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GEO .
Flux Conservation
MU

Liquid flowing through a 1D-pipe
q(xz,t): density of chemical tracer (to be determined)
u = const . velocity of fluid

To

myg = /q (,t) da : total mass of tracer in pipe section 1 < T < T
I

f(g.z,t) =wu-q(x,t) :flux at point and time ¢

We suppose mass conservation:

d
dt

Ly Ly
Manipulating this equation leads to general form of a conservation law:

T2

qg(z,t)der = — [f (g (-J.f,i))] = — dt—if (q(x,t))de =0

r=iq

J J
—q(x,t) +—f(g(x,t) =0
54 (. 1) + 5 f(q(z.1))
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Linear Hyperbolic PDEs

¥
—

o 5,
—q(x.t A—dg(z.t) =10
E‘?fQ(T' )+ i‘)‘;r.qu' )

is said to be hyperbolic if A € Mat (m x m) is diagonalizable with real
eigenvalues : M <Ao< ...< A\,

—

Complete set of eigenvectors: 3 7, < R™ (-r.i = 0;i=1,2,... ,-m.)

Rewrite system of PDEs:

R= (72| .| ) = RTAR = ding (e )

SGlz.t) =R 'G(z.t), A=R AR

o o -
= —W+A—d =0
ot or
Richara Bennett, Abl I Uiviatn Easter Academy
Novacella 2005




GEO

Characteristic Curves
.MU

A diagonal, decoupling of the system of equations into 72 independent equations:
. | d d
Yipedl,2,....m}: —w, +A\,—w, =0

PEd oot P Poxr™ T

/\.p € R = physical sense: 771 waves travelling at " eigenspeeds”’ )\.p
Characteristic curves along which 7 (a:, ¢) remains constant: X (t) = xg + A,t

Application: elastic wave equation for pressure (i.e. longitudinal) waves in solids

—— ‘ — — ”
ot u + — % 0 or U

eigenvalues of coefficient matrix: te, = j3\/()\ T 24“-) /p
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GEO The Riemann Problem for
| MU  Linear Hyperbolic PDEs

Riemann problem: hyperbolic equation together (with special initial data) which is
piecewise constant with a single jump discontinuity

o q 1xr<0
q(r)= { qgr x>0

Here discussion of scalar case: 0¢rq + © d.q =0
Solution: propagation of discontinuity|qg — 4, | along the single characteristic at

speed U ,the jumpin q (;1‘., f_) across p—th wave in the solution to Riemann
problem equals a7,

= q(x,t) = q(r —ut) = Z wy, T+ Z -'wi] rf =

p: Ap<x/t p: Ap>x/t

=q + Z H(x — Apt) apr, whereVp e {1,2,...,m}: o, €R

p=1 )
Heaviside step function: H () — { 0 if¢<0
11 ifE>0 .
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GEO Finite Volume Method
’ LMU Introduction

Assumptions:
o Quadrilateral (irregular) grids
» each discrete value Q: cell average over a grid cell

*Q modified due to fluxes through the edges of the cell (i. e. waves moving into
cell from each edge)

* Apply this approach to any shape cell using integral form of conservation law —
cf. Gauss’ Theorem (here in 2D):

%//q(zﬁ.y,fjdfdy:—/ﬁ('ﬂf{&”dg O | O O
| | :

° fla(z(s),y(s).1)
where f (s,t) = ; |
Fi&) ( g(qlx(s),y(s),1)) il @] @ @ .
z (s) | rfi]—
Y (q\’ : boundary of & parametrised by arclength s
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Finite Volume Method
Fluxes

Flux in direction 72 (HJ :
F=i(s) f(s,t)=n"(s) f(q(z(s),y(s), 1) +n¥(s) g(q(z(s),y(s),1))

\ Integrate integral form conservation law from ¥ to?,+1 and divide by |%‘9| for cell

averaae:
r1 +1

\%9| //q(r Yitper)dedy = — 7 // (z,y,t,)dx dtf—@ / /ﬂ( (s,1)dsdt
tn

Let " represent the cell average attime 7,,:
N : number of cell sides

Ot =Qn — h. F” h. : length of ;-th side of cell
Q |%9| Z J J ]
\ Numerical apprOX|mat|on to average normal flux across 7 —th side of cell per unit
length and unit time: tnt1 [ ]
1 1 —
J Q- pp— — / - f(s,t)ds| dt
t, | side 7
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GEO Finite Volume Method

| MU 2D - Godunov's Method

Consider uniform rectangular quadrilateral grid:
€| = Ax Ay: hy_1/0,;, = Ay: hy j_1/90 = Ax

N At . At

Qi = Qi — ay Wiwigeg = Ficapeg) = o (Gigrage = Gigoa2)
Computational Grid Physical Grid
A??‘ ‘Ag ;?.-,5__1;213'. ﬁ“i-—lf?,j

N L hb—lfg,.j o o ’I?"’E"-,j—].fQ
li—1/2,5 = _\?? v i, j—1/2 = .Ag

1D Riemann problem at the (? _ lqj) -side of a cell, flux variation only normal to
edge = Godunov flux: |

F i—1/2,5 = Ti—125 - f (Q%’L_Ug’j)
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GEO
LMU

Application: solve acoustic wave equation with a discontinuity = 2 acoustic waves

Acoustics

which update the cell average on either side

P 0 Ky 0 9 P 0 0 KAy
u |+ 1/p 0O 0O p u |+ 0 0 0
v 0 0 0/ 9"\« 1/p 0 0
P - Gt oAt
pr . LT .
t+dt P o - - : -
o — S
Obtain physical speeds by scaling speed h..?-_? j—1/2
of sound ¢ by edge ratios~ , e.g.: Vig—1/2 = AL —

Necessary knowledge for solution of this problem:

components of velocity normal.and.iandential t.edge.in each of the two grid cells

on either side
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ADER
Irregular meshes

ADER: Arbitrary high order schemes using DERIivatives

(Acronyms are cool... ')

4E+06

2E+06

-2E+06
pers. comm.

M. Kaser

-4E+06

L | | L L L L L L L L L L L L | L | | L L | | L L L L I I""

@oan -
-6E+06 -4E+06 -2E+06 0 2E+06 4E+06 B6E+06
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