
Ò�ÓÄÛ ÈÍÑÒÈÒÓÒÀ ÌÀÒÅÌÀÒÈÊÈ È ÌÅÕÀÍÈÊÈ ÓðÎ �ÀÍÒîì 16 � 5 2010ÓÄÊ 517.977 + 519.63MODELING OSMOTIC DE- AND REHYDRATION OF LIVING CELLS USINGHAMILTON|JACOBI EQUATIONS AND REACHABLE SET TECHNIQUES1V. L.TurovaThe paper des
ribes mathemati
al models of the osmoti
 shrinkage and swelling of living 
ells during freezingand thawing. The 
ell shape is sear
hed as the level set of a fun
tion whi
h satis�es a Hamilton|Ja
obi equationresulting from a Stefan-type 
ondition for the normal velo
ity of the 
ell boundary. The Hamilton|Ja
obiequation is then solved numeri
ally in two and three dimensions using a monotony preserving �nite-di�eren
es
heme. A generalized variant of the Stefan 
ondition a

ounting for tension e�e
ts in the 
ell membrane is also
onsidered, and the 
orresponding 
ell shape evolution is 
omputed in two dimensions using a rea
hable sette
hnique arising from 
on
i
t 
ontrol approa
h.Key words: Cryopreservation of 
ells, osmoti
 e�e
t, mathemati
al model, Hamilton|Ja
obi equations, �nite-di�eren
e s
heme, rea
hable set. 1. Introdu
tionThe in
reased usage of living 
ells in medi
al appli
ations stimulates the development of 
ryop-reservation te
hniques that provide the most e�e
tive tool for keeping the viability and fun
tionalityof isolated 
ells. However, 
ooling and warming 
an 
ause dangerous 
ell 
hanges su
h as ex
es-sive shrinkage and swelling due to the osmoti
 dehydration and rehydration o

urring during thefreezing and warming phases, respe
tively. The paper deals with the mathemati
al modeling of 
ellshrinkage and swelling 
aused by the osmoti
 pressure arising due to di�erent salt 
on
entrationsin the extra
ellular and intra
ellular liquids.The existing models of 
ell dehydration during freezing (see e.g. [1, 6℄) des
ribe the 
hange ofthe 
ell volume depending on mass di�usion, heat transfer, and the evolution of the freezing front.The 
ell shape is supposed to be spheri
al or 
ylindri
al. However, as it is reported by biologists(see e.g. [3℄), keeping both the 
ell size and shape is very important for the 
ell survival.Mathemati
al models proposed in this paper are 
on
erned with the evolution of the 
ell shapedepending on the temperature distribution and the amount of the frozen liquid outside the 
ell.The models are based on the theory of i
e formation in porous media developed in [4℄ and Stefantype models [2℄ des
ribing the osmoti
 out
ow (in
ow) 
aused by the in
rease (de
rease) of salt
on
entration in the extra
ellular liquid during its freezing (thawing). The resulting model equationsof the Hamilton|Ja
obi type are treated numeri
ally using both a �nite-di�eren
e s
heme for�nding vis
osity solutions and the 
omputation of rea
hable sets of an asso
iated 
on
i
t 
ontrolproblem formalized a

ording to [7, 8℄. The 
omputed shape evolutions are presented.2. Mathemati
al modelsEa
h biologi
al tissue 
ell is lo
ated inside a pore �lled with a saline solution 
alled extra
ellular
uid. The 
ell interior is separated from the pore by a 
ell membrane whose stru
ture ensures a verylow heat 
ondu
tivity but a very good permeability for water, whi
h makes possible its easy in
ow1The work is supported by the German Resear
h So
iety (DFG), Proje
t SPP 1253. The paper in
ludesjoint results with N.D. Botkin
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ells 309and out
ow so that the osmoti
 pressure 
aused by the di�eren
e of salt 
on
entrations inside andoutside the 
ell easily results in water transport into/out of the 
ell.2.1. Dehydration of 
ellsIn the freezing phase, the me
hanism of the osmoti
 e�e
t is the following. I
e formation goesinitially in the extra
ellular solution. Sin
e i
e is pra
ti
ally free of salt, the water to i
e phasetransition results in the in
rease of salt 
on
entration (
out) in the remaining extra
ellular liquid.The osmoti
 pressure for
es the out
ow of water from the 
ell to balan
e the intra
ellular (
in) andextra
ellular salt 
on
entrations. Modeling the 
ell shrinkage is based on free boundary problemte
hniques. The main relation here is the so 
alled Stefan 
ondition: Vn = �(
out � 
in); where Vnis the normal velo
ity of the 
ell boundary (dire
ted to the 
ell interior), and the right-hand-siderepresents the osmoti
 
ux that is proportional to the di�eren
e of the 
on
entrations. Extra
ellularsalt 
on
entration 
out depends on the unfrozen fra
tion �` of the extra
ellular liquid. The fun
tion�` is governed by the following phase �eld model [4℄:�C ���t + �L��`�t �K�� = 0; �` = �� L�T0(T0 + �)� ; (2.1)where � is the Celsius temperature, T0 � 273ÆK the freezing point, L the latent heat, � the density,C the spe
i�
 heat 
apa
ity, K the heat 
ondu
tivity 
oeÆ
ient. The fun
tion � is re
overed fromexperimental data. Note that �` as a fun
tion of the temperature is a 
onstitutive material lawthat, e.g. in frozen-soil s
ien
e, is measured dire
tly by nu
lear magneti
 resonan
e.The intra
ellular and extra
ellular salt 
on
entrations are estimated using the mass 
onservationlaw as follows: 
in = 
0inW 0
 =W
; 
out = 
0outW 0=W;where W 0
 and W
 are, respe
tively, the initial and 
urrent 
ell volumes, W 0 and W are the initialand 
urrent volumes of the unfrozen part of the pore. The 
urrent volume W at the time t is
omputed as W (t) = ZW 0 �`(�(t; x))dx;where �(t; x) is found using �nite element approximation of the phase �eld model (2.1). A typi
alform of the fun
tion W (t) is shown in Fig. 1.The 
ell region �(t) is sear
hed as the level set of a fun
tion 	(t; x):�(t) = fx : 	(t; x) � 1g; x 2 R3 (or R2):WW 0
tFig 1. Evolution of the volume of the unfrozen extra
ellular liquid versus time.



310 V. L.TurovaAssuming that the 
ell boundary propagates with the normal velo
ity Vn yields the followingHamilton|Ja
obi equation for the fun
tion 	(t; x):	t � �(
out � 
in)jr	j = 0 (2.2)with 	(0; x) = inff� > 0: x 2 � � �(0)g: Here jr	j denotes the Eu
lidean norm of the gradient.2.2. Rehydration of 
ellsIn the thawing phase, the osmoti
 e�e
t results in the 
ell in
ow and hen
e in 
ell swelling. Weuse the following mass 
onservation law for the salt 
ontent:W 0
 
0in =Ws 
0in +W` 
in; W
 =Ws +W`; (2.3)where W 0
 is the initial volume of the frozen 
ell; W
 is the 
urrent volume of the 
ell; Ws andW` are volumes of the frozen and unfrozen parts of the 
ell, respe
tively; 
0in and 
in are the salt
on
entrations in the frozen and unfrozen parts of the 
ell, respe
tively. From (2.3), one obtains
in = 
0in �1 + (W 0
 �W
)=W`�:We assume that W`(t) � ZW 0
 �` (�(t; x))dx;where the fun
tion �` shows now the volume fra
tion of unfrozen intra
ellular 
uid. The salt
on
entration 
out outside the 
ell is supposed to be 
onstant.Admitting that the propagation velo
ity Vn of the 
ell boundary is proportional to the di�eren
eof the 
on
entrations 
in and 
out, one arrives at the equation of the form (2.2).3. Finite-di�eren
e s
heme for solving Hamilton|Ja
obi equationHamilton|Ja
obi equation (2.2) is solved numeri
ally using a �nite di�eren
e s
heme for �ndingvis
osity solutions. This se
tion des
ribes a proper s
heme. Conventionally, the symbol jhj denotesthe absolute value of h in the 
ase of s
alar or the Eu
lidian norm of h in the 
ase of ve
tor.Consider a general form of the Hamilton|Ja
obi equation but assume for simpli
ity that thespatial variable is three dimensional:	t +H(t; x;	x) = 0; 	(0; x) = �(x): (3.1)Here x = (x1; x2; x3) 2 R3 ; t 2 [0;1); 	 : [0;1)�R3 ! R; and � : R3 ! R is some given fun
tion.Assume that the Hamiltonian H is de�ned asH(t; x; p) = maxv2Q minu2P hp; f(t; x; u; v)i;where f is the right-hand side of the following 
on
i
t 
ontrolled system_x = f(t; x; u; v); x 2 R3 ; u 2 P � Rp ; v 2 Q � Rq ; p; q � 3: (3.2)The fun
tion f is assumed to be uniformly 
ontinuous on [0;1) � R3 � P � Q, bounded andLips
hitz-
ontinuous in t; x, the fun
tion � being bounded and Lips
hitz-
ontinuous in x.Let �; �xi ; i = 1; 2; 3; are time and spa
e dis
retization steps. Introdu
e the following notation:	n(xi1; xj2; xk3) = 	(tn; i�x1 ; j�x2 ; k�x3); tn = n�
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onsider a di�eren
e s
heme:	n+1(xi1; xj2; xk3) = 	n(xi1; xj2; xk3)��H(tn; xi1; xj2; xk3 ;	nx1 ;	nx2 ;	nx3); 	0(xi1; xj2; xk3) = �(xi1; xj2; xk3):Here, the symbols 	nx1 ;	nx2 ;	nx3 denote �nite di�eren
e approximations (left, right, 
entral andet
.) of the 
orresponding partial derivatives.The s
heme 
an be 
onsidered as the su

essive appli
ation of an operator � to the grid fun
-tions: 	n+1 = �(	n; tn; �;�x1 ;�x2 ;�x3):Note that su
h an operator 
an be naturally extended to 
ontinuum fun
tions.De�nition 1. The operator � is monotone, if the following impli
ation holds:	 � �) �(	; t; �;�x1 ;�x2 ;�x3) � �(�; t; �;�x1 ;�x2 ;�x3);where the point-wise order is assumed.De�nition 2. The operator � has the generator property, if the following holds:�����(�; t; �; a1�; a2�; a3�)(x)� �(x)� +H(t; x;D�(x))���� � C�1 + kD�k+ kD2�k��for every � 2 C2b (R3 ), x = (x1; x2; x3) 2 R3 , and �xed a1; a2; a3 > 0. Here C2b (R3) is the spa
eof twi
e 
ontinuously di�erentiable fun
tions de�ned on R3 and bounded together with their twoderivatives, k � k denotes the point-wise maximum norm, D� and D2� denote the gradient and theHessian matrix of �.Theorem 1 (
onvergen
e, [10℄). . Assume that the operator �(�; t; �; a1�; a2�; a3�) is monotonefor any t; � > 0 and satis�es the generator property, then the grid fun
tion obtained by the pro
edure:	n+1 = �(	n; tn; �; a1�; a2�; a3�); n = 0; 1; : : : ; 	0 = �;
onverges point-wise to a vis
osity solution of Hamilton|Ja
obi equation (3:1) as � ! 0, and the
onvergen
e rate is p� .Let us des
ribe a �nite di�eren
e s
heme whi
h ful�ls the 
onditions of Theorem 1. The s
hemeis based on the operator introdu
ed in [5℄. The main idea is to use either the right or the left divideddi�eren
es for the approximation of the spatial derivatives 	xm , m = 1; 2; 3; depending on the signof fm, where fm is the m-th 
omponent of the right hand side of system (3.2).DenotepR1 = [	n(xi+11 ; xj2; xk3)�	n(xi1; xj2; xk3 ℄=�x1 ; pL1 = [	n(xi1; xj2; xk3)�	n(xi�11 ; xj2; xk3 ℄=�x1 ;pR2 = [	n(xi1; xj+12 ; xk3)�	n(xi1; xj2; xk3 ℄=�x2 ; pL2 = [	n(xi1; xj2; xk3)�	n(xi1; xj�12 ; xk3 ℄=�x2 ;pR3 = [	n(xi1; xj2; xk+13 )�	n(xi1; xj2; xk3 ℄=�x3 ; pL3 = [	n(xi1; xj2; xk3)�	n(xi1; xj2; xk�13 ℄=�x3 ;a+ = max (a; 0); a� = min (a; 0):In [5℄, the following approximation of the spatial derivatives is suggested:	nx1 � f1 = pL1 � f+1 + pR1 � f�1 ; 	nx2 � f2 = pL2 � f+2 + pR2 � f�2 ; 	nx3 � f3 = pL3 � f+3 + pR3 � f�3 ;where f1, f2, f3 are the right-hand-sides of system (3.2) 
omputed at (tn; xi1; xj2; xk3 ; u; v); pR1 ; pR2 ; pR3and pL1 ; pL2 ; pL3 the right and the left divided di�eren
es, respe
tively. Thus, the operator is given by�(	n; tn; �;�x1 ;�x2 ;�x3)(xi1; xj2; xk3) = 	n(xi1; xj2; xk3) � � maxv2Q minu2P 3Xm=1(pLm � f+m + pRm � f�m):(3.3)Here, the arguments tn; xi1; xj2; xk3 ; u; v of f�m and f+m are omitted for brevity.Let us prove that the operator � meets the requirements of Theorem 1. The following lemmashold.



312 V. L.TurovaLemma 1 (monotoni
ity). Let M be the bound of jf j. If a1; a2; a3 � Mp3; then the operator�(�; t; �; a�; b�; 
�) given by (3:3) is monotone.P r o o f. Suppose 	 � �. Let us show that �(	; t; �; a1�; a2�; a3�) � �(�; t; �; a1�; a2�; a3�):Denote h1 = (a1; 0; 0), h2 = (0; a2; 0), h3 = (0; 0; a3): We have�(	; t; �; a1�; a2�; a3�)(x)��(�; t; �; a1�; a2�; a3�)(x) = 	(x)� �(x)� � maxv2Q minu2P 3Xm=1�	(x)�	(x� hm�)am� f+m + 	(x+ hm�)�	(x)am� f�m�+ � maxv2Q minu2P 3Xm=1��(x)� �(x� hm�)am� f+m + �(x+ hm�)� �(x)am� f�m�:By rearranging terms and using the obvious relations f+m � f�m = jfmj and maxv minu g1(u; v) �maxv minu g2(u; v) � maxv maxu �g1(u; v) � g2(u; v)�, one obtains�(	; t; �; a1�; a2�; a3�)(x)��(�; t; �; a1�; a2�; a3�)(x) � 	(x)��(x)+ � maxv2Q maxu2P 3Xm=1 h�	(x� hm�)� �(x� hm�)am� � 	(x)� �(x)am� �f+m+ �	(x+ hm�)� �(x+ hm�)am� � 	(x)��(x)am� �(�f�m)i� 	(x)� �(x)� � 3Xm=1 jfmjam� �	(x)� �(x)� = �1� 3Xm=1 jfmjam ��	(x)� �(x)�:With 3Pm=1 jfmj � p3M one 
omes to 1� 3Xm=1 jfmjam > 0; whi
h �nally implies the required inequality.Lemma 2 (generator property). The generator property holds for the operator �.P r o o f. Let � 2 C2b (R3). Denote d1 = (�x1 ; 0; 0); d2 = (0;�x2 ; 0); d3 = (0; 0;�x3): We have�(�; t; �;�x1 ;�x2 ;�x3)(x) = �(x)� � maxv2Q minu2P 3Xm=1��(x)� �(x� dm)�xm f+m + �(x+ dm)� �(x)�xm f�m�:Estimate����(�; t; �;�x1 ;�x2 ;�x3)(x)� �(x)� +maxv2Q minu2P hD�(x); fi���= ����maxv2Q minu2P 3Xm=1��(x)� �(x� dm)�xm f+m + �(x+ dm)� �(x)�xm f�m�+maxv2Q minu2P 3Xm=1 ���xm (f+m + f�m)���� maxu2P maxv2Q 3Xm=1���� ���xm � �(x)� �(x� dm)�xm �f+m + � ���xm � �(x+ dm)� �(x)�xm �f�m����M kD2�k 3Xm=1�xm :Here M is the bound of jf j. Choosing �xm = am� and letting C = 3Pm=1 am yields����(�; t; �;�x1 ;�x2 ;�x3)(x)� �(x)� +H(t; x;D�(x)��� �M C kD2� k �:



Modeling osmoti
 de- and rehydration of living 
ells 3134. Three dimensional simulation of 
ell shrinkageThe �nite di�eren
e s
heme based on the operator � is implemented as a parallelized programon a Linux 
luster. We 
ompute the evolution of the 
ell boundary during freezing. The fun
tion fin our 
ase isf(t; u; v) = ��
out(t)� 
in(t)�+u+ ��
out(t)� 
in(t)��v; u; v 2 R3 ; juj � 1; jvj � 1:The spatial grid 200 � 200 � 200 for the 
ubi
 region 0:3 � 0:3 � 0:3 was utilized, and 1000 timesteps of the size � = 0:001 were done. The run time is about 26 minutes on 30 threads. The initialshape is presented in Fig. 2a. Figures 2b and 2
 show the 
omputed shape at the time instantst = 0:8 and t = 0:92:(a) t = 0 (b) t = 0:8 (
) t = 0:92
x3 x1x2

Fig 2. Osmoti
 
ell shrinkage during freezing.5. A

ounting for the membrane tension using rea
hable set approa
hIn reality, the deformation of the 
ell membrane depends on the membrane tension whi
h is afun
tion of the 
urvature. Therefore, a more realisti
 expression for the normal velo
ity of the 
ellboundary would be: Vn(t; x) = �(
out(t)� 
in(t)) + 
�(x);where �(x) is the angular 
urvature at the 
urrent point x of the 
ell boundary, and 
 is a 
onstant.The angular 
urvature is explained in Fig. 3. The 
orresponding Hamiltonian isH(t; x; p) = ���(
out(t)� 
in(t)) + 
�(x)�jpj: (5.1)Note that a

ounting for the 
urvature 
an alter the 
onvexity/
on
avity stru
ture of the Hamil-tonian depending on the state x.Instead of �nding vis
osity solutions to equation (3.1), the value fun
tion of an appropriate
on
i
t 
ontrolled problem with the Hamiltonian (5.1) will be 
omputed. We will treat this problemwithin the framework of [7, 8, 11℄. The 
onsideration will be 
arried out in R2 .It is easy to see that the 
on
i
t 
ontrolled system of the form_x = ��
out(t)�
in(t)+
�(x)�+u+��
out(t)�
in(t)+
�(x)��v; x; u; v 2 R2 ; juj � 1; jvj � 1 (5.2)has the Hamiltonian (5.1). The initial 
ell shape �0 = �(0) is 
onsidered as a target set of thedi�erential game where the 
ontrol u strives to bring the state ve
tor of (5.2) to �0, and theobje
tive of the 
ontrol v is opposite.



314 V. L.Turovax #�(x) = �#
x # �(x) = #x2 x1Fig 3. Explanation of the angular 
urvature.Sin
e only one 
ontrol is a
tive at every time t and every point x (the 
ontrol u a
ts, if Vn > 0;otherwise the 
ontrol v), one 
an redu
e the 
onstru
tion of level sets of the value fun
tion of system(5.2) to �nding rea
hable sets of the 
ontrolled system_x = signVn � u ; x; u 2 R2 ; u 2 jVnjS; S = fx 2 R2 : jxj � 1g (5.3)with �0 being the initial set.Denote by x(t;x0; u(�)) the state ve
tor of system (5.3) at time t � 0 provided that x0 is theinitial point at time t = 0 and u(�) is an admissible measurable 
ontrol a
ting on the time interval[0; t℄. The set of points rea
hable from �0 at time t isG(t;�0) = [x02�0 [u(�)x(t;x0; u(�)):The algorithm for the numeri
al 
onstru
tion of the sequen
e fGi = G(i�t;Gi�1), i = 1; 2; : : : ,G0 = �0g, is similar to that one des
ribed in [9℄. The di�eren
e is that the treatment of the 
asesof lo
al 
on
avity and lo
al 
onvexity alters depending on the sign of Vn.Simulation results showing the time evolution of the 
ell shape during freezing are presentedin Fig. 4. The sequen
e of rea
hable sets is 
omputed on the time interval [0; 0:645℄ with the timestep �t = 0:001, every fourth set is drawn. The restri
tion on the 
ontrol is u 2 jVnjP � S; whereP = fpijg is the 2 � 2-diagonal matrix introdu
ing anisotropy (p11 = 3; p22 = 1). For the leftpi
ture, 
 = 0, i.e. the 
urvature independent 
ase is 
onsidered. For the right pi
ture, 
 = 0:06.

�0
x2 x1Fig 4. Time evolution of the 
ell during freezing. To the left: without a

ounting for the 
urvature. To theright: with a

ounting for the 
urvature.
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 de- and rehydration of living 
ells 315Note that the low propagation velo
ity at the beginning of the pro
ess results in the a

umulationof lines (dark regions) near the initial 
ell boundary.In Figure 5, an example of the simulation of 
ell rehydration during thawing is presented. The
omputation is done on the time interval [0; 9:7℄ with the time step �t = 0:002. Every 100-threa
hable set is drawn. At the �nish of the pro
ess the stabilization of sets is observed due to thea
hieved equilibrium of salt 
on
entrations inside and outside the 
ell.
�0x2 x1Fig 5. Time evolution of the 
ell during thawing with a

ounting for the 
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