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Equation of
hypergeometric type

, (z) , o(z 5 - -
u” + (2) u' + 2( ) U=0 o,6 . polynomial of degree at most 2
o(2) o°(2) 7,7 . polynomial of degree at most 1
A scalar

Substitution: u=¢(2)y




Important property:
All derivatives of functions of hypergeometric type
are also of hypergeometric type

Differentiate: oy"+7y'+ 1y =0
oyV"+(t+0)Yy" +(1+7)y' =0 vV, =Y

y = —%[avl' + rvl}

o)V, +7,(2)V, +u v, =0 with 7 (2) = 7(2) + no'(2)

n(n -1
2

U, =A+nt' + o




Rodrigues formula

Equation of hypergeometric type: o(2)y”" +7(2)y’'+ Ay =0

o(2): polynomial of degree at most 2
1(2): polynomial of degree at most 1
% scalar

Self-adjoint form: (apy’)' +Apy =0
Pearson equation: [o(2) p(z)]' = 7(2) p(2)

Condition: A=-n7'-in(n-1o”’




Classification




o=1
Pearson equation: [o(2) p(z)]' = 1(2) p(2)
let 1 =20z + f a,peC

p'=2az+p)p d—'0=(2052+,B)dz In(§j=a22+ﬂz
o,

2
(2) _C.e%? + fz




letr=az+pf+1 «a,fcC

((Z—a)p)':(az+,8+l)p p’:az+'8p In(ﬁjzjlaerﬂdz

)aa+ﬂ

p(z)=Ce”* (z-a

Canonical form: p(z) = z* e™*

5=(b-z)(z-a)

letr=(a-2)z+p «a,feC

, _az+p-a->b




Classification

normal forms canonical forms

o(2) P(2) o(2) o(2)
(b-2)-(z-a) (b-2)"-(z-a) 1- 72 (1-2)" - (1+2)’
Z-a (z—a) e’ z z%e™*




Polynomials

Rodrigues formula: y (z) = B, .[Gn(z) p(z)}('ﬂ
P(2)

o(z2) =1-27° n

. . . (a.p) _ (_])n . —a -p d . N+oa n+p
Jacobi polynomials: P,“(z) =22 (1-2)“ (1+2) dzn[(l 2)" (1+2)" |

o(z)=z . "
Laguerre polynomials: L7 (z) = —e" 2™ — I:Za+n e_z]
n! dz




Integral Representation

Rodrigues formula: y (z) = B, .[Gn(z) p(z)](")
P(2)

With Cauchy‘s integral formula:

C " (s) p(s) B n!
Ya(2) = —" ~~ds C. =_n
(2) ! (s-2™ " 27i
Idea: Can this be used to get solutions for arbitrary
complex n respective A ?




Orthogonality

Scalar product for functions:
b
<Yn(2,Yn(D) >= [¥,(2) - Yu(2) p(2) d2
Functions are orthogonal when: <y (2),y.(2) >=0

For n=m: <J“(2),3 “P(z)>=0

a a




Jacobi polynomials P, ©:9(z) n=0..5
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Laguerre polynomials L °(z2)




Hermite polynomials H,(z) n=0..5
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Thank you
for your attention!
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