An Introduction to the
Exponential Function on a Time
Scale

Allan Peterson

March, 2005

University of Nebraska-Lincoln

AbiTUMath



Remark: The unique solution of the IVP

is the exponential function

z(t) = el
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For p € R, let e,(t,ty) be the unique solution of
the IVP

2 =p(t)x, x(to) =1.
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Example 1. Find e,(t,0) for T = hZ and p(t) =p:
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Example 2. Find e1(t,0) if T = N3 := {t =
n € Ng}. Here o(t) = (n+ 1)2, so u(t) = o(t) —
(mn+1)2—n?2=2n+1=2Vt+1.

Now y(t) := e1(t,0) solves the IVP

y>=1-y, y(0)=1
y2(t) = 1-y(t)
UrD=u)
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Interating

y(o(t) = 2(1 + Vt)y(t)

we get
y(1?) = 2(1+v0)y(0)=2-1
y(23) = 2(1+V12)y(1?) =2%. 2!
y(3%) = 2(1+V22)y(2?) =2°. 3
y(t) = y(n®) =2"n

Hence e1(t,0) = 2V /1),
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Consider for p,q € R,

S|+

ep(t,0)eq(t,0) = (14 hp) (1-+-hq)%

= {(1+hp)(1 + hg)}
= (1+hp+hqg+ h2pq)

e+

S+

t
= {1+ h(p+q+hpg)}"

= {1+h(paq)}
- ep@Q(t7O)7

S|+

where
p@&q:=p+q+ hpg.
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We say p: T — R is regressive provided

1+ pu(t)p(t) £0, teT.

Define the set of regressive functions by

R := {regressive, right-dense continuous functions}

and the set of all positively regressive functions by

RT:={peR:1+ ut)p(t) > 0}.
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Theorem 1. For p,q € R, define

p®q:=p+q+ pupq,

then (R, ®) is an Abelian group.

p(t) = 0 is the additive identity

Additive Inverse: Want

pdqg=0

p+q+pupg=20

(1+ pup)g=—p

—p
1+ up

op 1=
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Theorem 2. Assume p,q € R, then
(i) eolt,s) =1, ep(t,t) = 1;
(i) ey (t, s) = p(t)ey(t, s);
(i) ep(a(t),s) = (1 + pu(t)p(t))ep(t, s);
(1) iy = €op(t: 8);
(v) ep(t; s)ep(s,r) = ep(t,T);
(vi) ep(t,s)eq(t,s) = eppq(t,s);

..y epl(t,s
(vi) 2255 = epoalts )
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Product Rule:

(f()g(t)™ = f(o(t)g™ (1) + fFA()g(t) :

Quotient Rule:

(f(t))A A0 — g2 ()

g(t)
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Proof of

ep(t,to)eq(t, to) = epaq(t, to)

Let
z(t) = ep(t, to)eq(t, to)
Then
22(t) = ep(a(t),to)es (t,to) + €5 (t to)eq(t, to)
(1 + :u(t)p(t)ep(t: tO))q(t)BQ(tv tO)

o+
s
~—~
~
~—
D
iS|
~~
S+
O
S
Q
~—~
~
-
-
~—

[
S
B
-
=
8

=

Also z(tg) =1-1=1.
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Proof of

Let

Then

Also x(tg) = 1.
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Theorem 3 (Keller's Chain Rule). Assume g : T —
R s delta differentiable on T. Assume further that
f : R — R s continuously differentiable. Then fog :
T — R 1s delta differentiable and satisfies

(o { / F(a(t) + hult)g <t>>dh}gﬁ<t>.
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Example 3.

f(z) =e**, g(t) =t°, T=1Z.
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962(9(t)+hu(t)g> (1)) g, g2 (t)

1
262(t2+h(2t—|—1)) dh (2t i 1)

I
J

1
62752/ 62(2t+1)h2(2t—|—1) dh
0

1
2
€2t {62(2t—|—1)h}

0

2t2)

(62(t—|—1)2 e

(€2t2)A.
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(a%(t)" = /OOé(flf(t)+hu(t)wA(t))“_1dth<t)

A A

= o7 () / (14 ety dh 2 (1)

X

Definition 1. Fora € R and p € R™

(6 ®p)(t) == ap(t) / (1+ u(®)p(t)h)>~dh

Remark 1. If T =R, then a ® p = ap.
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Theorem 4. Assume oo € R and p € R™, then

Bg(t, t()) = Ga@p(t, to).
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Proof

€p

eA
y2(t) = <a © p) (t) e (¢, to)

= (a©p)t)y(t)

Also y(tp) = 1 and consequently

Bg(t, to) = ea@p(t, to).
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Theorem 5. (RT,®,®) is a vector space.
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Claim a © (8@ p) = (af) Op:

Proof:
eam(pop)(tito) = €3a,(t to)
= (ef(t, )"
= e27(t,to)
— e(@ﬁ)QP(tvtO)'
Hence

a®(BOp) = (af)Op.
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Clama® (p®q) =(a®@p)®(BOQq) :

Proof:
eoz@(p@q)(tato) — p@q(t tO)
— (ep(t,to)eq(t,to))o‘
= ¢, (l,to)eg (L, to)
= eaop(l;to)eanq(t, o)
= €aop)@(anq(l;lo)-
Hence

a®(pdq)=(aOp)d(BOq).
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Similarly

lOp=p

and

(a+B8)Op=(aOp) ®(BOP).
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Look for solutions of
222 1L az® b =0

of the form
x(t) = ex(t, to).

22 () 4+ ax®(t) + bx(t) = (A2 4+ a)X + b)ex(t, to).

Want
AN +a\+b=0.
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Assume the regressivity condition

1 — au(t) + bu(t) # 0.

If this is true, then A1, Ay € R.
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Case 1: Ay # Ao, both real.

z(t) = crex,(t,to) + caex,(t, to).

Case 2: A1 = \o.

t
1
x(t) = crex,(t,tg) + coen, (T, T /
() 1( ) 2 1( 0) t01‘|‘,u(7-)>\1
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If up?> € R and p € C,4, then

_ eip(ta tO) + e—ip(ta tO)
9 )

cosy(t, to)
and

o, Tg) —e_ipn(t, T
Sinp(t,to) — e’l,p( y 0) 2Z€ zp( Y O).
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Properties of trig functions:

(i) cost(t,to) = —p(t) siny(t, to);

(i) sin'(t,to) = p(t) cosy(t, to);

(iii) sin (¢, to) + cosZ(t, to) = e,,2(t, to).
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Case 3: A1 2 =p*£1ig.

z(t) = ciep(t, to) COSﬁ(t,tQ)—FCQGP(t,tQ) sinﬁ(t,to).
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Laplace Transforms

Assume Ty C R™T and 0 € T.

L{z}(z) = /OOO z(t)eq.(o(t),0)At.
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Example 4. Use Laplace transforms to solve the I1VP
r2 — 42+ 132 =0, x(0)=1, 22(0)=1. (1)

Assuming x is the solution of (1) we obtain after
taking the Laplace transform of both sides of the
dynamic equation in (1)

2L{x}(2)—zxo—a5 —A[zL{x}(2)—x0]+13L{z}(2) = 0.
Using the initial conditions we get

2L{x N (2) —z—1—4[zL{x}(2) —1]+13L{z}(2) = 0.
Solving for L{x}(z) we obtain

z—3 z—2 1 3
Llez) = 22—4z49 (2—2)249 3(z—2)249

Using the Shifting Theorem we get that the solution
of (1) is

2(t) = es(£,0)cos_s_(£,0) — ~e_s_(t,0)sins(t,0).

14+2u 3 1+2p
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Example 5. Use Laplace transforms to solve the IVP
22 4+ dx = e3(t,0), x(0) = 2°(0) = 0.

Let x be the solution of the given IVP. Then taking
the Laplace transform of both sides of the given
dynamic equation gives

1
2 —3

PL{x}(2) — zwo — 2§ + 4L{z}(2) =
Hence

Cleyy— L L 11 2

2 —32244 27—32244

From the convolution theorem,

2(t) = %(63(., 0) * sina (-, 0))(£).

It follows that

1 3 . 1
x(t) = 1—363(75, 0) — % sing(t,0) — 13 cosa(t,0).
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Definition 2. For h > 0, we define the cylinder
transformation &, : Cy, — Zy, by

en(z) = %Log(l b,

where Log s the principal logarithm function. For

h =0, we define {y(z) = z for all z € C.
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Definition 3. I[fp € R, then we define the exponential
function by

ep(t, s) = exp ( / t gm(p(f))m) for s,teT,
(2)

where &n(2) is the cylinder transformation.
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Theorem 6. If p € R, then the semigroup property
ep(t,r)ey(r,s) =ey(t,s) forall r,s,teT

18 satisfied.
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Theorem 7. Ifp € R, then

€p(t, t())
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Theorem 8. Assumep € R andto € T. If 1+up <0
on T, then

€p<t, t()) = Oé(t, t()) (—1)nt

for all t € T, where

alt, o) := exp (/t: log |1 —;Z_(;-)p(T)‘AT) >0

and
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Proof. Since 1+ u(t)p(t) < 0, we have
Log|1+u(t)p(t)] = log |[1+u(t)p(t)|+im  forall ¢ e T".

Note also that u(t) never vanishes in this case and
that
ney < 00O
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Then

ep(t, t())
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By Euler’s formula,

(_ /t AT
exp | im | ——
to /’L(T>

AbiTUMath

)

39



