most ef-
fective method to clarify algebraic structures of integrable systems. By the method,
integrable systems are transformed to bilinear equations of 7 functions. The 7 func-
tions reveal the underlying algebraic structures of integrable systems and let us know
relations with other integrable systems.

The Bilinear equations of the discrete integrable system which is derived by Spiri -
donov-Zhedanov, the R;; chain, is discussed and a particular solution for the R;;
chain on a semi-infinite lattice are constructed in terms of Casorati-type determi-
nants. It is also discussed how the system relates to other Toda systems including
the discrete relativistic Toda equation.

This is Joint work with Atsushi Mukaihira.

References and Literature for Further Reading

[1] R. Hirota, Discrete two-dimensional Toda molecule equation, J. Phys. Soc.
Japan 56 (1987), 4285-4288.

[2] M. E. H. Ismail and D. R. Masson, Generalized orthogonality and continued
fractions, J. Approx. Theory 83 (1995), 1-40.

252



Y. Minesaki and Y. Nakamura, The discrete relativistic Toda molecule equation
and a Padé approximation algorithm, Numer. Algorithms 27 (2001), 219-235.

A. Mukaihira and S. Tsujimoto, Determinant structure of R; type discrete
integrable system, J. Phys. A: Math. Gen. 37 (2004), 4557-4565.

V. Spiridonov and A. Zhedanov, Spectral transformation chains and some new
biorthogonal rational functions, Commun. Math. Phys. 210 (2000), 49-83.

Yu. B. Suris, A discrete-time relativistic Toda lattice, J. Phys. A: Math. Gen.
29 (1996), 451-465.

253
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Comparison type oscillation and nonoscillation criteria, that is, necessary and/or
sufficient conditions for real-valued solutions of the given differential /difference equa-
tion to have (or not to have) an infinite number of zeros, have long been studied
in both the continuous and discrete settings. In this study, after making a re-
view of g-difference equations, we obtain certain oscillation criteria for second-order
g-difference equations, among them, a g-difference version of the famous Kneser
theorem. Other Kneser-type oscillation criteria are also given.
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The modular double of U,(sl;) and second order
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The Askey-Wilson polynomials [1] and the trigonometric Askey-Wilson
functions can be constructed as matrix coefficients of representations of U, = U, (sl(C)).
We will discuss how this construction can be extended to a hyperbolic analog of the
Askey-Wilson function by using the modular double [3] of U,. We obtain a simul-
taneous solution to two Askey-Wilson second order difference equations in different
step sizes wy and wy with wy/wy € R, equal to Ruijsenaars [5] solution to this set

of equations.

The results presented in this talk are based on the paper [2].
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To each 3-shift we associate a n-order difference equation in N. Then we character-
ize the difference equations when [ is a Pisot or Salem number. Finally we study the
dependency of the growth number properties of these recurrences with the type of (3.
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Among boundary values problems (BVP) for partial differential equations there are
certain classes of problems reducible to difference equations. Effective study of such
problems has became possible in the last 20-30 years ([1-5]) owing to appreciable
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advances done also in the theory of difference equations with discrete time, specif-
ically given by one-dimensional maps. Here we apply how this reduction method
may be used in simple nonlinear BVP, determined by a bimodal map. We consider
two-dimensional linear hyperbolic system with constant coefficients, with nonlinear
boundary conditions and usual initial conditions. The objective is to characterize
the dependence of the motions of the vortice solutions with the topological invari-
ants of the bimodal map.
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The aim of this report is to develop the Floquet theory for linear implicit nonau-
tonomous difference systems. It is proved that index-1 linear implicit difference
systems (LIDS) can be transformed into their Kronecker normal forms. Then the
Floquet theorem on the representation of fundamental matrices for index-1 LIDS
has been established. As an immediate consequence, it is shown that any index-1
periodic LIDS can be transformed into a LIDS in Kronecker normal form with con-
stant coefficients.
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In this article, by considering a 2+1 dimensional discrete non-isospectral linear prob-
lem, a new 2+1 dimensional integrable lattice hierarchy is constructed. It is shown
that a generalization of the discrete second Painlevé hierarchy can be obtained as a

reduction. Other reductions include new 141 dimensional integrable lattice hierar-
chies.
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Solving linear ODE’s in terms of solutions of
linear ODE’s of lower order
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Let L be a linear differential operator, corresponding to a linear ordinary differential
equation L(y) = 0. If L can be factored then solving the corresponding linear ODE
can be reduced to solving linear ODE’s of lower order. We will discuss algorithms
for factoring differential operators L. with rational function coefficients.

If L can not be factored, and if the order of L is 3, then in some cases the solutions
of L(y) = 0 can still be expressed in terms of solutions of second order linear ODE’s.
In such cases, Singer showed that solving L(y) = 0 reduces to finding a point on
a conic with rational function coefficients. An algorithm for this step was recently
implemented. In the talk we will show how to use this algorithm to perform the
reduction from order 3 to order 2 explicitly.
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Contiguous relations are a fundamental concept within the theory of hypergeomet-
ric series and orthogonal polynomials. Their study goes back to Gauss who gave
a list of 15 ‘fundamental’ relations for the 2F1 case. Applications range from the
evaluation of hypergeometric series to the derivation of summation and transfor-
mation formulas for such series. Creative telescoping is the underlying principle of
Zeilberger’s extension of Gosper’s algorithm. The resulting algorithm for definite
summation of terminating hypergeometric series constitutes a major break-through
in symbolic summation. Besides surveying these concepts, the main theme of the
talk is to establish a new connection between them. Namely, all classical contigu-
ous relations between terminating or non-terminating hypergeometric series can be
computed by creative telescoping. This, for instance, allows computer proofs of
summation formulas involving also non-terminating hypergeometric sums, or the
automatic discovery of new recurrences for given combinatorial sums. Various illus-
trative examples derived by corresponding computer algebra programs are given.
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A discrete hypergeometric system is a system of first-order linear homogeneous par-
tial difference equations with polynomial coefficients, containing a single unknown
multivariate function. Algebraically, the solution space of a consistent hypergeomet-
ric system has dimension one. Here we consider the unknowns as discrete functions
which are defined either everywhere on Z?, or at the nonsingular points of the sys-
tem. Contrary to the algebraic framework, in our setting the dimension of the
corresponding solution spaces can be, under some conditions, anything between 1
and oo. This has some interesting consequences for structure theorems, as well as
for summation algorithms that deal with hypergeometric terms.

This is joint work with S. A. Abramov.
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