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ABSTRACT

The paper outlines two approaches to the modelling of a
biosensor which serves for the detection and quantitative
measurement of microscopic amounts of biological sub-
stances. The operation principle of this device is based on
the excitation, propagation, and detection of acoustic sur-
face shear waves in a multilayered structure that contacts a
fluid containing a protein to be detected. The mathemat-
ical model of such a structure involves large systems of
coupled partial differential equations that describe piezo-
electric, elastic, and hydrodynamic properties of the struc-
ture. Because of the short wavelength, the implementation
of such a model with finite elements in three dimensions re-
quires a very fine mesh and, therefore, forces to use parallel
computing. Thus, it would be useful to have a simple tool
for a fast preliminary analysis which would provide infor-
mation about the structure of solutions. The paper presents
such a tool developed using harmonic analysis techniques
that are based on the construction of travelling wave solu-
tions in the multilayered structure of the biosensor under
assumption that the structure is unbounded in horizontal
and downward directions. These assumptions are reason-
able because the real biosensor chip is embedded up to the
surface into a very viscose damping medium to exclude the
reflection of waves on side and bottom faces, which imi-
tates the above mentioned unboundedness.
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1 Introduction

The object of the modelling is a biosensor that serves for
the measurement of small amounts of diverse biological
substances in liquids. It can be considered as a multi-
layered structure (see Figure 1) whose bottom layer is an
ST-cut of piezoelectrie--quartz. Acoustic shear waves are

excited here by means of alternate voltage applied to elec-
trodes deposited on it. The waves are transmitted into a thin
film, isotropic guiding layer, deposited on the top of the

substrate. The top gold layer is covered by tiny receptors,
aptamers, which are able to bind proteins from the contact-
ing liquid specifically. When protein molecules adhere to
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Figure 1. Sketch of a biosensor

A high sensitivity regarding to the mass loading is
achieved due to the usage of shear horizontally polarized
guided waves (Love waves) because of their low interac-
tion with the contacting fluid. The input and output elec-
trodes are located between the substrate and the guiding
layer. To obtain purely shear polarized modes with the
displacements parallel to the-axis, the direction of the
wave propagation is chosen to be orthogonal to the crys-
talline X-axis. The choice of materials must ensure that
the wave velocity in the guiding layer is less than the one
in the substrate so that the waves will be transferred into the
guiding layer. We state a three-dimensional mathematical
model that describes the biosensor structure consisting of
five coupled layers: three solid layers with different elas-
tic and electric properties, a bristle-like aptamer layer and
a liquid layer considered as a weakly compressible viscous
fluid. Full coupling between the deformation and electric
fields is assumed. Thus, the presented model is an exten-
sion of the model described in [1].

The bristle-like aptamer layer cannot be modelled di-
rectly using liquid-solid interface conditions because the
number of aptamer molecules is giant whereas their thick-
ness is very small. A special homogenization technique
described in [2] enables to reduce the problem to the case
a bulk layer. According to this technique, the original
aptamer-fluid structure is replaced by an averaged mate-
rial whose properties are derived as the number of aptamer
molecules goes to infinity whereas their thickness goes to
zero but the height remains constant. Thus, we end up with
a new bulk layer whose thickness is equal to the height of
the aptamer molecules and whose behavior is described by

the receptors, the additional mass causes a phase shiftin the limiting equations.

electric signal which is measured on the output electrodes.

The presented paper discusses two complementary



approaches for the treatment of the basic model. These are
finite element (FE) method and harmonic analysis based on
the construction of travelling wave solutions in a relaxed
model. The FE-approach provides accurate results because
of accounting for the exact parameters of the sensor such
as the shape of the electrodes, their position, mass, electro-
conductivity properties. This allows us to estimate impor-
tant characteristics of the biosensor and effects caused by
scattering of waves.

The FE-model presented in this paper extends the one
described in [1] by additionally considering the gold layer
and the homogenized one that models the aptamer-liquid
structure. The model is numerically implemented with the
FE-program FeliCs developed at the Technical University
of Munich. The sparse linear algebra is supported by a
parallelized version of the library SPOOLES (see [3]). A
MAPLE-code for the automatic derivation of the model
equations is developed. This code computes the total en-
ergy and its variations in a symbolic form. This yields
the model equations in a form appropriate for the input of
FeliCs.

The main difficulty of implementation of the FE-
approach is very high resource-consuming due to a very
small wavelength. A large number of elementsaigt
direction is required to resolve the wave structure. The
number of degrees of freedom lies in the rang&@3t108,
which makes impossible simulations on stand-alone ordi-
nary computers and requires parallel computing.

Another approach is related to the harmonic analy-
sis developed in [5], which provides a method to construct
travelling wave solutions feasible in the biosensor structure
under assumption that the last is unbounded in the lateral
and downward directions. Such an assumption is very re-
alistic because real biosensor chips are imbedded up to the
surface in very viscose damping media to exclude the re-
flection of waves on the side and bottom faces. To some
extent, this is equivalent to the above mentioned acoustic
unboundedness.

The method can treat multi-layered structures con-
sisting of layers of different nature including piezoelectric,
isotropic, bristle-like, and liquid layers, which is sufficient
for the modelling of the biosensor. The structure assumes
to be unbounded and homogeneous in the lateral directions.
So that the electrodes cannot be taken into account. The
top and bottom layers may be either semi-infinite in the
vertical direction or they may contact with media such as
fluids, gases or vacuum. These simplifications prevent this
method from the accurate simulation of the biosensor. Nev-
ertheless, it can provide very important preliminary infor-
mation such as the wavelength and the displacement profile
in the transversal direction including the attenuation rates
of waves in the substrate and in the fluid. Such information
is very important for choosing optimal reliable finite ele-
ment approximations. Another advantage of this method
is its computational efficiency: the runtime on a common
personal computer lies in the range of seconds.

Thus, the following scheme of modelling is proposed.

First, the travelling wave harmonic analysis is being ap-
plied, which yields the wavelength and the transversal pro-
file of displacements and, therefore, the attenuation rate of
waves in the substrate (downward) and the fluid (upward).
This information is then used to formulate requirements on
the finite element mesh and to introduce special elements
whose shape functions decay according to the attenuation
rate of waves. The results of FE-simulations can then be
compared with the preliminarily computed characteristics
of the biosensor. If a characteristic of the biosensor can be
well computed both with the harmonic and finite element
methods, the harmonic method is preferable because of its
computational efficiency.

2 Statement of the basic model

We consider linear material laws for solids (see [6]) and
neglect nonlinear terms in the description of the fluid. This

is reasonable because displacements and velocities are very
small for the structure under consideration.

2.1 Basic equations for the layers

Let uy, ug, andug be the displacements iry, x5, andas
directions, respectivelyy;, v2, andvz the velocity com-
ponents) the pressurep the density. Open regions occu-
pied by the fluid, the aptamer-fluid layer, the gold layer, the
guiding layer, and the substrate are denotebyith the
subscriptsf, a, gold, guid, ands, respectively.

The constitutive relations for the piezoelectric sub-
strate in the case of small deformations are of the form:

@
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Here,o;; andey,; are the stress and the strain tensdps,

and E; denote the electric displacement and the electric
field; ex, exij, andCy;,; denote the material dielectric ten-
sor, the stress piezoelectric tensor, and the elastic stiffness
tensor, respectively. The corresponding governing equa-
tions for the displacements and the electric potential read:
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wherey is the electric potential such th&} = dp/0x;.

The gold layer is conductor so that there is no electric
field inside it. The electric field inside the guiding layer
is also neglected because of its low electric permeability
coefficient. Therefore, the equation (4) for the electric po-
tential disappears and these two media are described by the
equation of the form:
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In the fluid layer, the Stokes and mass conservation
equations hold:
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wherev and(¢ are the dynamic and volume viscosities of
the fluid, respectively. For weakly compressible fluids the
following substitutive equation holds (see [7]):

o) ~ a0 + 22).(0 - po). (®)

dp

0 .
Herea—g\s means the density change under a constant en-
P

tropy, oo denoteso(py). Substituting (8) into (6) and (7)
and neglecting the second order terms, we obtain the fol-
lowing governing equations for the fluid:
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wherey = i%\s is the compressibility of the fluid.
0o Op

A special homogenization technique developed in [2]
is used to treat the aptamer-fluid structure. The initial
bristle-like structure surrounded by the fluid is replaced by
an averaged material whose properties are derived as the
number of bristles goes to infinity whereas their thickness
goes to zero but the height remains constant. Thus, we end
up with a new layer whose thickness is equal to the height
of the aptamer. The governing equation for this layer reads
(see [2] and [5]):
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Here, the term containing the tensBrdescribes the vis-
cous damping that originates from the fluid part of the
bristle structure. The term containing represents elas-
tic stresses. The densipyis a weighted combination of
the density of the fluid and the density of the aptamer. The
tensorsP and C' are computed with FE-method using an
analytical representation of solutions of the so-called cell
equation which arises in homogenization theory.

2.2 Interface conditions

Figure 2 represents a cross section of the biosensor by the
planex, = const. The interfaces between the layers are
denoted byi'y, I's, I'3, andT'y. Here and below, the su-
perscriptss, guid, gold, a, and f indicate the relation to

the substrate, guiding layer, gold layer, aptamer layer, and
fluid, respectively.

The continuity of the displacements and the equilib-
rium of the normal pressures must hold on the interface
between every two neighboring solid layers (the averaged
aptamer-fluid layer is considered as a solid one). More-
over, the electric displacement and the tangent component
of the electric field in the substrate must be zerd grbe-
cause the electric permeability of the guiding layer is small.
Therefore, the following conditions hold on the interfaces:
iyonI'y:
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iii) on I's (see [5] for the expression of the pressure in the
homogenized layer):

uf? = ug, (18)
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The conditions on the interface between the aptamer layer
and the fluid include the no-slip assumption and the equi-
librium of the pressures. Thus, we havelon
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3 Finite element model

3.1 Adjustment of the basic model

The FE-model extends the basic model described above,
by taking into account additionally two alternated groups
of the electrodes and a damping area (see Figure 2) which
surrounds the biosensor and serves for suppressing wave
reflections on the side and bottom faces.

The electrodes are typically made of gold. Therefore,
they can be accounted for by the linear elasticity equation
(5) considered i), where . is the region occupied by
the input and output electrodes.
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Figure 2. Cross section of the biosensor.

The damping region includes a bottom strip and four
side strips. In practice, some adhesive material like sili-
con caoutchouc is stuck to the side and bottom faces of
the device. Accounting for the damping is done by adding
the term—div(5(z)Vu, ) to equations (3), (5), and (11),
whereg(z) is a piecewise-linear function which is equal to
zero outside of the damping region and grows up to some
Bo > 0 towards the side and bottom boundaries of the sen-
sor.

3.2 Boundary conditions

Since the FE-model is spatially bounded and the electrodes
are taken into account, conditions on the external bound-
ariesI'y andI's as well as conditions on the electrodgs
So, S3, and .S, (see Figure 2) should be specified in addi-
tion to the interface conditions (12)—(21).

The following boundary conditions are posed:

e Absence of forces ohfy.

e Continuity of the displacements on the boundaries of
the input and output electrodes.

e Equilibrium of the pressures on the boundaries of the
input and output electrodes.

e Dirichlet conditions for the electric potential:
vls, =0, ¢ls, =V (t), ¢|ls, = 0, and a conductivity
condition for the output electrodegis, = C(%).
Here, V' (t) is a prescribed exciting voltage, whereas
C(t) is the output voltage to be determined from the
equations.

e No-slip condition orl's: 7 = 0.

Note that the condition (20) is the most difficult to
fulfill because it is not embedded into the weak formulation
of the model equations. The following method from [8] is
used to treat the problem. A new variahleis introduced
and the variable transformation

t
U= Uy + /u‘idT
0

(22)

in all the equations and the boundary conditions is per-
formed. The condition (20) converts into the natural condi-
tionw? = v/ onTy.

3.3 Implementation features

The gold and aptamer layers are very thin comparing with
the thickness of other layers and the horizontal dimensions
of the biosensor. The thickness of the gold layer is about 40
nm, the thickness of the aptamer layer lies in the range of
several nanometers. Thus, the displacements in these lay-
ers are assumed to be constantin This allows us to sim-
plify the volume integrals describing the gold and aptamer
layers in the weak formulation of the problem: the volume
integrals degenerate to the plane integrals multiplied by the
layer thickness. Numerically, this means that planar finite
elements can be used for these layers.

4 Harmonic analysis (dispersion relations)

4.1 Description of the algorithm

The algorithm is described here quite briefly (see [4] and
[5] for more details). It is assumed that all the layers are
infinite in x; andz, directions, the top fluid layer and the
bottom substrate layer are semi-infiniterindirection. The
electrodes are not taken into account.

We are looking for solutions describing plain waves
propagating inc; direction, which means that the displace-
ments in the solid layers, the velocities in the fluid, and the
electric potential in the substrate are of the form:

u;(21,x3) = a;(xs) cos(kx1 —wt)+b;(z3) sin(kz —wt),

(23)
vi(21,23) = ¢;i(x3) cos(kr1 —wt) +d;(x3) sin(kzy —wt),
(24)
o(z1,23) = f(x3) cos(kxy — wt) + g(x3) sin(kz — wt),
(25)

wherek is the wave number andis the circular frequency
which is equal to the frequency of the voltage applied to
the input electrodes in our case. Substitute (23) and (25)
into (3) and (4) for the substrate; (23) into (5) and (11)
for non-piezoelectric layers and for the aptamer layer; and
(24) into (9) for the fluid layer. Equating the coefficients
on cos andsin, we obtain a system of ordinary linear dif-
ferential equations for the coefficients b;, ¢;, d;, f, g in
each layer. Solving these systems for every layer, we ob-
tain the representation of the functioas b;, ¢;, d;, f, g

in the following form (only the expression for the function

d = (a1, as,as3) is given here because the form of the other
functions is similar):

dws) =Y DIRIN o, (26)
J

where D7 are arbitrary coefficients\’ and i/ are eigen-
values and eigenvectors of the matrix of the corresponding



system of differential equations. For the semi-infinite fluid
and substrate layers, only terms decreasing towasder
the fluid and towards-z5 for the substrate, i.e. terms with
negativeRe)\’ for the fluid and positiveze\’ for the sub-
strate, are kept.

Every layer has its own set of coefficienis, eigen-
values)’, and eigenvectorEj . To find any particular trav-
elling wave solution in the whole structure we need to de-
termine the coefficient®? for each layer, which is being
done by substituting the expressions of the form (26) for
the functionsa;, b;, ¢;, d;, f, g into (23)—(25) and then
the resulting functions,, v;, ¢ into the interface conditions
(12)—(21). Since all the expressions (12)—(21) are linear,
this yields a homogeneous system of linear equations for
unknown coefficientd)’. Denote byG (w, x) the matrix of
this system. Fixing the circular frequeneyand denoting
the unknown wave velocity by = w/x, we can consider
G as a function of. The wave velocity is feasible if and
only if the system has a nontrivial solution, which is equiv-

alent to the condition: de’@T(V)G(V) = 0. The last

equation can be easily solved because the computation of
the left-hand-side runs very quickly even on an ordinary
computer. Usually, several roots are being found, which
corresponds to different types of waves propagating with
different velocities. When this method is applied to the
modelling of the biosensor, the root corresponding to the
shear wave (that is only, # 0) is to be chosen.

5 Simulation results

Both methods are used complementary for the simulation
of the biosensor.

First, the harmonic approach was applied to character-
ize shear waves feasible for the biosensor. The wavelength
obtained at this stage was then used to choose the number
of x1-subdivisions in the FE-model: there should be at least
five subdivisions per wavelength. Besides, the width of the
electrode plus the distance between the neighboring elec-
trodes should be equal to the wavelength. Moreover, the
harmonic approach was used to identify the degree of decay
of waves in the substrate and fluid layers. This information
was used to introduce semi-infinite finite elements whose
shape functions decay exponentially according to the at-
tenuation of waves in the substrate and fluid.

At the next stage, the FE-model was used to account
for fine details of the biosensor. Figure 3 shows the sec-
ond component of the velocity in the cutting plane passing
through the top face of the substrate. Figure 4 shows a ver-
tical cross-section of the graph from Figure 3 by the plane
xo = 1/2, wherel is thexs-size of the biosensor.

A number of simulation varying the frequency from
60 till 120 MHz were done. Figure 5 presents the depen-
dence of the wavelength on the excitation frequency (dis-
persion relation). The results obtained both with the har-
monic approach and through the FE-simulations are com-
pared. A very good agreement is observed.

Figure 3. Shear wave profile in the cutting plane passing
through the top face of the substrate.
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Figure 4. Shear wave profile along the lirg = 1/2,
x3 = 0, wherel is thexs-size of the biosensor.

Figure 6 shows an important characteristic of the
biosensor: the efficiency of wave excitation against the
number of the electrode pairs. Note that there exists an
optimal value which is specific for other constructive and
operating parameters of the biosensor.

6 Conclusion

A three-dimensional model of the biosensor is developed.
Two approaches to the treatment of the model are outlined.
The methods are considered as complementary tools that
should be applied together. The method based on the con-
struction of travelling waves in multi-layered structures al-
lows us to find many basic parameters of the biosensor very
promptly, i.e. without involving long computations. Thus,
the wave length and the velocity profile can be found at
this stage. These preliminary values can then be used to
adjust the FE-model, to estimate the number of necessary
elements, which enables to simulate the biosensor more ac-
curately. On the other hand, the dispersion relations can be
used for fast verification of results of FE-simulations.
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Figure 6. Efficiency of wave excitation (the insertion loss)
against the number of the electrode pairs. The insertion loss
is defined ag0 lg(output voltagdinput voltage)

The presented methods have been successfully ap-
plied to the development of the biosensor at the research
centercaesar at the design stage. The computational re-
sults show a good agreement with physical experiments.
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