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Exercises from Chapter 1 of the First Book

Exercise 1. For each of the following time scales T, find o, p, and p,
and classify each point ¢t € T as left-dense, left-scattered, right-dense,
or right-scattered:

(i) T={2": neZ}U{0};

(i) T={1: neN}uU{0};

(i) T={%: ne N };

(iv) T={y/n: neNp};

(v) T={¥/n: neNy}.
Exercise 2. Give examples of time scales T and points ¢ € T such that
the following equations are not true. Also determine the conditions on
t under which those equations are true:

() o(p(t)) = &
(i) plo(t)) =t
Exercise 3. Is ¢ : T — T one-to-one? Is it onto? If it is not onto,

determine the range o(T) of 0. How about p : T — T? This exercise
was suggested by Roman Hilscher.

Exercise 4. If T consists of finitely many points, calculate ), . u(t).
Exercise 5. Prove that the delta derivative is well defined.

Exercise 6. Sometimes it is convenient to have f(t) also defined at
a point ¢t € T \ T*. Prove that an f : T — R has any a € R as its
derivative at points ¢t € T \ T*".

Exercise 7. (i) Define f : T — R by f(¢t) = ¢* for all t € T. Find
£
(ii) Define g by g(t) = v/t for all t € T with ¢ > 0. Find g*.
Exercise 8. Using the definition, show that if ¢ € T (¢ # min T) satis-

fies p(t) =t < o(t), then the jump operator o is not delta differentiable
at ¢.

Exercise 9. Prove the following: Let t € T* be right-dense. If
)~ f(s)
s—t L — 8
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exists as a finite number, then f is differentiable at ¢t and
t)— J(s
) = i FO=S0)
Exercise 10. For each of the following functions f : T — R, find f2.
Write your final answer in terms of ¢t € T:
(i) f(t) =o(t) fort € T:={=: ne N}U{0};

(i) f(t) = fort € T:= NZ := {\/n: neNo};

(iii) f(t) =t*fort € T:={%: ne No};

(iv) ft)=t3fort € T := N§ ={Yn: neNy}
Exercise 11. Prove that if z, y, and z are delta differentiable at ¢,

then

o, 0 A

)& =28y + 2%y + 2%y 2

(xyz
holds at t. Write down the generalization of this formula for n func-
tions.

Exercise 12. We have
(1) (2= (- NA=2F+ 172 =+ )

Give the generalization of this formula for the derivative of the (n+1)st
power of f, n €N, i.e., for (f*+1)A,

Exercise 13. Find the derivatives in Exercise 10.

Exercise 14. Find the second derivative of each of the functions given
in Exercise 10.

Exercise 15. Find the second derivative of f on an arbitrary time
scale:

Exercise 16. For an arbitrary time scale, try to find a function f such
that f44 = 1.

Exercise 17. Find A"(fg), i.e., (fg)2" if T = Z.
Exercise 18. Show that in general, even if both f2” and f”A exist,
(2) =

does not hold. Is (2) true for T = R and T = Z? Give a sufficient
condition that guarantees that (2) holds.

A

Exercise 19. Suppose u is differentiable.



(i) If A7 and £ both exist, give a formula that actually relates
these two functions.
(ii) Give a similar formula that relates the functions (if they exist)
fcrcrA7 fcrAa’ and ancr.
(iii) Give the corresponding formula that relates the functions (if they

exist) f"2 and f2°", n € N.

Exercise 20. Let ¢ > 1. For the time scale T = ¢Z, evaluate

(i) o
(i) p®
Exercise 21. Find f2* for the time scale T = ¢%. Find f A" and finally
find a formula for f2" for any natural number n.

Exercise 22. Show that for any constant ¢
I'it—t)I'(t —ty)---T'(t — ¢,
() — et D= 1) Tt~ 1)
[(t—s)I(t —s2) -+ T(t — sm)
is a solution of the recurrence relation
t—t))(t—ty) - (t—t,
( 1)( 2) ( ) ’U,(t),
(t—s1)(t—82) - (t — sm)
where a,tq,...,t,,S1,...,S, are real constants and n, m € N. Use this
to solve the difference equations

: 4t+6 :
(i) Au = z55%u, where t € N;

(ii) Au = 3H2u, where t € Nj.

ut+1)=a

Exercise 23. Assume o, k € C and  is differentiation with respect to
t on the time scale T = Z. Show that

@) [(t+a)®]> = k(t 4 ) =D
(ii) ()2 = (@ — 1)ak;

(i) () = (.L).

Exercise 24. Prove the following well-known formula concerning bi-

/f /f 1 E ]‘ ‘

Exercise 25. Introduce some of the above concepts for the time scale
T = hZ and prove some of the above results for this time scale.

Exercise 26. Are the operators o, p, and u

(i) continuous;
(ii) rd-continuous;



(iii) regulated?

Exercise 27. For each of the following determine if f is regulated on
T, if f is rd-continuous on T, and if f is pre-differentiable. If f is
pre-differentiable, find its region of differentiability D.

(i) The function f is defined on a time scale T and every point ¢t € T
is isolated.
(ii) Assume T = R and

it t=0
if teR\{0}.

(iii) Assume T=NyU{l—1/n: n € N} and

f(t):{o if teN

t otherwise.

~

)

~

N—

Il
——
= O

(iv) Assume T =R and f(t) = ||, t € R.
(v) Assume T =P, ; and

TO=9 "o i te 2k, 2k + 1), k € N,.
(vi) Assume T =P;; and
ft)=k, te2k2k+1], keN.
Exercise 28. Show that if T =Z, k # —1, and a € R, then
@) [(t+a) WAL = ED L o

k+1

() J (A1 = (5) +C

Exercise 29. Let a € T, where T is an arbitrary time scale and eval-
uate f; 1As. Also evaluate fot sAs fort € T, for T = R, for T = Z, for
T = hZ, and for T = [0,1] U [2, 3].

{0 if t=2k+1, keN,

Exercise 30. Evaluate the integral
> 1

[
1t

Exercise 31. Assume a € T, a > 0 and sup T = co. Evaluate

/a ) ﬁAt.

if T = ¢"°, where ¢ > 1.



Exercise 32. Assume that T =Z and f(t) = g(t) = t*. Show that for

all t # 0,
(fog)®(t) # [ (9(t) 6> ().

Exercise 33. Assume that T = Z and f(t) = g(t) = t>. Find directly
the ¢ so that (f 0 ¢)*(2) = ' (g(c)) g*(2) and be sure to note that c is
in the interval guaranteed.

Exercise 34. Let T = Ny, v(t) = 2, T = v(T), and w(t) = 22 + 3.
Show directly that i
A

A A

(wov)® = (w=ov)v=.

Exercise 35. Find a time scale T and a strictly increasing function
v : T — R such that v(T) is not a time scale.

Exercise 36. Evaluate the integral

/t 27(27 — 1)AT
fort € T:= {4 : n e Ny} 0
Exercise 37. Evaluate the integral
/t [(73 + 1)% + (7% + 1)% + 7227 Ar
forteT::{{s/ﬁO: n € No}.

Exercise 38. Let T = ¢Z for some ¢ > 1. For n € N, evaluate

¢
/ s"As.
0

Exercise 39. Find the functions h(-,0), for £ = 0,1,2,3 if T :=
[0,1] U [3,4].






Exercises from Chapter 2 of the First Book

Exercise 40. Prove that
}lLin%[Reh 2+ tImy, 2] = Re(z) + i Im(2).

Also try to visualize this by looking at what happens to the Hilger
complex plane as h — 0.

Exercise 41. Show that the addition @ on C;, satisfies the associative
law.

Exercise 42. Assuming that z € C; and w € C, simplify the expres-

sion z P 1fhz.

Exercise 43. If n € N and z € Cj, then we define the “circle dot”
multiplication ® by

nOz=z0zbz>H---PD 2z,

where we have n terms on the right-hand side of this last equation.

Show that
(zh+1)"—1

h
Exercise 44. Show directly that if z € C,, then & (62) = z.

n@z=

Exercise 45. If z,w € C;, with h > 0, show directly that
(i) z©2=0;

(i) z0w = Tt
(ili) zow=z—wif h=0.

Exercise 46. Show that if z € C,, then Z = 6z iff z € I,,.

Exercise 47. Show that ©(iw) = w.

Exercise 48. Show that the cylinder transformation &, when h > 0
maps open rays emanating from the point —% in C onto horizontal
lines on the cylinder Zj;,. Also show that circles with center at —% are
mapped onto vertical lines on the strip Z;, (circles on the cylinder Zj,).
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Exercise 49. Show that the inverse transformation of the cylinder
transformation &, when h > 0 is given by

_ L.,
& ' (2) = %(6 h_l)
for z € Zj,. Also find &' (2).

Exercise 50. Show that R is an Abelian group under the “circle plus”
addition & defined by

(p @ @)(t) := p(t) + q(t) + p(t)p(t)q(t) forall teT,
p,q € R. This group is called the regressive group.

Exercise 51. Show that if p,q € R, then the function p ® ¢ and the
function ©p defined by

(©p)(t) = -

are also elements of R.

p(t)

— 2 forall teT®
L+ pu(t)p(t)

Exercise 52. We define the “circle minus” subtraction & on R by

(3) peqt) =(pd(©q))(t) forall teT".
Suppose p,q € R. Show directly from the definition that
(i) pep=0;
(i) e(ep) = p;
(i) pO g € R;
(iv) pog=£L;
v) ©(peq) =qOp;

(vi) (p® q) = (©p) ® (S9)-

Exercise 53. If p € R and ¢ : T" — R, simplify p & —— 1+up

Exercise 54. Assume %, ? are regressive on T N (0,00) and let ¢y €

T N (0,00). Evaluate the integral
toes(s,t
/ #As.
to 8€2<57t0)

Exercise 55. Show that if & € R is constant and the exponentials
below exist, then

€ 2 (a—1)2 (t, to) to

aT_ o(t) o

62Q (t7 tO) a ?
t




by first showing that

€a2 (a—1? (t,t0)

o(t)
= Ca-1 (t7 tO)
ea(t,to) o)
and then showing that
7(75 to) t
<O —e 1 () =2
ea(t,to) 0] t

for t,t € TN (0, 00).

Exercise 56. Let s,t € T. Assuming we can interchange the order of
differentiation and integration, show that

Lleatts)) = ([ Fazar) i)

for those z € C satisfying 1 + p(7)z # 0 for 7 between s and ¢.

Exercise 57. Show that if the constant a < —1 and T = Z, then the
exponential function e,(+,0) changes sign at every point in Z. In this

case we say the exponential function e,(-,0) is strongly oscillatory on
Z.

Exercise 58. Show that if T has constant graininess h > 0 and if «
is constant with 1 + ah # 0, then e,(t + 5,0) = e (t,0)eq(s,0) for all
s,t e€T.

Exercise 59. Find e,(t,t,) for t,ty € ¢"° with constant a € R.
Exercise 60. For o # —1, find e,(-,0), where T =Py ;.

Exercise 61. Find the exponential function ey (-, 1), where A is a real
t

constant for T = [1,00) and T = N. If T = N and A € N, simplify your
answer.

Exercise 62. Use the variation of constants formula to solve the fol-
lowing initial value problems on the indicated time scales:

(i) y® =2y +t, y(0) = 0, where T = R;
(ii) ¥y = 2y + 3%, y(0) = 0, where T = Z;
(iii) ¥ = p(t)y + ey(t, to), y(to) = 0, where T is an arbitrary time
scale and p € R.






Exercises from Chapter 3 of the First Book

Exercise 63. If p € C,q and —pup? € R, simplify

(i) coshy(t, s) + sinh,(t, s);
coshy(t, s) — sinh, (¢, s);

) coshp(s to) coshy (¢,t0)— sinhp(s,to sinhy, (¢,t0) |

(ii

(iii

)
cosh? »(s,to)— sinhf7 (s,t0) !
coshy (s,t0) smhp (t,to)—sinhy(s,to) coshp (t,t0)
cosh? »(s,to)— ) ’

<1V sinhf7 (sto

Exercise 64. Show that if v > 0 with —y?u € R, then cosh, (-, ) and
sinh, (-, %) are solutions of

(4) y>t =%y =0

Exercise 65. Show that if v > 0 and —y?u € R, then the solution of

the IVP
Y2 — %y =0, ylto) =v, v (to)=ys

is given by
yd
y(t) = yo cosh, (t,to) + 70 sinh, (¢, to).

Exercise 66. Let a be constant such that |ah| # 1. For T = hZ find
cosh,(+,0) and sinh,(+,0). Is it true that

[cosh,(t,0)]* — [sinh,(¢,0)]* = 1
for t € hZ?

Exercise 67. State and prove the four formulas for the trigonometric
functions analogous to the formulas in Exercise 63 for the hyperbolic
functions. In particular, also show Fuler’s formula

(5) eip(t, to) = cos,(t,to) + isin, (¢, to).

Exercise 68. Find sin,(-,0) and cos,(+,0) for constant o € R for the
time scales T = R and T = Z, respectively.

Exercise 69. Find e (t,0), siny(,0), and cos;(¢,0) if T = Z* = {k* :
kelZ}.
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Exercise 70. Show that the identity
[sinp(t,to)]2 + [cos,(t, o)’ =1
need not hold.

Exercise 71. Factor the following dynamic equations and then use the
method of factoring to solve the equation:

(i) ¥ = (5 + t)y> + Sty = 0;
(i) 22 — (6 +t)y® + (5 + 5t)y = 0;
(iil) Y2 = (t+ o (t))y™ + (* = 1)y = 0;
(iv) y22 =3t +1)y> + (9t —3)y =0on T = R;
(v) y*2 — (t+6)y> + (5t — 1)y =0 on T = N,

Exercise 72. Prove that the solution of the initial value problem
22 — @) =0, x(ty) =z, x°(ty) = 5
is given by
b oe2(tg,T)
z(t) = ey (t, to) {xo + (JUOA — qxo) /to 1QT,M(7')A7} )
Exercise 73. Find a general solution of
288 — 49 ()27 =0
and simplify your answer when T =R and T = Z.

Exercise 74. In this exercise we present several formulas that are
satisfied by the functions ch and sh. The reader is asked to prove these
results:

(1) Eptq = Chpg +shpg;
(i) ep—q = chpg — shyg;
(iii) [chyy| = 1;
(iv) parity condition for sh: sh,,(t,s) = —sh,,(s, );
(v) parity condition for ch: chy,(t,s) = chy,(s, t);
(vi) difference formula for sh:
shyg(t, s) = shpq(t,7) chpg(r, s) — chyg(t, ) shyg(s, 7);
(vii) difference formula for ch:
chyg(t, 5) = chypg(t, 1) chypg(s, 1) — shpg(t, 7) shye(s, 7);
(viii) sum formula for sh:
shyg(t,7) = shy,(t, s) chyy(s, 1) 4 chyy(t, 8) shy(s, 7);
(ix) sum formula for ch:

chyg(t, 1) = chyy(t, s) chpy(s, 1) + shyy(t, s) shyy(s, 7).



Exercise 75. Simplify the expression

t 1
e (t, 1) / A
to

T+ ap(T)
fort € T and to = 1 when T = [1,00) and T = N, respectively.

Exercise 76. Solve the following Euler—Cauchy dynamic equations on
a general time scale T C (0,00). Simplify your answers when T =
[1,00) and when T = N.

(i) to(t)y>® — 5ty® + 8y = 0;
(ii) to(t)y > + ty™ — 4y = 0;
(i) 2to(t)y> + Tty™ — by = 0;
(iv) to(t)y>® — 3ty> + 4y = 0;
(v) to(t)y?> — 5ty + 9y = 0.

Exercise 77. Use the method of variation of parameters to solve each
of the following dynamic equations:

(i) y22 — 6y> + 8y = es(t, tg), where t,t, € T;
) yAA — 3yA + 2y = eoft, ty), where t,t, € T;
i) to(t)y™® — dty™ + 4y = es (¢, to), where t,t, € TN (0, 00);
) t
t

Exercise 78. Show that if o and 3 are constants, then
(D—al)(D—pI)=(D—pI)(D —al).

Exercise 79. Use the method of annihilators to solve each of the fol-
lowing dynamic equations:

(i) y*2 — 6y> + 8y = es(t, ty), where t,t, € T;

(ii) y22 — 3y> + 2y = ey(t, to), where ¢, € T;
(iii) y22 +y® — 2y = 2+ t, where t,t, € T N (0, 00);
(iv) y22 +y = es(t, to), where t,ty € T.

Exercise 80. Show that if Ty is the real interval [0,00), then the
Laplace transform is the familiar formula for the continuous case. Show
that if Ty = Ny, then

(6) (z + )L{z}(z) = Z{x}(z + 1),
where Z{z} is the Z-transform of x, which is defined by
= z(t
2}z =3
t=0

for those complex values of z for which this infinite sum converges.



Exercise 81. Prove the following: Assume f and g are regulated on
Ty and o and [ are constants. Then

L{ax + By}(z) = al{z}(z) + BL{y}(2)
for z € D{z} N D{y}.
Exercise 82. Show that under suitable assumptions
(7) L{z?2}(2) = 22L{x}(2) — 22(0) — 22(0).
Write down the formula for £{z2"}.
Exercise 83. Show that

) o
E{Slnha(',O)}(Z) = m
Exercise 84. Show that
«
L{sin,(-,0 = )
fsina, 0} ) =

Exercise 85. Assume that T has constant graininess u(t) = h > 0.
Show that under suitable assuptions

L{x}(2) = (1 + hz)L{z}(2) — h(1 + hz)z(0)
holds.

Exercise 86. Use Laplace transforms to solve the following initial
value problems on Ty:

(i) 222 + 22 —22 =0, z(0)=1, 22(0)=1;
) 2?2 — 92 =0, 2(0)=0, 22(0)=1;
Yy 222 4222 =32 =0, x(0)=5 2°(0)=1;
) 22 + 162 =0, z(0)=0, z2(0)=3;

) 2B — 622 + 250 =0, x(0)=1, 22(0)=2;
) 2B + 422 + 132 =0, 2(0) = -1, 22( ;

) ABA 4+ aB = e(t,0), 2(0) = 22(0) = 222(0) = 0;
(viii) 282 + 622 + 252 =0, x(0)=2, z2(0)=1.

Exercise 87. Assume f is a regulated function and

o’(t) 1 A
t) := —_—
9(t) /0 L+ p(r)z T

Show that if we can change the order of differentiation and integration
for an appropriate integral, then

Llof}e) =~ LU}E) for 2 e D)

Show that this gives a well-known formula for Laplace transforms in
the case if Ty is the real interval [0, 00) and a well-known formula for
Z-transforms by taking Ty = Nj.



Exercise 88. It can be shown that if f(t) =t for t € Ty, then 1% f =
f*1. Prove this for the special case Ty := ¢Z by evaluating the integrals
you obtain for this special case.

Exercise 89. Prove the convolution theorem when f is any of the
functions sinh, (-, 0), cos(-,0), sin,(-,0) and g is a regulated function.
What assumptions on « are you making in each case?

Exercise 90. Solve each of the following integral equations:
(i) @(t) = 2e5(t,0) = 5 [ ea(t, o (s))x(s) As;
(i) x(t) = cosa(t, O —|—3f0 sins(t, o(s))x(s)As;
(iil) z(t) = ea(t,0) +4f0 s)As;
)=t
) = hs

(iv) z(t —|—4f0 (t —o(s))z(s)As;
(v) x(t (t,0) —|—9f0 ho(t,o(s))z(s)As.
Exercise 91. Prove that
eq(+,0) * sinhg(-,0) = sinhg(+,0) * e, (-, 0).

Exercise 92. Use Laplace transforms and the convolution theorem to
solve the following initial value problems:

(i) 222 4 9z = siny(t,0), z(0) = 22(0) = 0;
AA 1 162 = sing(t, 0
AA _ 222 4+ 1 = 9ey

~—






Exercises from Chapter 1 of the Second Book

Exercise 93. Show that if T = ¢ := {¢" : n € Ny}, ¢ > 1, then
1
-

log q
logt)® = :
(log ¢) p—

Exercise 94. Let p € R. Show that p & (©p) = 0 and that ©p is the
only solution of the equation p & x = 0.

Exercise 95. Define the set of positively regressive functions R* as
the set consisting of those p € R satisfying

T+ pu(t)pt) >0 forall teT.
Show that (R™,®) is a subgroup of the regressive group.
Exercise 96. Prove the following: If p,q € R, then

(i) eo(t,s) =1 and e,(t,t) = 1;
ep(a(t),s) = (1+ p(t)p(t))ey(t, s);

(ix) [e,(c,)]® = —pley(c, )], where ¢ € T.
Exercise 97. Let T = hZ for h > 0. Let @ € R be constant. Verify
ea(t,0) = (1 +ah)* forall teT.
Exercise 98. Consider the time scale
T=N;={n*: neNy}
and verify
ei(t,0) =2V'(Vt)! for teT.
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Exercise 99. Define

T={H,: neNy}, where H,= Z
k=1

=

Let a > 0 be constant. Verify

eo(H,,0) = (” + O‘) .

n

Exercise 100. We consider the time scale T = ¢g"°. Let p € R. Verify
et )= J] (1+(g—1)sp(s)).
s€TN(0,t)

Exercise 101. For the time scale

T =Py = J[2k. 2k + 1]
k=0
and « # 0, find the exponential function e,(t,0).
Exercise 102. Let p > 0 and consider the time scale
T =Nj:={0,1,27,3" 47 .. .}.

Find the forward jump operator and the graininess for T. If p € N\ {1},
give a formula for ey (for A constant) in terms of products and quotients
of Gamma functions. Use Stirling’s formula to give asymptotic repre-
sentations of that exponential function. Try to obtain such asymptotic

representations also for the case that p € (0,1/2) and also for the case
that p € (1/2,2/3).

Exercise 103. Verify in detail that (R, ®) is an Abelian group.

Exercise 104. Verify in detail that R} is a subgroup of (R, ®), where
RI={p€Ra: 1+p(t)u(t) >0 forallteT}.

Exercise 105. Verify that under appropriate existence and uniqueness

assumptions
A
1 ) —p
(ep('75) eg("s)

holds.



Exercises from Chapter 2 of the Second Book

Use the variation of constants formula to solve the following IVPs
on the indicated time scales:

(i) y® =2y +t, y(0) = 0, where T = R;
(ii) ¥y = 2y + 3%, y(0) = 0, where T = Z;
(iii) ¥ = p(t)y + ey(t, to), y(to) = 0, where T is an arbitrary time
scale and p € R.

Exercise 106. Calculate 2®p for p € R. Show also that 20 p = pSp.
Exercise 107. Let n € N and p € R. Find a formula for n ® p.
Exercise 108. Let p € R". Derive

1 P
8 —Op= —F7——.
(®) g WP 1+ V14 pup

1
2 - = .
@(2®p> P

Exercise 109. Let p € R". Find formulas for i ® p and % ® p. Then
use these two results to show the formulas

§® EB}(D = d §@ @1(9 —1®
4]7 4p—pan 4p 4P—2P~

Exercise 110. The three formulas

Show directly

@)t
Ty T
@l® _ v
r/y T
and
a\A A
@) _ o
i X

19



could be used to define a logarithm as
L)
to f(T)

but then the usual logarithm rules would not hold as we had formulas
involving an additional integral, e.g.,

t A A
p(r)a>(T)y=(7)
1 t,ty) =1 t,t 1 t,t AT.
08yt fo) = log, (1, o) + log, (£, o) +/to z(7)y(7) "
Try to define a logarithm that satisfies somehow “smoother” logarithm
rules.

log(t,t0) = AT,

Exercise 111. Solve the initial value problem
(9) v = —x+tz*, 2(0)=1.

Exercise 112. Solve the initial value problem
v’ = —2x 4+t x(0)=1.

Exercise 113. Solve the initial value problem
5z — 2% + bav/1 + 22
T + 224+ v1+22

Exercise 114. Let p € R. Show that

(10) Ax

z(0) = 1.

. 2
(i) p® = 25
(i) (ep)® =p®;
2
(i) 14 pp = Lo
(iv) p+ (Sp) = up®;
(v) p@p® =p+p°.
Exercise 115. Find solutions of the Clairaut dynamic equations
(i) y=ty™ + s
(i) y = ty™ + ev".
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