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Abstract. The paper studies the interaction of a periodic solid bristle structure with a fluid.
Such problems arise, for example, when modelling biotechnological devices operating in liquids or
when simulating epithelium surfaces of blood vessels. The fluid is described by the linearized Navier—
Stokes equation whereas the solid part is governed by equations of linear elasticity. The interface
conditions are accounted. A homogenized model of the structure is derived by employing the two-
scale convergence technique. The model describes a new material which possesses some interesting
properties.

Key words. homogenization, fluid-solid interface, biosensor, multi-layered structure
AMS subject classifications. 35B27, 74F10, 74Q10

DOI. 10.1137/S0036139903421572

1. Introduction. We study a mechanical system consisting of a fluid and a
rapidly oscillating elastic fine structure interacting with the fluid. The goal is to
obtain averaged equations which effectively describe the behavior of the system.

This investigation is motivated by modelling a surface acoustic wave sensor based
on the generation and detection of horizontally polarized shear waves (see [3]). Acous-
tic shear waves are excited through an alternate voltage applied to electrodes deposited
on a quartz crystal substrate. The waves are transmitted into a thin isotropic guiding
layer covered by a thin gold film that contacts a liquid containing a protein to be
detected. The protein adheres to a specific receptor (aptamer) placed on the surface
of the gold film. The arising mass loading causes a phase shift in the electric signal
to be measured by an electronic circuit.

One can impress the aptamer-protein layer as a periodic bristle or pin structure
on the top of the gold film contacting with the liquid (see Figure 1). The thickness of
the aptamer-protein layer is about 4 nm, and the number of bristles per surface unit
is enormous large. Therefore, the direct numerical modelling of such a structure using
fluid-solid interface conditions is impossible. Proper models can be derived using the
homogenization technique from [12], [11], [1], [7], [8], and [5] along with the strict
treatment of the solid-fluid interface (see, e.g., [6]).

Problems that are close to ours were studied in [13] and [2]. L. Baffico and
C. Conca [2] considered the same geometry but the equations differ from ours.
J. Sanchez-Hubert [13] investigated almost the same problem. She used techniques
based on the Laplace transformation whereas we apply another approach which makes
it possible to obtain an explicit representation of solutions to the cell equation, which
allows us to investigate the limiting equations and to develop numerical algorithms.

2. Mathematical model. The coupled mechanical system under consideration
is shown in Figure 1. The solid part consists of a substrate and pins located on its top.
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The pin structure is assumed to be periodic in the plane (21, 22) and independent of z3.
The domain of the coupled system is denoted by Q C R3. For simplicity, we suppose
that Q is the cube {x € R®|z, € (=1;+1), k = 1,2,3}. The domains occupied by
the fluid and elastic continua are denoted by €2, and €2, respectively; the boundary
separating the continua by I'. Thus, 2 = Q, UT U Q.. Let (9Q), = 92N Q, and
(09)s = 00N Q. Then the sets T' U (99), and I' U (09), are the boundaries of the
domains €2, and (), respectively.

2.1. Governing equations. We assume that the fluid is weakly compressible,
which is physically correct because the operation frequency of the coupled structure
lies in the acoustic range and the displacements of the fluid particles are small. This is
a typical acoustic approximation which additionally utilizes linearized Navier—Stokes
equations (see [9]).

i

FiG. 1. Coupled system: Q = Q, UT' U Qg

The solid part of the system will be described using the linear elasticity approach.
This linear setting is supplemented by the assumption that the domains 2, and €,
remain unchangeable. Therefore, the coupled mechanical system is described by the
following equations:

(2.1) prur = —Vp+divPuz +p. f in Q.
ypr = —divu in Q.
PV = divGug + po f in Q.

Let n be the normal vector to the fluid-solid interface I'. The no-slip and stress
equilibrium conditions on I' read

(2.4) vr=u on T,

(2.5) Gvgy-n=(—pIl+Puz) n on I.

The boundary and initial conditions are prescribed:

(2.6) u=0 on (09),,
(2.7) v=0 on (09),
(2.8) uli—o = u’, pli—o = p° in Q,
(2.9) v]—o = v°, vyl =v"" in Q.



HOMOGENIZATION OF FLUID/ELASTIC INTERFACES 985

Here, p, and p, are the constant densities of the fluid and of the solid parts, re-
spectively; u is the velocity field of the fluid, p is the pressure in the fluid, v is the
displacement field of the solid part, and f is an external force like the gravity. The
coeflicient ~ characterizes the compressibility of the fluid. The fourth-rank tensor
P = {P,jki} is defined through the relation

(2.10) Puy = AT divu + 2uD(u).

The unit tensor 7 has the components Z;; = 6;;, where 6;; is the Kronecker sym-
bol. The strain velocity tensor D(u) has, as is usual, the components D;;(u) =
1/2 (0u;/0z; + Ou;j/0x;) . The symbols A and p denote positive balk and dynamic
viscosity coefficients of the fluid, respectively. As is usual, the summation over re-
peating indices is assumed. The components Gyji; of the elastic stiffness tensor G
can be arbitrary up to base restrictions so that arbitrary anisotropic solids can be
considered.

The model (2.1)-(2.9) was investigated in [10] where it was supposed to use the
velocity instead of the displacement in (2.3). Following this approach, we introduce
the integral operator

¢
Jiw = / w(s)ds

0

that enables us to rewrite (2.3) in the form

(2.11) psur = div(GJug) + divg® + p, f,

where u = vy, G° = Gv2 in Q. Similarly, the pressure p can be expressed from (2.3)
as follows:

(2.12) p=—y tdivZu+p® in Q.

Let x be the characteristic function of the domain €. Then (2.1), (2.2), and (2.3)
can be written in the whole domain 2 as one equation with discontinuous coefficients

(2.13) puU; = div(Mtum) +divANC + pf,
where

M'=xP+ (x7y'I®I+(1-x)G) J,

p=pxX+ps(1=x), N°=—xp°T+(1-x)G"

The interface condition (2.4) is equivalent to the “continuity” of w on I' but the
condition (2.5) now assumes the form

(2.14) (GTug +G°) -n= (v 'divdaul —p°T + Pug) - m on T
accounting (2.12). The boundary and initial data are

(2.15) u=0 on (99),,
(2.16) ufi—o = u’ in Q,
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where the fluid initial condition u°
x € ().

Remark 2.1. One can forget the initial distribution v° of the displacement when
considering (2.13). It is sufficient to prescribe the initial velocity field u® in €, the
initial stress G° in Qg (this replaces the information about v%), and initial pressure
p° in Q,.. The functions G and p° yield the function A’* involved in (2.13).

Remark 2.2. For mechanical reasons, the tensors P;jz; and Gyjx; have the follow-
ing properties:

is extended to Qg by setting u’(z) = v'%(x) for

Zijkl = Zijik = Ziiij = Zjikly  LijkiVij Vi 2 0,

Zijleiijl =0 ifandonlyif Vi +Vyi=0 foral k,I=1,23.

Here, Z;;y; stands for Pjjp; or Gijki.

2.2. Refinement of the structure. Let us define the structure of the regions
Q, Q., and Qg more precisely. The pin structure (see Figure 1) is supposed to be
(1, x2)-periodic. Without loss of generality, we assume that the periodicity cell is a
square with the side length equal to &, where ¢ is a positive number. After scaling
with the factor 1/e, the cell becomes the unit square ¥ = [0,1] x [0,1]. Let 3, be
the 1/e-scaled projection of a solid pin to the (z1,z2)-plane. It is assumed to be a
smooth, simply connected domain in 3 such that its boundary 0¥, does not meet
0. Denote by %, the domain X\ 3 (see Figure 2).

P

F

F1G. 2. Structural cell ¥ = [0,1] x [0,1].

Let & = (z1,22) and x(&) be the ¥-periodic extension of the characteristic func-
tion of the domain ¥, to all R2. Then the function y introduced in the previous
subsection can be represented as follows:

1, xr3 > (5,
(2.17) x(®) = x(&,x3) = { X(£), 0< a3 <8,
0, r3 <0

Remember that 4 is the thickness of the pin layer. If ¢ — 0, the pin structure becomes

finer in the (z1,z2)-plane, whereas its height remains constant. Thus, the problem

(2.13)—(2.16) depends in fact on e. For this reason, we call it Problem S..
DEFINITION 2.3. A function w is called a weak solution to Problem S. if

(2.18) w e L®(0,T; L*(Q) N L*(0,T; HY(,)), Jmu € L>(0,T; H}(Q))
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and the integral identity

T
(2.19) / /Q(—pu-cpt—i—Mtuz:gax—&-/\/'o:cpx—p,pr)dwdt:/gpuo-cpodm
0

holds for every smooth function ¢ such that ¢|i=r = p|aq = 0.

In this definition and further, T is an arbitrary positive number; the colon denotes
the convolution of tensors so that U : V = U;;V;; for all second-rank tensors U and V;
and the notation f° means f|;—g. Remark that the second inclusion of (2.18) prevents
jumps of w on T.

2.3. Solvability of Problem S.. It is not difficult to prove existence of a weak
solution to Problem S.. This question was investigated in [10, section 9.1], and the
following result was established.

THEOREM 2.4. Let u® € L*(Q), N° € L*(Q), and f € L*([0,T] x Q). Then
there exists a unique weak solution to Problem S., and the following energy estimate
holds:

(2.20)
T
%wmmm@MM§@+W%%M§%D+AHmwmﬁmﬁﬁéa

where C is a constant which depends on |[u®||12q), IN?|L2(), and || f]lL2(jo,r)x0)
but does not depend on ¢.

COROLLARY 2.5. Under the conditions of Theorem 2.4, there exists an indepen-
dent of € constant C' such that

(2.21) ess Supte((),T)”%u(t)”Hl(Q) <C.

Generally speaking, the estimates (2.20) and (2.21) are sufficient to fulfill the
homogenization of Problem S. due to Proposition 3.9 which will be given below.
However, some technical difficulties must be overcome in this case. To avoid that, a
stronger estimate for w will be obtained under some compatibility conditions. The

next theorem states such a result.
THEOREM 2.6. Let u® € H'(Q), N° € L3(Q), f, f, € L*([0,T] x Q), and

(2.22) div (xPul + N°) € L*(Q).
Then the weak solution to Problem S. satisfies the estimate
(2.23) esssup; ¢ o, 7) ([l (t)ll22() + us(t)ll220)) < C,

where C' is an independent of € constant.
Proof. Let us introduce a function w as a solution of the problem

pw; = diV(Mtwg;) + div(xfy_lldivuo +(1-— X)Gug) +pf4,
pwl,_, = pwo = div (Pul + N°) + pf°,
wl,,, = 0.

The energy estimate for this problem appears as follows:

(2.24)
T

%wwm@m@wmﬁmwﬂm«m@mmw)+A|mwwmmmﬁﬁ<c
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which yields
ess sup;e o,7) | Jrw| m1 (o) < C.

The assertion of the theorem is an immediate consequence of the last estimates because
the function defined as

u(x,t) = /0 w(zx, s)ds + u(x) = Jyw(x,t) + u’(x)

is the solution of Problem S., and u; = w. O

According to the definition of u”, the requirement u® € H*(f) expresses the no-
slip condition on I' at the initial time instant ¢ = 0. The requirement (2.22) expresses
the stress equilibrium condition on I" at ¢ = 0. From the mechanical point of view,
such conditions hold for any time instant including the initial one. Therefore, the
requirements of the theorem are feasible.

3. Homogenization of the structure.

3.1. Two-scale convergence. Let us denote by u, the solution of Problem S..
In order to emphasize the dependence of x on €, we denote it by x¢. Our goal is to
perform the passage to the limit in Problem S. as ¢ — 0. To do this, we use the
two-scale convergence method introduced by G. Nguetseng and developed by other
mathematicians (see [12], [11], [1], [7]). Let us formulate the main results of this
approach adapted to our situation.

THEOREM 3.7. Let w. be a bounded sequence in L*([0,T] x Q). There exists a

subsequence, still denoted by we, and a function ﬁ(t,w,é) € LQ([O,T] x £ X Z) such

that
. T i JR— T r ¢ ¢ £
i [ [ w20 (m,g) do= [ [ [ wttw &6 ddwd

for every smooth function ¢(t,w,§) which is %-periodic in é Such a sequence w; is
said to be two-scale convergent to w(t, m,é)

Recall the notation & = (x1,x2) and €= (&1,&2).

THEOREM 3.8. Let a sequence w. converge weakly to w in L? (O,T;Hl(Q)).
Then w, two-scale converges to w and there exists a function W(t,x, &) in L*([0,T] x
Q; H;E(E)/R) such that Vw. two-scale converges to Vyw(t, )+ Vew(t, x,€) up to a
subsequence.

Here H} () is the space of ¥-periodic functions which belong to the space H'(%).
Since all functions under consideration do not depend on &3, the notation V¢ =
(O¢,,0¢,,0) T is used below.

As a simple application of the theorems stated above, we formulate (without
proof) the following result concerning the convergence of solutions of Problem S..

PROPOSITION 3.9. Let u. be the sequence of solutions to Problem S.. Then there
exist a subsequence (still denoted by u.) and a function u(t,x) such that

1. u. two-scale converges to u, and u. — u weakly in LQ([O, T] x Q) ;

2. Jyu. two-scale converges to Jyu, and Jyu. — Jyu in LQ([O,T] X Q);

3. VJiu. two-scale converges to Vo Jyu+Ve(, where C(Lw,é) s a function from
L2([O,T} X Q;H;&(E)/R).
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3.2. Passage to the limit in Problem S.. Let the initial data of Problem S,
satisfy the conditions of Theorem 2.6. A solution u. of Problem S. satisfies the
following integral identity,

(3.1)
T
[ [ (=ruco s Mot ot N0 = )it = [ pud i,
0 Q Q

where p°, M and N0 are defined as in (2.13) but with x replaced by x°. Let us
take

— T
plt.2) = p(t.2) +e (. T),
where ¢ and ¢ are arbitrary functions that vanish for € 9Q and at t = T. The-

orem 3.8 enables the passage to the limit in (3.1) as ¢ — 0. The limiting equations
look as follows:

(3.2) /OT/Q/E(pu~¢t+Mt(um+u§):¢z+NO:¢xpf~¢)déd:cdt
:/Q/puo-q,’)odéda:,
>

(3.3) /E (Mt(uw + )t e + N :55) d€=0 in L([0,T]x Q).

These equations hold for all functions ¢ € H'([0,T] x Q) and ¢ € H}(X) such that
¢ vanish on 9Q and at t = T. The coefficients p, M, and N are defined as in (2.13)
with y () replaced by x(x, &). The function x(x, &) is defined as in subsection 2.2:

1, xr3 > (S,
x(x, &) = ¢ X(§), 0<z3<9,
0, z3 < 0.

Equation (3.3) is called a cell equation.

Equations (3.2) and (3.3) are coupled through the auxiliary function w. The next
step consists of finding @ from the cell equation (3.3) and substituting the obtained
expression into (3.2).

4. Explicit solving of the cell equation.

4.1. Operator form of the cell equation in a Hilbert space. It is appro-
priate to rewrite (3.3) as an equation in the Hilbert space H = H#(E)/R with the
inner product

Oui 81)2- ~
u,v) = dg.
= ) g o
The norm in H is denoted by || - ||. Let us define operators A and B as follows:
Ouy, Ov; 5 _ Ouy, Ov; -
Au,v :/ Pijpi———-—d¢, (Bu,v :/ Y616k (1=x) Gijrt ) —— d
( ) ik 5, B, §, (Bu,v) . (X’Y 0+ (1=x) Jkl) 9%, 7€, 3
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for all functions u,v € H. Due to the Riesz representation theorem, there exist ng,
ag;, and by, k,1 = 1,2,3, such that

ov; 4
n07 /NO 'deg, <aklv >_/XPL]/§I82] £
J
<bkl ’U> = / (X’yflé"ékl —+ (1 — X)G kl) 8’[)1 dé
) . ij ij 85]

for all v € H. Remark that A, B, a, b, and ng do not depend on ¢ and depend on the
variable @ just in the same way as the function x(x,£). So we can consider @ and ¢
in (3.3) as parameters.

Now, the problem (3.3) transforms to the following equation in the space H:

(4.1) Au+ BJa@ =g,

where

Ju
g=—(aw +bud) 871:]; —ng

and u(x,t) is from (3.2) and (3.3).

Since the operators A and B are trivial whenever x3 ¢ [0,6], we consider (4.1)
for x5 € [0, 8], which corresponds to the treatment of the pin layer. In this case, the
operators A and B are degenerated. Therefore, some difficulties appear when solving
(4.1).

The next section is devoted to the study of the data of (4.1) to prepare tools for
its explicit solving.

4.2. Properties of A, B, and g.

PRrROPOSITION 4.10. The operator A has the following properties:

1. A is a bounded self-adjoint operator on H.

2. (Au,u) >0 for allu € H.

3. The null-space N(A) = {u € H : w is constant in X}, and N(A)* C {u €
H: Au=0inX3_}.

4. There exist positive constants ¢ and C' such that

(4.2) cllull® < (Au, u) < Clulf?

for allu € N(A)*

5. The range R(A) is closed in H, R(A) = N(A)Y, and A~! is defined and
bounded as an operator on R(A).

Proof. Assertions 1 and 2 are obvious (see Remark 2.2). The third assertion
consists of two parts. In order to prove the first one we have only to establish that

N(A) C {u € H: uis constant on 3, }

because the opposite inclusion is clearly true. Due to the positiveness of the operator
A, its null-space consists of functions w which satisfy the condition (Aw,u) = 0.
Thus, u € N(A) implies

8uk 8u1

dA _
o6, 0g; " =

<AU,U>:/XPkal
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Consequently, D(u) = 0 in X, and, hence, u is constant in ¥, because of its peri-
odicity.
Let u € N(A)*. By definition, this means that

Ouy, 0 Ouy, 0
/uk def / ukﬂsfo
o6 0 s, 08 06
for any function v € C°°(X) such that v is constant on X_.. Consequently, u is
harmonic in Y, which proves the third assertion.
To validate assertion 3, we need only to prove the left inequality since the right

one is obvious. Due to the Korn inequality (see, e.g., [14]), there exists a positive
constant ¢; such that

/ \uE\Qdé < 1 {Au,u)
)

F

for every u € H. If u € N(A)*L, then w is harmonic in ¥, and there exist positive
constants ¢ and c3 such that

ca [ fueldé < [ullaon, <o [ luel? dé
Py p

S F

That is, (Au,u) > c||ul|? for some constant c.

When proving assertion 5, denote by A, the restriction of A to N(A)+. Due to
the estimate (4.2), R(A,) is closed in H. Since R(A) = R(A, ), we conclude that
R(A) is also a closed subspace of H. This implies that N(A)* = R(A) = R(A), and
(4.2) is true for u € R(A). Thus, A~! exists and is bounded if A is considered being
restricted to R(A). The proposition is proved. 0

PROPOSITION 4.11. The operator B has the following properties:

1. B is a bounded self-adjoint operator on H.

2. (Bu,u) >0 for allu € H.

3. The null-space N(B) ={u € H: D(u) =0in X, and dive =0in X}, and
NB)t c{ue H: Au=VqinX, for some ¢ € L*>(X)}.

4. There exist positive constants ¢ and C such that

(4.3) ellul? < (Bu,u) < Clul?

for allu € N(B)*

5. The range R(B) is closed in H, R(B) = N(B)*, and B! is defined and bounded
as an operator on R(B).

Proof. The first two assertions are obvious. To prove the third one, note that

_ Ou; auk ~
_ 1¢ _ L
<BU7U>*/Z<X’Y 630 + (1 X)ngkl> 7€, 08 dg
Ou; Ou
=y7' [ (divu)*d +/ Gijit 7 o dE
! /E“V“ ¢ g o5 "

F

for every u € H. Therefore, (Bu,u) = 0 if and only if dive =0 in ¥, and D(u) =0
in X,.
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If uw € N(B)*, then the equalities
(4.4) 0= (u,v) = /Eug)g ¢ = /ED(u) : D(v)d€ = /EF D(u) : D(v) d€

hold for every v € N(B). Let u* € N(B)* be a sequence of smooth functions that
converges to u in H. Such a sequence exists because C°°(X) is dense in N(B)*.
Relation (4.4) is also valid for all u*. If v is an arbitrary smooth function such that
dive =0 and suppv C ¥, then v € N(B), and

= uf) : v)dé = — iv u)) - v d€.
o-/sz )i D) de =~ [ div(D(") v ik

Rap

Consequently, there exist functions §* € L?(X) such that divD(u*) = Vg~ for all k.
Passing to the limit yields divD(u) = V4. That is, Au = V¢, where ¢ = ¢ — divu.
This proves the third assertion.

The right inequality of the fourth assertion is obvious. Let us prove the left
one. According to the classical theory of the Stokes equations (see [4, Chap. 4]), the
following estimate holds for all w € N(B)*:

[ el d < (vl s, + g, )

F

where u,. is the trace of u on 9%;. On the other hand,

A

s

Thus, there exists a positive constant c3 such that

(4.5) Jull? < cs ( /

for every w € N(B)*. In order to obtain (4.3), it is sufficient to prove that there
exists a positive constant ¢4 such that

gl d + |divu|%2@F>>

s

(4.6) /E \ug\Z dé < cy(Bu,u)

S

for w € N(B)*. This can be done using standard contradiction arguments. As-
sume the converse, i.e., there exists a sequence u” € N(B)Y, n € N, such that
fES |u?\2dé =1 and (Bu",u™) — 0 as n — 0. The estimate (4.5) implies that the
sequence {u"} is bounded in H too. Thus, there exists its subsequence (still denoted
by {u"}) that converges weakly in H and H!(X,)/R but strongly in L*(X) to a func-
tion u. Note that u € N(B)+ since N(B)' is weakly closed in H. Using the Korn
inequality yields

/2 lug — uel?d€ < C ((B(u" —u),u™ —u) + |u” — ulfsy))-

s

The passage to the limit in this inequality implies that (Bu,u) = 0 and u" —
w in H. This means that w € N(B)X N N(B) and w = 0 in H. On the other
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hand, fzs [ue |? d€ = lim, oo fzs |u? 2 ¢ = 1. This contradiction proves (4.6) and,
consequently, (4.3).

The proof of the fifth assertion is the same as for the operator A in Proposi-
tion 4.10. 0

PROPOSITION 4.12. The following is true:

ak, br,ng € R(A)NR(B), k,1=1,2,3.

Consequently, g € R(A) N R(B) for almost all t and x, where g is the right-hand side
of the cell equation (4.1).

Proof. Due to Propositions 4.10 and 4.11, w € R(A) N R(B) if and only if
(w,v) = 0 for all v € N(A) U N(B). Let us verify this condition for ay;. The
functions by; and ng can be treated in the same way. Let v be an arbitrary function
from N(A). That is, v is a constant in 3, because of Proposition 4.10. Thus,

(91},‘ ~
(ar,v) = /Zp Pijklafgj dg = 0.

If v € N(B) then D(v) = 0 in ¥ according to Proposition 4.11, and

(91)1 8’01 6'074
<akl,’U> - /E 'ijl aé.] d£ / igkl 5e 65] d£ / zgkl 65]

= / Pijleij (’U) d£ = 0
b))

S

Here, we used the periodicity of v in ¥ and the symmetry of the tensor P (see
Remark 2.2). This proves the proposition. 1]
PROPOSITION 4.13.

N(A) N N(B) = {0}.

Proof. If uw € N(A) N N(B), then D(u) = 0 in ¥ due to Propositions 4.10 and
4.11. That is, w is constant in X because of its periodicity. This means that w = 0 in
H. |

The result of Proposition 4.13 implies that the operator A\A + B is invertible for
every A > 0. Besides that, it is not difficult to see that the operator (AA + B)~!
bounded in H: Let us introduce the following closed subspaces of H:

= (M +B)"'R(A),
= (M +B)"'R(B),
E=E,NE, =(AA+B) " (R(A) NR(B)).

Note that the spaces E, E,, and E, do not depend on A. More precisely, if

= (A + B)"'R(A) then E} = E* for all A > 0 and g > 0. This follows from
simple arguments like those. If x € EAi‘, then (AA + B)x € R(A) and Bx € R(A).
Consequently, (A + B)x € R(A) and @ € E*. That is, E} C E#. In the same way
we can obtain that EX C Ef“

LEMMA 4.14. The operator A maps the space E, into R(B), and the operator B
maps the space E, into R(A).
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Proof. The first part is true due to the following implications:
zeE, = (M+ B)x € R(B) = Ax € R(B).

The second part is being proved analogously. 0

LEMMA 4.15. If X is a closed subspace of H then A(X) and B(X) are closed
i H.

Proof. Let us verify this assertion for the operator A by taking an arbitrary
sequence u, € A(X) which converges to a function w in H. There exists a corre-
sponding sequence v, € R(A)N X such that u, = A(v,). Due to Proposition 4.10,
the operator A~! is bounded on R(A). This implies that the sequence {v,} con-
verges in H to a function v which is in X because X is closed. In the limit, we have
u = A(v). That is, u € A(X), which proves the lemma. |

PROPOSITION 4.16.

BE, = AE, = R(A) N R(B).

That is, for every ¢ € R(A) N R(B), there exist ¢, € E, and ¢, € E, such that
¥ = Ay, =B,

Proof. Let us prove the first claim. Due to Lemma 4.14, BE, C R(A) N R(B).
Besides that, Lemma 4.15 implies that BE, is a closed subspace in H. Suppose that
BE, # R(A) N R(B). Then there exists x € R(A) N R(B) such that (z,y) = 0 for
every y € BE,. That is, (x, BIAM + B)"1Az) =0 for all z € H, and

(AMM+B)™'Bx,z) =0 forall z¢c H.

Consequently, (AA + B)"'Bx € N(A) and, hence, Bx € (A + B)N(A) = BN(A).
That is, there exists y € N(A) such that Bx = By and, therefore, B(x —y) = 0. This
implies that w = & —y € N(B). Thus, x = y + w, where y € N(A), and w € N(B).
That is, € N(A) ® N(B). Consequently, = 0 because (N(A) ® N(B)) N (R(A)N
R(B)) = {0}. The proposition is proved. O

Let us introduce the restrictions A, and B, of the operators A and B to the
space E.

THEOREM 4.17.

1. The operators A,, and B,, map E onto R(A) N R(B).

2. The operators A, B, : E — R(A) N R(B) are one to one.

3. There exist bounded operators A_', B! : R(A) N R(B) — E.

Proof. Let us prove these assertions for the operator A, only. The operator B,
can be treated in the same way.

1. Since E C E, Proposition 4.16 and Lemma 4.15 imply that AE C R(A) N
R(B), and AE is a closed subspace in H. Suppose that AE # R(A) N R(B). This
means that there exists € R(A) N R(B) such that (x,y) = 0 for every y € AE.
That is,

(M +B) Az, z) = (2, AN +B)"2) =0
for all z € R(A) N R(B). Thus, due to Proposition 4.16,
(4.7) (M+B) ' Ax,Bz) =0 forallz€ E,.

Since (A + B)"' Az € E,, we can take z = (AA + B) ' Az. Then the relation (4.7)
implies that (A + B)~' Az € N(B), that is, Az € AN(B). Consequently (see the
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end of the proof of Proposition 4.16), & = 0, which proves the first assertion of the
theorem.

2. We have to prove that N(4) N E = {0}. Let « € E and Az = 0. Then
Bz = (A + B)z € R(A) N R(B), that is, Bx € R(A). But z € N(A) = R(A)* and,
consequently, (Bx,x) = 0. Since B is a positive operator, the last relation implies
that « € N(B). Thus, x € N(A) N N(B) = {0}, which proves the second assertion of
the theorem.

3. This assertion is the consequence of parts 1 and 2. The theorem is
proved. 1]

4.3. Solving the cell equation. Now we are in position to find an explicit
representation of solutions to the cell equation (4.1). With a new unknown function
¢ = Jyw, the problem (4.1) assumes the form

(4.8) AC,+BC=g,  C(0)=0.

As it follows from Theorem 4.17, the operator A, (A restricted to E) is invertible,
the operator A;lBE bounded, and A;lg € E. Therefore, the problem

(4.9) G+ AB.C=A g, C(0)=0
is uniquely solvable on the subspace E, and the solution is of the form
t -1
(4.10) C(t) = / e 1= Be A-1g(s) ds.
0

THEOREM 4.18. Equations (4.8) and (4.9) are equivalent. ~
Proof. Obviously, if € is a solution to (4.9), then ¢ satisfies (4.8). If ¢ is a solution
to (4.8), then the function 77 = e~ solves the problem

(4.11) AT, + MVA+ BT =e Mg,  7(0)=0.

Since the operator AA + B is nondegenerate for any A > 0, we can rewrite (4.11) as
follows:

(4.12) AN+ B) A7, + = MANA+B)"lg,  7(0) = 0.

Due to Proposition 4.12, g € R(A), and, hence 1(t) must belong to E, for all ¢.
Therefore, {(t) € E, for all t. On the other hand, (4.8) can be rewritten as follows:

A+ B)¢, — B¢, + ABC = A\g.
That is,
= (A\A+ B)‘lB(Et X)) + A AA+B)g.

Taking into account that {(¢) and {,(t) € E, for all ¢, we establish, using Proposi-
tion 4.16, that ¢,(t) € E for all t. Since {(0) = 0, we conclude that {(t) € E for all ¢.
Therefore, ¢ is a solution of (4.9). The theorem is proved. d

Thus, the unique solution of the problem (4.8) is given by (4.10) and the unique
solution @ of the problem (4.1) reads as

t 1
(4.13) a(t) = C,(t) = A tg(t) — A'B, / e =45 Be A-1g(s) ds.
0
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5. Homogenized structure.

5.1. Limiting equations. Substitution of the expression for g into (4.13) gives

(5.1)
A(t) = — 5 Br A-lng — Alay, au’“ / gt — s) 220 g
8.’L‘l
(5.2)
Jait) = (e = Pe — T)B-'ng — B by 8“’“ ) 4 —/ gt — s) Ouils) 4
0 axl
where

my(t) = —A;BEe_tA’;lBE (A ar — B 'by) € E

— _ —1
mkl(t) =e tAL Bp (.A;lakl — B;lbkl) ek
The integration by parts and the formula

d _ _
gef(tfs)AElBE — A;lBEef(tfs)AElBE

are applied when deriving (5.1) and (5.2). Now we are in position to compute the
principal term

[ Mg d& = (a4 (5, )

appearing in the limiting (homogenized) equation (3.2). Utilizing (5.1) and (5.2) and
computing other terms in (3.2), we obtain the following limiting equation:

Ouy, 0¢;
P;
53 / / < Peuz (9 igkl — azykl) 656[ an
_ Ouy, , O¢;
Oy~ 166 1—0)Gijr — Bij el (t —s)) =—— ds dadt
+/0 (7 0K+ ( VGijkt — Bijkr + wijki( )) a2, 8@) T

- /OT/Q (pri¢i — (vij — 0p"6i; + (1 — 0)G)) ¢;> dwdtJr/ ool - ¢° d,

where

@)= [ x& po=0n+(1=0)p.

vij = —(as, e e Bo A ng) + (b, (e Be — T)B ny),
ikl = (@ij, Ay @),

Bijrt = (bij glbkz>

wijkl(t) = —<aw,mkl> — (bij, Mip).

Let us denote by P, G, and S° the tensors with components
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Pijki = 0Pijis — aijir,  Gijin = 077163501 + (1 — 0)Gijir — Bijuts
S? = Vij — Hpoéij + (1 — Q)QSJ
Let us divide the domain €2 into three parts:
QO ={xecQlzz>6}, C={xcQlz3<0}, Q" ={xcQ|0<az3<b}.

Let I'{ be the boundary between Qf and Q" T’y the boundary between Q° and Q".
That is, @ = Q/ UTF UQ" UL, UQ®. Note that 6(z) = 1if z € Qf, 0(x) = 0 if
x € Q° and 0 is a constant from the interval (0,1) for x € Q. As for ijkts Bijkl, Vigs
and wjjr, they are constants for € Q" and equal to zero if € QFf UQ®, so that the
integral identity (5.3) delivers the following equations which should be understood in
the distributional sense:

(5.4)

pptty — div Pu, — vy 'Vdiv Jyu = —Vp° + p,. £, xeQf,
(5.5)

psut—diVthuz:ding—l—psf, x € 0,
(5.6)

t
pou; — div Pu, — div7;Gu, — div/ w(t — 8)uy(s)ds +divS® = pgf, « < Q"
0

The natural interfacial boundary conditions at F;r and I'y can be derived from the
integral identity (5.3). Equations (5.4) and (5.5) coincide with (2.1) and (2.11), re-
spectively. That is, the governing equations for the pure fractions do not change after
the homogenization, which have been expected. What is new is an integral-differential
equation (5.6) which cannot be reduced to a pure differential equation by differenti-
ating or by a substitution like w = J;u. The operators involved in the equation have
to be investigated to confirm the parabolic type of its principal part.

5.2. Investigation of P and G. It is not difficult to verify that the ten-
sors P and G have the symmetry properties mentioned in Remark 2.2. Therefore,
ﬁijklZijZkl =0 and éijklZijZkl = 0 for every skew symmetric matrix Z. The main
objective of this subsection is to prove the strong positiveness of the tensor P and the
nonnegativeness of G on the space of symmetric matrices. The null-space of G will
be also described.

PROPOSITION 5.19. For every second-rank tensor Z, the following is valid:

PijnZijZiu = 0, GijriZi;Zm = 0.

Proof. Let us prove the assertion for P. Denote z = a;;jZ;;. Due to Proposi-
tion 4.12, z € R(A)NR(B) and, as it follows from Theorem 4.17, there exists a unique
y € E such that A,y = z. This means that

Oyi Ovk 5 _ oz Ok
(57) ‘/EXP”]@[%% dS = <Zyv> - /ZXPU]CIZU agl dS

for all v € H. On the other hand, the definition yields

k1 Zi5 2kl = (aijzijw‘\;laklzkl) = <Z>A;12> = (A 9,9).
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From the last relation and (5.7) with v = y, we obtain

(5.8)
_ Oy; O
PiikiZij 2k = 0 Pijri 2 2 — (A, y) = / (Xpijklzijzkl X Pk 6y ayk>

b} 5] gl

= /ZXPijkl (Zij Z?z) (Zkl - 572?) dé.

The right-hand side of the last relation is clearly positive and the required assertion
is proved for the tensor P. Positiveness of the tensor G can be verified in the same
way. 0

The next theorem states the strong positiveness of the tensor P.

THEOREM 5.20. There exists a positive constant C' such that

PijriZij 2 > C|Z)?

for every symmetric second-rank tensor Z. Here, |Z|* = Zii Zij.

Proof. Assume that the assertion of the theorem is false. Then there exists a
sequence {Z"} such that |[Z"| = 1 and PUMZ . Z; — 0 as n — oo. The sequence
{Z"} is compact in R?® x R® and, therefore, it has a subsequence denoted again
by {Z"}, which converges to a matrix Z° such that |Z°] = 1. This means that
the corresponding sequences z™ and y", defined as 2" = a;;Z]; and y" = A Lgm,
converge in H to z° and y°, respectively. We use here the notatlons introduced in
the proof of the previous proposition. Thus, the relation

_ 00 OO -
PijZ) 20 = 0 Py Z) 20 — (Ay°,y°) = / XPijki (Z?j - yl_ ) (Zgz - 7yk> d§ = 0.
b 8£J afl

holds due to (5.8). That is,

XPijkl<Zi0j_ gggf)(Zkl ?9?;) 0 in X,

and, consequently, D(y") = Z° in X,. This implies that D(y° — 2%) = 0 in %,.
Therefore, y°(£) is a linear function of & for € € ¥,.. The only linear function satisfying
the periodicity boundary conditions on 9% is a constant, which implies that Z° = 0.
This is impossible because |Z°| = 1. This contradiction proves the theorem. O

Remark that the arguments like those in the proof of Theorem 5.20 do not lead to
a contradiction in the case of the tensor G. The next theorem shows that the tensor
G is degenerated and describes its null-space.

THEOREM 5.21. The tensor G is degenerate, and éijklZijZkl =0 for a symmet-
ric matriz Z if and only if Z11 + Z92 = 0 and Z33 = 0.

Proof. Let us denote z = b;;Z;;. Due to Proposition 4.12 and Theorem 4.17,
z € R(A) N R(B), and there exist unique elements y# € E and y® € R(B) such that

(5.9) By” = z, By? = z.

It follows that y~ = y® —y® € N(B). Besides that, B_'By? = y*. Therefore,

(z,B'z) = (By”,y”) = (By",y" + y") = (By", y").
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The second equation in (5.9) implies that

(9y ovy, / ov, .2
1 K; : d, K; Z; dg,
(10 00 G G 8 = | Kot 25

for all v € H, where
Kijri(X) = X7 "6i500 + (1 = x)Gijh-
As a consequence of this equation, we find

GijmZijZm = Kiji(0) 220 — (2, B, ' 2) = Kiji(0) 2 20 — (By™, y*)

= /EKijkl(X) (Zij - 86?5) (ZM - %yg,’f) dé

= / T (trZ — divy®)? d€ +/ Gijui(Zij — Dij(y™)) (Zu — Dia(y")) dé.
2 bl

F

Notice that (5.10) is the Euler—Lagrange equation for the functional

y) = /EKijkz(X) (Zij - ggj) (Zkl - 87??) dé.

Due to Proposition 4.11 (assertion 4), this functional is strictly convex on R(B) and
y® is its unique minimizer there. That is,

Giin1 Zii 2 = Fa(y?) = in F,(y).
Gkl Zij Lkl (y") yglRl{lB) (y)

Thus, GijiZijZw = 0 if and only if there exists y® € R(B) such that F,(y®) =
0. Tt is not difficult to see that F,(y) = F.(y + w) for every w € N(B). Since
R(B) ® N(B) = H, the existence of y® € R(B) with F,(y®) = 0 is equivalent to the
existence of a function y € H which satisfies the condition F,(y) = 0. Due to the
positiveness of the functional F,, we can conclude that éijklZZ—j Z = 0 if and only if
there exists y € H such that

(5.11) divy=trz as £€e¥,,
(5.12) D(y)=Z2 as £e3,.

Suppose that both of the last conditions are satisfied. Since functions from H do
not depend on &3, (5.12) implies that Z33 = 0. Moreover, due to (5.12), divy = tr £
in ¥,. That is, divy = trZ in ¥. Integrating this equality over ¥ we find that
tr Z = 0 because y is periodic. Thus, we have proved the assertion of the theorem in
one direction (the necessity).

Let us suppose that Zy; + Z99 = 0 and Z33 = 0. In order to complete the proof
of the theorem, we have to prove that there exists a function y € H satisfying (5.11)
and (5.12). Equation (5.12) is easy to solve. Namely, its solution appears as follows:

y(€) =26+ Q€ +y, EcX,,

where Q is a skew-symmetric matrix and y, is a constant which can be dropped
because functions from the space H are defined up to a constant. Let us denote 7 =
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Z + Q. Since functions from H do not depend on &3, we find that 7;3 = 0(: = 1,2, 3)
and y3 = 731&1 + T32& for é’ € 3,. We extend y3 to the whole domain ¥ in such a
way that it would be a periodic function (assuming equal values on the opposite edges
of X).

In order to determine y; and ys in ¥, we have to solve the problem

Oy 0y 2
— 4+ —=—= =0, S
&1 0& ¢
y(&) =7¢, £ € 0%,

y1 and gy, are periodic in X.

This problem is clearly solvable, and the theorem is completely proved. ]

As one can see from (5.6), the tensor G describes elastic stresses in the homoge-
nized continuum. Theorem 5.21 says that the homogenized material has rather strange
properties. Namely, it does not resist to the deformation, if the first invariant and the
component (3,3) of the corresponding strain tensor are equal to zero. In other words,
such deformations do not produce any stresses. The described class of deformations
is sufficiently large. It contains all deformations which do not change volume. The
following assertion is a simple consequence of Theorem 5.21.

COROLLARY 5.22. Ifi # j and k # 1, then Giji = 0.

This property of the tensor G yields an interesting conclusion about the passage to
the limit as 8 — 0. If we set § = 0 formally, the elastic structure will occupy the whole
layer Q. Therefore, it can seem that the limiting material must be the same as the
original elastic one so that limg_o G = G. Nevertheless, it is wrong in general because
the properties of the tensor G stated in Theorem 5.21 and in Corollary 5.22 do not
depend on . Thus, if, for instance, the tensor G is not degenerate or G212 # 0, then
limg_,o G # G. The physical reason is that the elastic structure consists of separate
bristles for each # > 0, which differs from the bulk material corresponding to 8 = 0.

6. Numerical procedures. The formulas for the coefficients P, G, and w con-
tain the functions ag;, by, no, the operators A, B,, and their inverse defined in
H = H4(¥)/R. From the mathematical point of view, all these functions and oper-
ators are well defined and completely described. However, numerical implementation
of these formulas requires some effort. The computation of the functions ay;, bg;, and
nyg is not difficult if one uses the finite element method. The situation with the oper-
ators A, B is not so trivial, because they must be restricted to the subspace E, which
creates additional problems when using finite elements. Below, we propose numerical
procedures that can be implemented using conventional finite element software.

6.1. Calculation of ay;, by, and ng. Let us introduce functions o € H,
k =1,2,3, as solutions of the following problems:
Ooy, Ov
5 06 0&
These problems can be easily solved applying the finite element method. Note that

o3 = 0 because functions from the space H do not depend on £3. It is not difficult to
see that

dé:/xaa—vdé for all v e H.
v O

i
ay; = Priinor + Priizoo,

i -1

=7 0o — Griio1 — Grioa,

i 0 0 0
ng = —p 0; — G101 — G502
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for i,k,l € {1,2,3}. Here, the superscript ¢ denotes the components of the vectors
agl, bkla and ng.

6.2. Calculation of AE_l and BE_l. The problem can be formulated as follows:
for every w € R(A) N R(B), find u,v € E such that Au = w and Bv = w. It is
enough to solve this problem for the operator A. The operator B can be treated
similarly. Let us consider the equation

(6.1) (A+eB)u. = w.

As follows from Proposition 4.13, the operator A + B is invertible in H for every
¢ > 0. Thus, there exists a unique u. € H that satisfies (6.1). Moreover, u. € E
for every € > 0 by definition of the subspace E. Equation (6.1) can be easily solved
numerically with finite elements. Let us show that u. is an approximation of a function
u € FE that satisfies the equation Au = w. Since u. € E, we can rewrite (6.1) as
(A, + eB,) u. = w. Consequently,

(6.2) U = A;l('w —eBue).

Due to Theorem 4.17, the operator A~' : R(A) N R(B) — E is bounded. Therefore,
there exists an independent of & constant C' such that

ue|| < C(1 + effucl).

This means that the sequence {u.}. is weakly compact in H. That is, there exist
u € H and a subsequence {u.}. such that u. — u weakly in H as ¢ — 0. Since E
is weakly closed, u € E. The passage to the limit in (6.1) yields the desired relation
Au = w. Moreover, the whole sequence {u.}. converges to uw in H. In reality,
ue —u = —e A~ B, u., which implies

(6.3) |lue — u|| < Ce.
Thus, the order of the approximation is obtained.
6.3. Calculation of e ** P= A;lBE. Problem: For every w € E and all
t>0, find u(t) = e ™ B A-1B,w. Let us consider the following equation:
(6.4) w+ A 'Bou =0, u(0) = A 'B,w.
It is obvious that u(t) = e Br A;IBEw € E is a unique solution of this equation

(see section 4.3). Let us construct an approximate solution to problem (6.4) using the
semidiscretization method. Fix ¢ and introduce 7 = t/N, N € N. Define functions

Uu,, n=1,2,..., N, as solutions of the following problem:
(6.5) (A+7B)u, = Auy,—_q, uy = A 'Byw.
That is,

u, = (A+7B8)" ' Au,_;.

Note that u, € E for all n > 0 because ug € F and u,,_1; € E implies u,, € E for
any n > 0. Therefore, the operators A and B can be replaced by A, and B, in (6.5).
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To estimate uy — u(t) we prove first that there exists a constant C' such that
|lun || < C for all n. Indeed,

n
U, = Ug — TAI;lBE E U,
k=1

which implies due to the boundness of A~ and B! (see Theorem 4.17), the existence
of a constant C such that

n
el < Jluao| +C Y [l
k=1

The Gronwall inequality now implies the required estimate. The boundness of |u,||
and (6.5) provide the following estimate:
(6.6) [ = wn—s|| < O AT By [l|unll < C.

Let us introduce two time interpolations of {u,,},
u’(s) = un<1 —n+ f) + Uy (n - f) as s € [(n—1)r,nt],
T T

a(s)
Due to (6.6),

Uy, as sé€ ((n—1)r,nt].

t N nTt
S
a7 (s) —a”(s)||ds = 3 [|un — wn_1]| (n _ ,) ds
/0 ngl (n=1)7 T

|

N
Z ln — un—1| < Cr.
n=1

Moreover, we have
ou”

-t AZ'B,u” = 0.

Therefore,
t
[un —u(@®)] = &7 () —u(®)] < I\A;15E||/0 [w”(s) — u(s)| ds

t t
<C [ (@) (@) + a7 —a @) ds <€ (7 [ a7 —ulo) ds).
Finally, the Gronwall inequality yields
|luny —u(t)] < Cr.

6.4. Numerics. In this section we give some examples which demonstrate prop-
erties of the homogenized continuum for various values of 8. We consider the system
consisting of the water and an isotropic elastic material (polymer) with the following
properties:

Puy = s Zdivu+2pu;D(u), Guy = A\ Tdivu + 2 us D(u),
)\f =1l.e—3, Ky = l.e—3,
As = 2777778 + 9, s =4.166667e + 9.
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F1a. 3. Structural cell ¥ = [0,1] x [0, 1].

1 T T T T T T T T T
0.8 p a -
06 -
04 F b -
02 F -
0 2 M M M M M M M M 0
0 0.2 0.4 0.6 0.8 1

FIG. 4. Dependence of |P — P|/|P| (curve a) and |P|/|P| (curve b) on 8.

The constant which characterizes compressibility of the water is v = 4.597696e — 10.
We take the structural cell of the form shown in Figure 3.

First, we investigate properties of the tensor P. The graphics in Figure 4 present
the dependence of |P — P|/|P| and |P|/|P| on 6, where |P| = (Zijkl PijklPijkl)l/Q.
As one can see, limg_,; P = P and limg_.o P = 0.

0.9
a
07 F
05k b
03 F
c

01 F

0 0.2 0.4 0.6 0.8 1 0

FIiG. 5. Dependence of |G — G|/|G| (curve a), |G — Q|/|G| (curve b), and |G — 0R|/|G| (curve
c) on 6.

The dependence of the tensor G on @ is more complex. Let us introduce two
tensors R and ) having the following components:

Gijkl if Z:] and k/’:l,
0 otherwise.

Rijir = v "6:6m1, Qijr = {

The curves in Figure 5 show the dependence of |G — G|/|G|, |G — 0R]|/|G| and |G —
Q|/|G| on 6. One can see that G' does not tend to G as § — 0 (see curve a). This
fact was already noted in section 5.2 after Corollary 5.22. It is not surprising that
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1.6
1.4
1.2

DD
(1
oo
= =3
Sk S

0.8
0.6
0.4
0.2

0 2e-011  4e-011  6e-011  8e-011  1e-010

FIG. 6. Graphics of the function |w(t)|/|G| for various values of 0. The time unit is 1 second.

limg_; G # 0. It can be explained by the presence of the tensor R in the definition
of G. Really, curve ¢ in Figure 5 shows that limy_,; (G — R) = 0. Curve b shows that
limg_,o G = Q. This means that, in the limit case as § — 0 (the elastic continuum
occupies the whole domain Qh), the tensor G can be obtained from the tensor G by
vanishing all of the “nondiagonal” components.

Thus, the limits of (5.6) as 8 — 0 and 6 — 1 look as follows:

¢
(6.7)  pour — div J:Qu, — div / w(t — s)uy(s)ds = pg f, @ —0),
0
t
(6.8)  ppus — div Pu, —y~t Vdivu — div / w(t — s)ug(s)ds=p.f, (0 —1).
0

We take here the initial data being equal to zero.

In Figure 6, the graphs of the function |w(t)|/|G| are presented for several values
of §. The function |w(t)| decreases very rapidly. In fact, |w(t)|/|G| vanishes practically
at the time ¢t ~ 107'%s. Thus, the memory term in (5.6) is very small and can be
dropped in applications, if high frequency oscillations are not present.

7. Conclusions. Homogenization of a fine elastic structure immersed in a vis-
cous weakly compressible fluid yields a continuum that possesses very interesting and
rather unexpected properties. Equation (5.6) describing the behavior of the resulting
continuum includes three basic terms. Two of them containing the tensors P and
G are related to stresses. The third integral-term represents a memory effect that
is responsible for viscoelastic properties of the resulting material. The presence of
such a memory is not surprising because similar results were already obtained by
other authors (see, for instance, [13]). More interesting from the mathematical and
mechanical viewpoints is the investigation of the above mentioned stress terms. The
term containing the tensor P describes a viscous damping and originates from the
fluid part of the structure. Theorem 5.20 states the strict positiveness of P, which
implies the ellipticity of the corresponding differential operator. The term containing
the tensor G represents elastic stresses. The tensor G is degenerate, its kernel is de-
scribed in Theorem 5.21. The theorem implies that volume conserving deformations
(shear deformations in particular) do not produce elastic stresses.

All of the coefficients involved in the homogenized equation are found in an explicit
form. Although expressions representing them are rather complex, the coeflicients can
be computed numerically using the algorithms given in section 6. The numerical treat-
ment delivers another interesting properties of the homogenized model. It is stated
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numerically that the memory effect is very weak. The system “forgets” the current
history in a very short time. Therefore, the memory term can be dropped in most
of the applications. Another interesting question is the dependence of properties of
the homogenized continuum on the parameter 6 which represents the volume fracture
of the fluid so that the pure fluid corresponds to 8 = 1. As was expected, the ho-
mogenized equations coincide in the limit (6§ — 1) with the ones being used for the
description of the original fluid. In the opposite limiting case (6 — 0) the homoge-
nized equations differ from the model of the original elastic continuum. In particular,
the limiting elastic continuum can be nonisotropic even though the original material
is isotropic. Thus, the limiting continuum inherits certain geometric properties of
the fine elastic structure even if the fluid vanishes and the solid occupies the whole
volume.
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