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Outline

1. Conservation Laws and 
Linear Hyperbolic PDEs

2. Riemann Problem in 
Heterogeneous Media

3. Finite Volume Methods

4. ADER

5. Outlook

Be aware: This talk contains no proofs!
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Flux Conservation

Liquid flowing through a 1D-pipe
: density of chemical tracer (to be determined)

: velocity of fluid

: total mass of tracer in pipe section 

: flux at point     and time  

We suppose mass conservation:

Manipulating this equation leads to general form of a conservation law:
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Linear Hyperbolic PDEs

is said to be hyperbolic if                                     is diagonalizable with real
eigenvalues :

Complete set of eigenvectors:

Rewrite system of PDEs:
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Characteristic Curves

diagonal, decoupling of the system of equations into       independent equations:

physical sense:       waves travelling at ´´eigenspeeds´´ 

Characteristic curves along which              remains constant:

Application: elastic wave equation for pressure (i.e. longitudinal) waves in solids

eigenvalues of coefficient matrix: 
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The Riemann Problem for 
Linear Hyperbolic PDEs

Riemann problem: hyperbolic equation together (with special initial data) which is 
piecewise constant with a single jump discontinuity

Here discussion of scalar case: 
Solution: propagation of discontinuity along the single characteristic at
speed      , the jump in               across    –th wave in the solution to Riemann 
problem equals

Heaviside step function: 
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Finite Volume Method
Introduction

Assumptions: 
• Quadrilateral (irregular) grids
• each discrete value    : cell average over a grid cell
• modified due to fluxes through the edges of the cell (i. e. waves moving into 

cell from each edge)
• Apply this approach to any shape cell using integral form of conservation law –

cf. Gauss‘ Theorem (here in 2D):

: boundary of parametrised by arclength
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Finite Volume Method
Fluxes

Flux per unit length per unit time in direction            :

Integrate integral form conservation law from       to           and divide by        for cell 
average:

Let         represent the cell average at time     :
: number of cell sides
: length of -th side of cell

Numerical approximation to average normal flux across     –th side of cell per unit 
length and unit time:



Richard Bennett, AbiTUMath Easter Academy 
Novacella 2005

9

Finite Volume Method
2D – Godunov‘s Method

Consider uniform rectangular quadrilateral grid:

1D Riemann problem at the                    -side of a cell, flux variation only normal to 
edge ⇒ Godunov flux: 

Computational Grid Physical Grid
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Acoustics

Application: solve acoustic wave equation with a discontinuity ⇒ 2 acoustic waves 
which update the cell average on either side

Obtain physical speeds by scaling speed 
of sound     by edge ratios    , e.g.:

Necessary knowledge for solution of this problem:
components of velocity normal and tangential to edge in each of the two grid cells
on either side
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ADER
Irregular meshes

ADER: Arbitrary high order schemes using DERivatives

(Acronyms are cool... ☺)

pers. comm. 
M. Käser
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