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Chapter 1

Classical Special Functions

Our main objective in this chapter is to present in a compact form main facts about the

classical special functions of hypergeometric type, i.e., classical orthogonal polynomials (Ja-

cobi, Laguerre and Hermite) and functions of the second kind, hypergeometric functions,

confluent hypergeometric functions and Bessel functions, based on the second order differen-

tial equation they satisfy. This gives a foundation for our study of difference hypergeometric

functions, q-orthogonal polynomials, q-beta integrals and biorthogonal rational functions in

the subsequent chapters.

1.1 Classical Hypergeometric Functions

Classical orthogonal polynomials, hypergeometric functions and Bessel functions are partic-

ular solutions of the differential equation

σ(x)y′′ + τ(x)y′ + λy = 0,(1.1.1)

where σ(x) and τ(x) are polynomials of respective degrees at most two and one, and λ is a

constant. Equation (1.1.1) can also be rewritten in the self-adjoint form

(σρy′)
′
+ λρy = 0, (σρ)′ = τρ.(1.1.2)
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2 CHAPTER 1. CLASSICAL SPECIAL FUNCTIONS

We shall refer to (1.1.1) as an equation of hypergeometric type, and its solutions as functions

of hypergeometric type. Generally speaking, these functions can be studied in a domain of

the complex plane. In this case we shall usually use the complex variable z instead of x.

1.1.1 Power series method

It is convenient to construct particular solutions of equation (1.1.1) by using the power series

method (see, for example, the classical work of Boole [1959]).

Theorem 1.1 Let a be a root of the equation σ(x) = 0. Then (1.1.1) has a particular

solution of the form

y(x) =
∞∑

n=0

cn(x− a)n,(1.1.3)

where

cn+1

cn
= −λ+ n (τ ′ + (n− 1) σ′′/ 2)

(n+ 1) (τ(a) + nσ′(a))
,(1.1.4)

if:

(i) lim
m→∞

dk

dxk
ym(x) =

dk

dxk
y(x) with k = 0, 1, 2;

(ii) lim
m→∞

(λ− λm) cm(x− a)m = 0.

(Here ym(x) =
m∑

n=0

cn(x− a)n and λm = −mτ ′ − 1

2
m(m− 1)σ′′.)

In the case σ(x) = constant 6= 0 series (1.1.3) satisfies (1.1.1) when a is a root of the

equation τ(x) = 0,

cn+2

cn
= − λ+ nτ ′

(n+ 1)(n+ 2)σ
(1.1.5)

and convergence conditions (i)–(ii) are valid.

The proof of Theorem 1.1 follows from the identity
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ρ−1 d

dx

[
σρ

d

dx
(x− ξ)n

]
= n(n− 1)σ(ξ)(x− ξ)n−2(1.1.6)

+nτn−1(ξ)(x− ξ)n−1 − λn(x− ξ)n,

where τm(ξ) = τ(ξ)+mσ′(ξ) and λn = −nτ ′− 1

2
n(n−1)σ′′, which can be easily verified (see

Ex. 1.1).

In fact, for a partial sum of the series (1.1.3) we can write[
σ(x)

d2

dx2
+ τ(x)

d

dx
+ λ

]
ym(x)

= σ(a)
m∑

n=0

cnn(n− 1)(x− a)n−2

+
m∑

n=0

cnnτn−1(a)(x− a)n−1

+
m∑

n=0

cn (λ− λn) (x− a)n.

By the hypothesis σ(a) = 0, the first term in the right side is equal to zero. Equating

coefficients in the next two terms with the aid of

cn+1

cn
=

λn − λ

(n+ 1)τn(a)
,

which is equivalent to (1.1.4), we get

[
σ(x)

d2

dx2
+ τ(x)

d

dx
+ λ

]
ym(x) = cm (λ− λm) (x− a)m.(1.1.7)

Taking the limit m→∞ we prove the first part of the theorem under convergence conditions

(i)–(ii).

When σ = constant we can obtain in the same manner[
σ(x)

d2

dx2
+ τ(x)

d

dx
+ λ

]
ym(x)(1.1.8)

= σ
m∑

n=0

cnn(n− 1)(x− a)n−2

+
m∑

n=0

cn (λ− λn) (x− a)n

= cm (λ− λm) (x− a)m,
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which proves the second part of the theorem in the limit m→∞. 2

Corollary Equation (1.1.1) has polynomial solutions ym(x) corresponding to the eigenvalues

λ = λm = −mτ ′ − 1

2
m(m− 1)σ′′, m = 0, 1, 2, . . ..

(This follows from (1.1.7) and (1.1.8).)

Examples With the aid of linear transformations of the independent variable, equation

(1.1.1) for τ ′ 6= 0 can be reduced to one of the following canonical forms

x(1− x)y′′ + [γ − (α+ β + 1)x] y′ − αβy = 0,

xy′′ + (γ − x)y′ − αy = 0,

y′′ − 2xy′ + 2νy = 0.

According to (1.1.3)–(1.1.5) the appropriate particular solutions are:

the hypergeometric function,

y(x) = 2F1(α, β; γ;x) =
∞∑

n=0

(α)n(β)n

(γ)nn!
xn,

the confluent hypergeometric function,

y(x) = 1F1(α; γ;x) =
∞∑

n=0

(α)n

(γ)nn!
xn,

and the Hermite function,

y(x) = Hν(x) =
2νΓ

(
1
2

)
Γ
(

1−ν
2

) 1F1

(
−ν

2
;

1

2
; x2

)

+
2νΓ

(
−1

2

)
Γ
(
−ν

2

) x 1F1

(
1− ν

2
;

3

2
; x2

)

=
1

2Γ(−ν)

∞∑
n=0

Γ
(
n− ν

2

)
(−2x)n

n!
,

respectively. Here (a)n = a(a + 1) . . . (a + n − 1) = Γ(a+ n)/ Γ(a) and Γ(a) is the gamma

function of Euler.
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Generally speaking, these solutions arise under some restrictions on the variable and

parameters. They can be extended to wider domains by analytic continuation.

Definition All the hypergeometric series above are special cases of the (generalized) hy-

pergeometric series with r numerator parameters α1, . . . , αr and s denominator parameters

β1, . . . , βs defined by

rFs (α1, α2, . . . , αr; β1, . . . , βs; x) = rFs


α1, α2, . . . , αr

;x

β1, . . . , βs

(1.1.9)

=
∞∑

n=0

(α1)n (α2)n . . . (αr)n

n! (β1)n . . . (βs)n

xn,

where (a)n = a(a+ 1) . . . (a+ n− 1) and (a)0 = 1.

By the ratio test, the rFs series converges absolutely for all complex values of x if r ≤
s, and for |x| < 1 if r = s + 1. By an extension of the ratio test (Bromwich [1959],

p. 241), it converges absolutely for |x| = 1 if r = s + 1 and x 6= 0 or r = s + 1 and

Re [β1 + . . .+ βs − (α1 + . . .+ αs)] > 0. If r > s + 1 and x 6= 0 or r = s + 1 and |x| > 1,

then this series diverges, unless it terminates.

Extended power series method The solution (1.1.3)–(1.1.4) can be rewritten in the

following explicit form

y(x) = c0
∞∑

n=0

n−1∏
k=0

(λ− λk) (a− x)

τk(a)(k + 1)
,(1.1.10)

where c0 is a constant.

Using the expansion

y(x) =
∑
n

cn(x− ξ)α+n,
cn+1

cn
=

λα+n − λ

(α+ n+ 1)τα+n(a)

in the same manner one can find solutions of the more general form

y(x) = c0(x− a)α
∞∑

n=0

n−1∏
k=0

(λ− λα+k) (a− x)

τα+k(a)(α+ k + 1)
,(1.1.11)
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provided that σ(a) = 0 and α τα−1(a) = 0 (in particular, putting α = 0 we recover (1.1.10)).

We can also satisfy (1.1.1) by using the series of the form

y(x) =
∑
n

cn
(x− ξ)α+n

,
cn+1

cn
=

(α+ n)τ−α−n−1(a)

λ− λ−α−n−1

,

if σ(a) = 0 and λ = λ−α. Hence

y(x) =
c0

(x− a)α

∞∑
n=0

n−1∏
k=0

(α+ k)τ−α−k−1(a)

(λ− λ−α−k−1) (x− a)
.(1.1.12)

When σ = constant 6= 0 we can write the solution as

y(x) =
∑
n

cn
(x− a)α+n

,
cn+2

cn
= −(α+ n)(α+ n+ 1)σ

λ− λ−α−n−2

,(1.1.13)

if τ(a) = 0 and λ = λ−α (for even integer values of n) or λ = λ−α−1 (for odd integer values

of n).

1.1.2 Some solutions of hypergeometric equations

Let us apply the extended power series method to the main equations of hypergeometric

type.

(1) Consider particular solutions of the hypergeometric equation,

x(1− x)y′′ + [c− (a+ b+ 1)x]y′ − aby = 0,(1.1.14)

when σ(x) = x(1− x), τ(x) = c− (a+ b+ 1)x and λ = −ab. Here τµ(ξ) = c− (a+ b+ 1)ξ+

µ(1− 2ξ), λµ = µ(a+ b+ µ) and λµ− λ = (a+ µ)(b+ µ). Equation σ(ξ) = ξ(1− ξ) has two

roots.

Solution (1.1.10) for σ(0) = 0 is the hypergeometric function,

y1(x) = 2F1(a, b; c; x), |x| < 1;(1.1.15)

for σ(1) = 0 we get
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y2(x) = 2F1(a, b; a+ b− c+ 1; 1− x), |1− x| < 1.(1.1.16)

The corresponding solutions (1.1.11) are

y3(x) = x1−c
2F1(1 + a− c, 1 + b− c; 2− c; x)(1.1.17)

and

y4(x) = (1− x)c−a−b
2F1(c− b, c− a; c− a− b+ 1; 1− x).(1.1.18)

Solutions (1.1.12) take the form

y5(x) = x−a
2F1

(
a, a− c+ 1; a− b+ 1; x−1

)
, |x| > 1,(1.1.19)

y6(x) = y5(x)|a↔b ;(1.1.20)

and

y7(x) = (x− 1)−a
2F1

(
a, c− b; a− b+ 1;

1

1− x

)
, |1− x| > 1,(1.1.21)

y8(x) = y7(x)|a↔b .(1.1.22)

Any three of these solutions are linearly dependent. For example,

2F1(a, b; c;x) = (1− x)c−a−b
2F1(c− a, c− b; c; x)(1.1.23)

and

2F1(a, b; a+ b− c+ 1; 1− x)(1.1.24)

=
Γ(a+ b− c+ 1)Γ(1− c)

Γ(a− c+ 1)Γ(b− c+ 1)
2F1(a, b; c; x)

+
Γ(a+ b− c+ 1)Γ(c− 1)

Γ(a)Γ(b)
x1−c

2F1(1 + a− c, 1 + b− c; 2− c; x).
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(2) For the confluent hypergeometric equation,

xy′′ + (c− x)y′ − ay = 0,(1.1.25)

we have σ(x) = x, τ(x) = c− x, τµ(x) = c+ µ− x and λ = −a. Particular solutions are

y1(x) = 1F1(a; c; x),(1.1.26)

y2(x) = x1−c
1F1(1 + a− c; 2− c; x)(1.1.27)

and

y3(x) = x−a
∞∑

n=0

(a)n(1 + a− c)n

n! (−x)n
(1.1.28)

(this formal series does not converge unless it terminates).

(3) In the case of the Hermite equation,

y′′ − 2xy′ + 2νy = 0,(1.1.29)

when σ(x) = 1, τ(x) = −2x and λ = 2ν, particular solutions have the forms

y1(x) = Hν(x) =
2νΓ

(
1
2

)
Γ
(

1−ν
2

) 1F1

(
−ν

2
;

1

2
; x2

)
(1.1.30)

+
2νΓ

(
−1

2

)
Γ
(
−ν

2

) x 1F1

(
1− ν

2
;

3

2
; x2

)

and

y2(x) = xν
∞∑

n=0

(
−ν

2

)
n

(
1−ν
2

)
n

n! (−x2)n(1.1.31)

(this 2F0 series diverges, unless it terminates).

(4) Finally, let us consider the equation

xy′′ + cy′ + λy = 0(1.1.32)
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with σ(x) = x, τ(x) = c and τµ = c+ µ. Solutions (1.1.10) and (1.1.11) take the form

y1(x) = 0F1(−, c; −λx) =
∞∑

n=0

(−λx)n

(c)n n!
(1.1.33)

and

y2(x) = x1−c
0F1(−; 2− c; −λx),(1.1.34)

respectively. These functions are closely related to the Bessel function

Jν(x) =
(x/2)ν

Γ(ν + 1)
0F1

(
−; ν + 1; −x2

/
4
)
.(1.1.35)

1.2 Integral Representations

The special functions of hypergeometric type are also easily studied by means of integral

representations, which hold for solutions of the differential equation (1.1.1).

1.2.1 Main theorem

Theorem 1.2 Let ρ(z) satisfy the equation

[σ(z)ρ(z)]′ = τ(z)ρ(z)(1.2.1)

and let ν be a root of the equation

λ+ ντ ′ +
1

2
ν(ν − 1)σ′′ = 0.(1.2.2)

Then (1.1.1) has particular solution of the form

y = yν(z) =
Cν

ρ(z)

∫
C

σν(s)ρ(s)

(s− z)ν+1
ds,(1.2.3)

where Cν is a constant and C is a contour in the complex s-plane, if:

(i) the derivative of the integral

ϕνµ(z) =
∫
C

ρν(s)

(s− z)µ+1
ds with ρν(s) = σν(s)ρ(s)
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can be evaluated for µ = ν − 1 and µ = ν by using the formula

ϕ′νµ(z) = (µ+ 1)ϕν, µ+1(z);

(ii) the contour C is chosen so that the equality

σ(s)ρν(s)

(s− z)ν+1

∣∣∣∣∣
s2

s1

= 0

holds, where s1 and s2 are the end points of the contour C.

Proof. The function ρν(s) = σν(s)ρ(s) satisfies the equation

[σ(s)ρν(s)]
′ = τν(s)ρν(s),

where τν(s) = τ(s) + νσ′(s). We multiply both sides of this equality by (s − z)−ν−1 and

integrate over the contour C. Upon integrating by parts we obtain

σ(s)ρν(s)

(s− z)ν+1

∣∣∣∣∣
s2

s1

+ (ν + 1)
∫
C

σ(s)ρν(s)

(s− z)ν+2
ds =

∫
C

τν(s)ρν(s)

(s− z)ν+1
ds.(1.2.4)

By hypothesis, the first term is equal to zero. We expand the polynomials σ(s) and τν(s) in

powers of s− z:

σ(s) = σ(z) + σ′(z)(s− z) +
1

2
σ′′(s− z)2,

τν(s) = τν(z) + τ ′ν(s− z).

Taking into account the integral formulas for the functions ϕν, ν−1, ϕνν and ϕν, ν+1, we arrive

at the relation

(ν + 1)
[
σ(z)ϕν, ν+1 + σ′(z)ϕνν +

1

2
σ′′ϕν, ν−1

]
= τν(z)ϕνν + τ ′ν ϕν, ν−1.

Upon substituting τν = τ + νσ′ and using the formula ϕ′νν = (ν + 1)ϕν, ν+1 we get

σϕ′νν + (σ′ − τ)ϕνν =
(
τ ′ +

1

2
(ν − 1)σ′′

)
ϕν, ν−1.(1.2.5)

At the same time, by differentiating the relation σρy′ = Cνσϕνν we find that
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1

Cν

σρy′ = σϕ′νν + (σ′ − τ)ϕνν .(1.2.6)

Comparing (1.2.5) and (1.2.6) we obtain

σρy′ = κνCνϕν, ν−1,(1.2.7)

where κν = τ ′ + (ν − 1) σ′′/ 2. Upon differentiating (1.2.7) we arrive at (1.1.1) in the self-

adjoint form

(σρy′)
′
+ λρy = 0,

where λ = −νκν = −ντ ′ − ν(ν − 1) σ′′/ 2. This proves the theorem. 2

In the proof of Theorem 1.3 we have, en route, deduced the formula (1.2.7), which is a

simple integral representation for the first derivative of the function of hypergeometric type:

y′ν(z) =
C(1)

ν

σ(z)ρ(z)

∫
C

ρν(s)

(s− z)ν
ds,(1.2.8)

where C(1)
ν = κνCν =

(
τ ′ +

1

2
(ν − 1)σ′′

)
Cν . Hence

y(k)
ν (z) =

C(k)
ν

ρk(z)
ϕν, ν−k(z) =

C(k)
ν

σk(z)ρ(z)

∫
C

ρν(s)

(s− z)ν−k+1
ds,(1.2.9)

where C(k)
ν =

k−1∏
p=0

(
τ ′ +

ν + p− 1

2
σ′′
)
Cν .

1.2.2 Integrals for hypergeometric and Bessel functions

Using Theorem 1.2 we can obtain integral representations for all the most commonly used

special functions of hypergeometric type, in particular, for the hypergeometric functions:

2F1(α, β; γ; z) =
Γ(γ)

Γ(α)Γ(γ − α)

1∫
0

tα−1(1− t)γ−α−1(1− zt)−β dt,(1.2.10)
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1F1(α; γ; z) =
Γ(γ)

Γ(α)Γ(γ − α)

1∫
0

tα−1(1− t)γ−α−1ezt dt,(1.2.11)

Hν(z) =
1

Γ(−ν)

∞∫
0

e−t2−2ztt−ν−1 dt.(1.2.12)

Here Re γ > Reα > 0 and Re (−ν) > 0.

Let us mention also some solutions of the Bessel equation,

z2u′′ + zu′ +
(
z2 − ν2

)
u = 0.(1.2.13)

With the aid of the change of the function u = ϕ(z)y when ϕ(z) = zνeiz this equation can

be reduced to the hypergeometric form

zy′′ + (2iz + 2ν + 1)y′ + i(2ν + 1)y = 0(1.2.14)

and based on Theorem 1.2 one can obtain the Poisson integral representations for the Bessel

function of the first kind, Jν(z), and the Hankel functions of the first and second kind,

H(1)
ν (z) and H(2)

ν (z):

Jν(z) =
(z/2)ν

√
π Γ(ν + 1/2)

1∫
−1

(
1− t2

)ν−1/2
cos zt dt,(1.2.15)

H(1,2)
ν (z) =

√
2

πz

e±i(z−π
2
ν−π

4 )

Γ(ν + 1/2)

∞∫
0

e−ttν−1/2
(
1± it

2z

)ν−1/2

dt,(1.2.16)

where Re ν > −1/2. It is then possible to deduce from these integral representations all the

remaining properties of these functions. For details, see (Nikiforov and Uvarov [1988]).

1.3 Classical Orthogonal Polynomials

The Jacobi, Laguerre and Hermite polynomials are the simplest solutions of the equation

(1.1.1).
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1.3.1 Main property

By differentiating (1.1.1) we can easily verify that the function υ1(x) = y′(x) satisfies the

equation of the same type

σ(x)υ′′1 + τ1(x)υ
′
1 + µ1υ1 = 0,(1.3.1)

where τ1(x) = τ(x) + σ′(x) is a polynomial of degree at most one and µ1 = λ + τ ′(x) is a

constant.

The converse is also true: any solution of (1.3.1) is the derivative of a solution of (1.1.1)

if λ = µ1 − τ ′ 6= 0. Let υ1(x) be a solution of (1.3.1) and define the function

y(x) = −1

λ
(σ(x)υ′1 + τ(x)υ1) .

We have

λy′ = − (συ′′1 + τ1υ
′
1 + τ ′υ1) = λυ1

or υ1 = y′(x) and, therefore, y(x) satisfies (1.1.1).

1.3.2 Rodrigues formula

By differentiating (1.1.1) n times we obtain an equation of hypergeometric type for the

function υn(x) = y(n)(x),

σ(x)υ′′n + τn(x)υ′n + µnυn = 0,(1.3.2)

where

τn(x) = τ(x) + nσ′(x),(1.3.3)

µn = λ+ nτ ′ +
1

2
n(n− 1)σ′′.(1.3.4)

This property lets us construct the simplest solutions of (1.1.1) corresponding to some values

of λ. Indeed, when µn = 0 equation (1.3.2) has the solution υn = constant. Since υn(x) =

y(n)(x), the equation (1.1.1) has a particular solution y = yn(x) which is a polynomial of

degree n if
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λ = λn = −nτ ′ − 1

2
n(n− 1)σ′′ (n = 0, 1, 2, . . .).(1.3.5)

To find these polynomials explicitly let us rewrite equations (1.1.1) and (1.3.2) in the

self-adjoint forms

(σρy′)
′
+ λρy = 0,(1.3.6)

(σρnυ
′
n)
′
+ µnρnυn = 0.(1.3.7)

Functions ρ(x) and ρn(x) satisfy the first-order differential equations

(σρ)′ = τρ,(1.3.8)

(σρn)′ = τnρn.(1.3.9)

So,
(σρn)′

ρn

= τ + nσ′ =
(σρ)′

ρ
+ nσ′,

whence

ρ′n
ρn

=
ρ′

ρ
+ n

σ′

σ

and, consequently,

ρn(x) = σn(x)ρ(x).(1.3.10)

Since σρn = ρn+1 and υ′n = υn+1 we can rewrite (1.3.7) in the form

ρnυn = − 1

µn

(ρn+1υn+1)
′ .

Hence we obtain successively

ρy = ρ0υ0 = − 1

µ0

(ρ1υ1)
′

=

(
− 1

µ0

)(
− 1

µ1

)
(ρ2υ2)

′′

...

=
1

An

(ρnυn)(n) ,
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where

A0 = 1, An = (−1)n
n−1∏
t=0

µk.(1.3.11)

If y = yn(x) is a polynomial of degree n, then υn = y(n)
n (x) = constant and we arrive at the

Rodrigues formula for polynomial solutions of (1.1.1),

yn(x) =
Bn

ρ(x)
[σn(x)ρ(x)](n) ,(1.3.12)

where Bn = A−1
n y(n)

n is a constant. These solutions correspond to the eigenvalues (1.3.5).

Remark We have also found the explicit series representations for polynomials (1.3.12) in

Theorem 1.1.

1.3.3 Orthogonality

The polynomial solutions of (1.1.1) obey an orthogonality property. Let us write equations

for polynomials yn(x) and ym(x) in the self-adjoint form,

(σ(x)ρ(x)y′n(x))
′
+ λnρ(x)yn(x) = 0,

(σ(x)ρ(x)y′m(x))
′
+ λmρ(x)ym(x) = 0,

multiply the first equation by ym(x) and the second by yn(x), subtract the second equality

from the first one and then integrate the result over x on the interval (a, b). Since

ym(x) (σ(x)ρ(x)y′n(x))
′ − yn (σ(x)ρ(x)y′m(x))

′

=
d

dx
(σ(x)ρ(x)W [ym(x), yn(x)]) ,

where W (u, υ) = uυ′ − υu′ is the Wronskian, we get

(λm − λn)

b∫
a

ym(x)yn(x)ρ(x) dx(1.3.13)

= (σ(x)ρ(x)W [ym(x), yn(x)])|ba .

If the conditions
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σ(x)ρ(x)xk
∣∣∣
x=a,b

= 0 (k = 0, 1, 2, . . .)(1.3.14)

are satisfied for some points a and b, then the right side of (1.3.13) vanishes because the

Wronskian is a polynomial in x. Therefore, we arrive at the orthogonality property

b∫
a

ym(x)yn(x)ρ(x) dx = 0(1.3.15)

provided that λn 6= λm. We can replace this condition by m 6= n due to the relation

λn − λm = (m− n)
(
τ ′ +

n+m− 1

2
σ′′
)
, if τ ′ + (m+ n− 1) σ′′/ 2 6= 0.

We shall refer to polynomial solutions of (1.1.1) obeying the orthogonality property

(1.3.15) with respect to a positive weight function as classical orthogonal polynomials .

1.3.4 Classification

Equation (1.3.8) for the weight function ρ(x) is usually called the Pearson equation. By

using the linear transformations of independent variable x we can reduce solutions of (1.3.8)

to the following canonical forms

ρ(x) =


(1− x)α(1 + x)β for σ(x) = 1− x2,

xαe−x for σ(x) = x,

e−x2
for σ(x) = 1.

The corresponding orthogonal polynomials are the Jacobi polynomials P (α, β)
n (x), the La-

guerre polynomials Lα
n(x) and the Hermite polynomials Hn(x).

The basic information about classical orthogonal polynomials is presented in Table 1.1,

which contains also the leading terms yn(x) = anx
n + bnx

n−1 + . . . for these polynomials,

squared norms,

d2
n =

b∫
a

y2
n(x)ρ(x) dx,(1.3.16)

and the coefficients of the three-term recurrence relation
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x yn(x) = αn yn+1(x) + βn yn(x) + γn yn−1(x),(1.3.17)

where

αn =
an

an+1

, βn =
bn
an

− bn+1

an+1

, γn = αn−1
d2

n

d2
n−1

.(1.3.18)

yn(x) P (α, β)
n (x) (α > −1, β > −1) Lα

n(x) (α > −1) Hn(x)

(a, b) (−1, 1) (0,∞) (−∞,∞)

ρ(x) (1− x)α(1 + x)β xα e−x e−x2

σ(x) 1− x2 x 1

τ(x) β − α− (α+ β + 2) x 1 + α− x −2x

λn n(α+ β + n+ 1) n 2n

Bn
(−1)n

2nn!

1

n!
(−1)n

an
Γ(α+ β + 2n+ 1)

2nn!Γ(α+ β + n+ 1)

(−1)n

n!
2n

bn
(α− β)Γ(α+ β + 2n)

2n(n− 1)!Γ(α+ β + n+ 1)
(−1)n−1 α+ n

(n− 1)!
0

d2 2α+β+1Γ(α+ n+ 1)Γ(β + n+ 1)

n!(α+ β + 2n+ 1)Γ(α+ β + n+ 1)

Γ(α+ n+ 1)

n!
2nn!

√
π

αn
2(n+ 1)(α+ β + n+ 1)

(α+ β + 2n+ 1)(α+ β + 2n+ 2)
−(n+ 1)

1

2

βn
β2 − α2

(α+ β + 2n)(α+ β + 2n+ 2)
α+ 2n+ 1 0

γn
2(α+ n)(β + n)

(α+ β + 2n)(α+ β + 2n+ 1)
−(α+ n) n

1.3.5 Functions of the second kind

Consider equation (1.1.1) in the complex z-plane for the eigenvalues (1.3.5). By using The-

orem 1.2 we can choose a particular solution of the form
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y = yn(z) =
Bn n!

2πiρ(z)

∫
C

ρn(s) ds

(s− z)n+1
,(1.3.19)

where Bn is a constant, ρn(s) = σn(s)ρ(s) and C is a closed contour in the complex s-plane

that encloses the point s = z. Here the conditions of the theorem hold.

The solution (1.3.19) defines classical orthogonal polynomials . In fact, in view of

dn

dzn

(
1

s− z

)
=

n!

(s− z)n+1
,

we arrive at the Rodrigues formula

yn(z) =
Bn

2πiρ(z)

∫
C

ρn(s)
dn

dzn

(
1

s− z

)
ds

=
Bn

2πiρ(z)

dn

dzn

∫
C

ρn(s)

s− z
ds =

Bn

ρ(z)

dn

dzn
[ρn(z)]

with the aid of the Cauchy integral formula.

As a second linearly independent solution of (1.1.1) for λ = λn we take a function of the

form

y = Qn(z) =
Bn n!

ρ(z)

b∫
a

ρn(s) ds

(s− z)n+1
, z 6= s,(1.3.20)

where Bn is the constant in the Rodrigues formula (1.3.12) and ρn(s) = σn(s)ρ(s). The

points a and b are chosen so that (1.3.14) holds, which is the case for the classical orthogonal

polynomials. In this case the conditions of Theorem 1.2 hold.

The functions Qn(z) defined by (1.3.20) are called functions of the second kind .

We can find a relation between the functions Qn(z) and the polynomials yn(z). From

definition

Qn(z) = −Bn(n− 1)!

ρ(z)

b∫
a

ρn(s)
d

ds

[
1

(s− z)n

]
ds

=
Bn(n− 1)!

ρ(z)

− ρn(s)

(s− z)n

∣∣∣∣∣
b

a

+

b∫
a

[ρn(s)]′

(s− z)n
ds

 .
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The first term vanishes by virtue of (1.3.14). Similarly,

Qn(z) =
Bn

ρ(z)

b∫
a

[ρn(s)](n)

s− z
ds,

and we find that

Qn(z) =
1

ρ(z)

b∫
a

yn(s)

s− z
ρ(s) ds(1.3.21)

due to the Rodrigues formula.

By setting yn(s) = [yn(s)− yn(z)] + yn(z) equation (1.3.21) can be written in the conve-

nient form

Qn(z) =
1

B0

yn(z)Q0(z) +
1

ρ(z)
qn−1(z),(1.3.22)

where

Q0(z) =
B0

ρ(z)

b∫
a

ρ(s)

s− z
ds(1.3.23)

and

qn−1(s) =

b∫
a

yn(s)− yn(z)

s− z
ρ(s) ds(1.3.24)

is a polynomial of degree n − 1 in s, which is called a polynomial of the second kind . It

follows from (1.3.22) that all the singularities of the second solution Qn(z) in the complex

z-plane are determined by the behavior of the functions Q0(z) and 1 /ρ(z) .

It is possible to derive from (1.3.20)–(1.3.22) all the main properties of the functions of

the second kind. Using the identity

1

s− z
= −1

z

p∑
k=0

(
s

z

)k

+
sp+1

(s− z)zp+1

and the orthogonality property
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b∫
a

skyn(s)ρ(s) ds = 0, k < n

we obtain from (1.3.21) an expansion of the form

ρ(z)Qn(z) = −
p∑

k=n

1

zk+1

b∫
a

skyn(s)ρ(s) ds+
rp(z)

zp+1
,(1.3.25)

where

rp(z) =

b∫
a

sp+1ρ(s) ds.

The equation (1.3.25) determines the asymptotic behavior of the functions Qn(z) as |z| → ∞.

In particular, for p = n, (1.3.25) yields

Qn(z) =
(d2

n/ an)

ρ(z)zn+1

[
1 +O

(
1

z

)]
, z →∞.(1.3.26)

Hence, the functions of the second kind Qn(z) and the classical orthogonal polynomials yn(z)

have different asymptotic behaviors at |z| → ∞, so that they are two linearly-independent

solutions of (1.1.1) for λ = λn.

According to (1.3.21), we have

zQn(z) =
1

ρ(z)

b∫
a

s yn(s)

s− z
ρ(s) ds− 1

ρ(z)

b∫
a

yn(s)ρ(s) ds.

Therefore, the functions Qn(z) satisfy a three-term recurrence relation

z Qn(z) = αnQn+1(z) + βnQn(z) + γnQn−1(z) if n ≥ 1

and

z Q0(z) = α0Q1(z) + β0Q0(z)−
1

ρ(z)

d2
0

B0

if n = 0,

where αn, βn and γn are the coefficients of the recurrence relation (1.3.17) for the classical

orthogonal polynomials.
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It follows from (1.3.20) and (1.2.8) that the derivative of Qn(z) can be represented in the

form

Q′n(z) =
κnBn n!

σ(z)ρ(z)

b∫
a

ρn(s)

(s− z)n
ds,

where κn = τ ′ + (n− 1)σ′′/ 2. For n = 0 this leads to the simple differential equation for

Q0(z),

σ(z)ρ(z)Q′0(z) = C0,(1.3.27)

where C0 = κ0B0d
2
0. According to (1.3.27) we obtain

Q0(z) = Q0 (z0) + C0

z∫
z0

ds

σ(s)ρ(s)
,(1.3.28)

where it is convenient to choose for z0 a value of z for which Q0 (z0) = 0.

The functions Qn(z) have not been defined when z ∈ [a, b]. On this interval it is conve-

nient to set

ρ(x)Qn(x) =
1

2
[ρ(x− i0)Qn(x− i0) + ρ(x+ i0)Qn(x+ i0)](1.3.29)

= lim
ε→0

1

2
[ρ(x− iε)Qn(x− iε) + ρ(x+ iε)Qn(x+ iε)] .

We note also the relation

ρ(x− i0)Qn(x− i0)− ρ(x+ i0)Qn(x+ i0) = 2πiρ(x)yn(x),(1.3.30)

which comes form (1.3.21) due to

1

x− i0
− 1

x+ i0
= 2πi δ(x)

where δ(x) is Dirac’s delta function.

The explicit forms of the functions of the second kind can be easily found by comparing

the definition (1.3.20) with the integral representations for the hypergeometric functions in

(1.2.10), (1.2.12) and Ex. 1.10(ii). They are
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Q(α,β)
n (z) = (−1)n2α+β+n+1 Γ(α+ n+ 1)Γ(β + n+ 1)

Γ(α+ β + 2n+ 2)

× (1− z)(1 + z)−β
2F1


n+ 1, α + n+ 1

; 2(1− z)−1

α+ β + 2n+ 2

 , z /∈ [−1, 1];(1.3.31)

Qα
n(z) = e−iπα Γ(α+ n+ 1)

× ez G(α+ n+ 1; α+ 1; −z), 0 < arg z < 2π;(1.3.32)

(see Ex. 1.10) and

Qn(z) = 2n+1n!
√
π ez2∓i π

2
(n−1)H−n−1(∓iz) (Im z > 0 or Im z < 0)(1.3.33)

corresponding to the cases of the Jacobi, Laguerre and Hermite polynomials, respectively.

1.3.6 Complex orthogonality

Classical orthogonality polynomials obey an interesting orthogonality property with respect

to a complex measure. To prove it, let us start with the identity

[σ(z)ρ(z)W (ym, yn)]′ = (λm − λn) ym(z)yn(z)ρ(z),(1.3.34)

derived in Section 1.3.3. Multiply both sides of (1.3.34) by the function Q0(z) defined by

(1.3.23) and integrate the result over a contour C in the complex z-plane. Upon integrating

by parts we obtain with the aid of (1.3.27) that

(λm − λn)
∫
C

ym(z)yn(z)ρ(z)Q0(z) dz(1.3.35)

= (σ(z)ρ(z)Q0(z)W [ym(z), yn(z)])|z2

z1

−C0

∫
C

W [ym(z), yn(z)] dz.

Here, z1 and z2 are the end points of the contour C.
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Suppose first that (a, b) is a finite interval on the real axis. Then for a closed contour C,

which encloses interval (a, b) in the complex z-plane, the right side of (1.3.3) vanishes due

to Cauchy’s theorem. As a result, we arrive at the complex orthogonality property

∫
C

ym(z)yn(z)ρ(z)Q0(z) dz = 0, m 6= n(1.3.36)

provided that τ ′ + (m+ n− 1)σ′′/ 2 6= 0. This case corresponds to the Jacobi polynomials

yn = P (α, β)
n (z) if α+ β + 1 6= −1,−2, . . . (Fig. 1.1). The complex weight function in (1.3.36)

is a weight function in a wider range of parameters than the real weight function for the

Jacobi polynomials. (See Ex. 1.25).

In the case b = +∞, which corresponds to the Laguerre polynomials yn = Lα
n(z), consider

(1.3.35) for the contour Cε(R) on Fig. 1.2. Taking the limit ε→ 0 (ε > 0) due to (1.3.30) we

obtain

Pυ
∫

C(R)

ym(z)yn(z)ρ(z)Q0(z) dz(1.3.37)

=
2πi

λm − λn

σ(R)ρ(R)W [ym(R), yn(R)] ,

where Pυ denotes Cauchy’s principal value integral and C(R) = lim
ε→0

Cε(R) is the closed

contour. In the limit R→∞ we arrive at a complex orthogonality property, for the Laguerre

polynomials Lα
n(z) if α > −1. (Ex. 1.26).

Finally, consider the case of the Hermite polynomials yn = Hn(z) when a = −∞ and

b = +∞. In the limit ε→ 0 for the two contours C±ε (R1, R2) on Fig. 1.3 we get

Pυ
∫

C(R1,R2)

ym(z)yn(z)ρ(z)Q0(z) dz(1.3.38)

=
2πi

λm − λn

(σ (R1) ρ (R1) W [ym (R1) , yn (R1)]

+ σ (R2) ρ (R2) W [ym (R2) , yn (R2)]) ,

where C (R1, R2) = lim
ε→0

C+
ε (R1, R2)

⋃
C−ε (R1, R2) is the closed contour. Taking the lim-

its R1,2 → ∓∞ we obtain a complex orthogonality property of the Hermite polynomials

(Ex. 1.27).
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Exercises 1

1.1 (i) By using the Pearson equation (σρ)′ = τρ show that the function ρν(s) = σν(s)ρ(s)

satisfies the equation

[σ(s)ρν(s)]
′ = τν(s)ρν(s),

where τν(s) = τ(s) + νσ′(s);

(ii) using this equation and the expansions

σ(s) = σ(z) + σ′(z)(s− z) +
1

2
σ′′(s− z)2,

τν(s) = τν(z) + τ ′ν (s− z)

verify the identity

d

ds
[σ(s)ρν(s)(s− z)µ] = µσ(z)(s− z)µ−1ρν(s)

+ [τν(z) + µσ′(z)] (s− z)µρν(s)

+
(
τ ′ν +

1

2
µσ′′

)
(s− z)µ+1ρν(s),

where µ and ν are arbitrary complex numbers;

(iii) verify identity (1.1.6) for arbitrary complex values of n.

1.2 Derive (1.1.10)–(1.1.13).

1.3 (i) Show that the series (1.1.11) with arbitrary α satisfies a non-homogeneous differ-

ential equation (1.1.1) with the right side

Gα(x) = c0α τα−1(a)(x− a)α−1

if σ(a) = 0.

(ii) Show that the series of the form

u(x) = xα
∞∑

n=0

(α+ a)n(α+ b)n

(α+ c)n(α+ 1)n

xn

= xα
3F2


1, α + a, α + b

; x

α+ 1, α + c

 , |x| < 1
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satisfies the non-homogeneous equation

x(1− x)u′′ + [c− (a+ b+ 1)x]u′ − abu = α(c+ α− 1)xα−1

(putting α = 0 or α = 1− c, we recover (1.1.5) and (1.1.17), respectively). Find the general

solution of this non-homogeneous equation.

(iii) Show that the series

υ(x) = xα
∞∑

n=0

(α+ a)n

(α+ c)n(α+ 1)n

xn

= xα
2F2


1, α + a

; x

α+ 1, α + c

 , |x| < 1

satisfies the non-homogeneous equation

xυ′′ + (c− x)υ′ − aυ = α(c+ α− 1)xα−1.

Find the general solution of this equation.

(iv) Show that the function w(x) = u(x)− υ(x) satisfies the homogeneous equation of

the form

x2w′′ + (a+ b)xw′ + a(b− 1)w = 0.

1.4 (i) Show that the series (1.1.12) with arbitrary α satisfies non-homogeneous differential

equation (1.1.1) with the right side

Gα(x) = c0
λ− λ−α

(x− a)α

if σ(a) = 0.

(ii) Show that the series of the form

u(x) = x−α
∞∑

n=0

(α)n(α− c+ 1)n

(α− a+ 1)n(α− b+ 1)n

x−n

= x−α
3F2


1, α, α− c+ 1

; x−1

α− a+ 1, α− b+ 1

 , |x| > 1
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satisfies the non-homogeneous equation

x(1− x)u′′ + [c− (a+ b+ 1)x]u′ − abu = −(α− a)(α− b)x−α.

Find the general solution of this equation.

1.5 Prove that

Jν(x) =
(x/2)ν

Γ(ν + 1)
e−ix

1F1(ν + 1/2; 2ν + 1; 2ix)

=
(x/2)ν

Γ(ν + 1)
0F1

(
−; ν + 1; −x2

/
4
)
.

1.6 By using the special case of (1.1.6), prove that the elementary functions

u0(x) = ex =
∞∑

n=0

xn

n!
,

u+(x) = cosx =
∞∑

n=0

(−1)n x2n

(2n)!
,

u−(x) = sin x =
∞∑

n=0

(−1)n x2n+1

(2n+ 1)!

satisfy the equations u′′ = u and u′′ = −u, respectively.

1.7 Classify all solutions of the hypergeometric-type equation (1.1.1) depending on degrees

of σ(x) and τ(x).

1.8 Prove that functions (1.2.3) satisfy (under proper boundary conditions) the differenti-

ation formula

σ(z)y′ν(z) =
κν

τ ′ν

[
(ν + 1)

Cν

Cν+1

yν+1(z)− τν(z)yν(z)

]
and the recurrence relation

z yν(z) = αν yν+1(z) + βν yν(z) + γν yν−1(z)

where

αν = − (ν + 1)κνCν

τ ′ντ
′
ν−1/2Cν+1

,

βν = ν
τν−1(0)

τ ′ν−1

− (ν + 1)
τν(0)

τ ′ν

=
(σ′′ − τ ′) τ(0)− ν (2τ ′ − (ν − 1)σ′′)σ′(0)

τ ′ν−1τ
′
ν

,
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and

γν = −
τ ′ν−1σ

(
−τν−1(0)/ τ

′
ν−1

)
Cν

τ ′ν−1/2Cν−1

.

Here κν = τ ′ + (ν − 1)σ′′/ 2. (Nikiforov and Uvarov [1988], Suslov [1989])

1.9 With the aid of the transformation u = ϕ(z)y reduce the equation

u′′ +
τ̃(z)

σ(z)
u′ +

σ̃(z)

σ2(z)
u = 0,

where σ(z) and σ̃(z) are polynomials, at most of second degree, and τ̃(z) is a polynomial,

at most of first degree, to the hypergeometric form (1.1.1). (Nikiforov and Uvarov [1988])

1.10 (i) Derive integral representations (1.2.10)–(1.2.12).

(ii) Prove that the function

G(α; γ; z) =
z−α

Γ(α)

∞∫
0

e−ttα−1
(
1 +

t

z

)γ−α−1

dt, | arg z| < π, Re α > 0

satisfies the confluent hypergeometric equation.

(iii) Prove that

G(α; γ; z) =
Γ(1− γ)

Γ(α− γ + 1)
1F1(α; γ; z)

+
Γ(γ − 1)

Γ(α)
z1−γ

1F1(1 + α− γ; 2− γ; z).

1.11 (i) Transform the Bessel equation (1.2.13) to the form (1.2.14) and derive integral

representations (1.2.15)–(1.2.16).

(ii) Prove that

d

dz

(
z±νJν(z)

)
= ±z±νJν∓1(z)

Jν−1(z) + Jν+1(z) =
2ν

z
Jν(z),

Jν−1(z)− Jν+1(z) = 2J ′ν(z).

1.12 Prove that

y(m)
n (x) =

AmnBn

σm(x)ρ(x)

dn−m

dxn−m
[σn(x)ρ(x)] ,
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where

Amn = (−1)m
m−1∏
k=0

(λn − λk) =
n !

(n−m) !

m−1∏
k=0

(
τ ′ +

n+ k − 1

2
σ′′
)
, A0n = 1.

1.13 Prove that the differentiation formula

σ(x)y′n(x) =
λn

nτ ′n

[
τn(x)yn(x)− Bn

Bn+1

yn+1(x)

]

is valid for classical orthogonal polynomials and the functions of the second kind.

1.14 Prove (1.3.17)–(1.3.18) for general orthogonal polynomials.

1.15 Find the expressions

an =
AnnBn

n !
= Bn

n−1∏
k=0

(
τ ′ +

n+ k − 1

2
σ′′
)
, a0 = B0;

bn
an

= n
τn−1(0)

τ ′n−1

for the leading terms yn(x) = anx
n + bnx

n−1 + . . . of the classical orthogonal polynomials.

1.16 Show that the following relation

d2
n = (−1)nAnnB

2
n

b∫
a

σn(x)ρ(x) dx

is valid for the squared norms (1.3.16) of the classical orthogonal polynomials.

1.17 Prove that

d

dx
P (α, β)

n (x) =
1

2
(α+ β + n+ 1)P

(α+1, β+1)
n−1 (x),

d

dx
Lα

n(x) = −Lα+1
n−1(x),

d

dx
Hn(x) = 2nHn−1(x).

1.18 Prove the symmetry relations

P (α, β)
n (−x) = (−1)n P (β, α)

n (x),

Hn(−x) = (−1)nHn(x).
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1.19 Prove that

P (α, β)
n (x) =

(α+ 1)n

n !
2F1

(
−n, α+ β + n+ 1; α+ 1;

1− x

2

)
= (−1)n (β + 1)n

n !
2F1

(
−n, α+ β + n+ 1; β + 1;

1 + x

2

)
;

Lα
n(x) =

(α+ 1)n

n !
1F1(−n, α+ 1; x)

=
(−1)n

n !
xn

2F0

(
−n,−n− α;−;−1

x

)
;

and

H2n(x) = (−1)n 22n
(

1

2

)
n

1F1

(
−n;

1

2
; x2

)
,

H2n+1(x) = (−1)n 22n+1
(

3

2

)
n
x 1F1

(
−n;

3

2
; x2

)
,

Hn(x) = (2x)n
2F0

(
−n/2, (1− n)/2;−;−x−2

)
.

1.20 Define moments for classical orthogonal polynomials by

Cm =

b∫
a

(s− ξ)mρ(s) ds.

By using the identity from Ex. 1.1(i), prove that

Cm+1

Cm

= −τ(a) +mσ′(a)

τ ′ +mσ′′/ 2
,

if σ(ξ) = 0 and (σ(s)ρ(s)(s− ξ)n)|ba = 0, n = 0, 1, 2, . . .. (Atakishiyev and Suslov [1988])

1.21 Find relations between moments for the Jacobi, Laguerre and Hermite polynomials.

1.22 Let {ϕk}∞k=0 and {ψk}∞k=0 be sequences of polynomials ϕk(x) and ψk(x) of exact degree

k. Prove that the orthogonal polynomials pn(x) for a given distribution dµ can be expressed

as Gram determinants

pn(x) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

C0,0 C0,1 . . . C0,n

C1,0 . . . C1,n

...

Cn−1,0 . . . Cn−1,n

ϕ0(x) ϕ1(x) . . . ϕn(x)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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with Ci,k =
∫
ψiϕkdµ.

Derive the explicit series representation for the Jacobi polynomials P (α,β)
n (x) from the

Gram determinant. (Wilson [1978, 1991])

1.23 Prove (1.3.31)–(1.3.33).

1.24 Let a, b <∞. Prove that

1

2πi

∫
C

ym(z)yn(z)ρ(z)Q0(z) dz

= −B0

b∫
a

ym(s)yn(s)ρ(s) ds,

where Q0(z) is defined by (1.3.23) and C is a closed counter-clockwise contour which encloses

the interval [a, b] in the complex z-plane. (Geronimus [1977], Ismail, Masson and Rahman

[1991])

1.25 Prove the complex orthogonality relation for the Jacobi polynomials,

1

2πi
Pυ

∫
C

P (α, β)
n (z)P (α, β)

m (z)χ(α, β)(z) dz

= 2α+β+1 Γ(α+ n+ 1)Γ(β + n+ 1)

(α+ β + 2n+ 1)n! Γ(α+ β + n+ 1)
δmn,

provided that α+ β + 1 6= −1,−2, . . .. Here

χ(α, β)(z) = −(1− z)α(1 + z)β Q
(α, β)
0 (z)

=



−2α+β+1 Γ(α+ 1)Γ(β + 1)

Γ(α+ β + 2)(1− z)
2F1


1, α+ 1

;
2

(1− z)

α+ β + 2

 if |z − 1| > 2,

2α+β+1 Γ(α+ 1)Γ(β + 1)

Γ(α+ β + 2)(1− z)
2F1


1, β + 1

;
2

(1 + z)

α+ β + 2

 if |z + 1| > 2

and C is a counter-clockwise closed contour which encloses the interval [−1, 1] in the complex

z-plane (Fig. 1.1). (Rusev [1984], Ismail, Masson and Rahman [1991])
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1.26 (i) Let α 6= −k and k = 1, 2, . . .. Prove the complex orthogonality relation for the

Laguerre polynomials,

lim
R→∞

1

2πi

∫
C(R)

Lα
n(z)Lα

m(z)χα(z) dz =
(α+ 1)n

n !
δmn,

where

χα(z) = − zαe−z

Γ(α+ 1)
Qα

0 (z) = G(1; 1− α;−z)

and C(R) = lim
ε→0

Cε(R) is a closed contour (for the definition of the contour Cε(R) see

Fig. 1.2).

(ii) Let α = −k and k = 1, 2, . . .. Prove that a finite number of the Laguerre polyno-

mials
{
L−k

n (x)
}k−1

n=0
satisfies the orthogonality relation

∞∫
−∞

L−k
n (x)L−k

m (x) dµ(x) =
(1− k)n

n !
δmn

where the measure may be expressed as a real distribution with support at x = 0:

dµ(x) =

(
1 +

d

dx

)k−1

δ(x) dx =
k−1∑
`=0

(
k − 1

`

)
δ(`)(x) dx.

(Ismail, Masson and Rahman [1991])

1.27 Prove the complex orthogonality relation for the Hermite polynomials,

lim
R1,2→∓∞

1

πi
Pυ

∫
C(R1,R2)

Hn(z)Hm(z)χ(z) dz = 2n n! δmn,

where

χ(z) = − e
−z2

2
√
π
Q0(z) = ∓iH−1(∓iz) (Im z > 0 or Im z < 0)

and C (R1, R2) = lim
ε→0

C+
ε (R1, R2)

⋃
C−ε (R1, R2) is the counter-clockwise contour (for the

definition of C±ε (R1, R2) see Fig. 1.3).
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