ECHTZEITOPTIMIERUNG GROSSER SYSTEME

KARL-HEINZ HOFFMANN, NIKOLAI D. BOTKIN

Homogenization of a fully coupled
model for a nonlinear thin plate excited
by piezoelectric transducers

Preprint 00-25

SCHWERPUNKTPROGRAMM DER DEUTSCHEN FORSCHUNGSGEMEINSCHAFT



A fully coupled model of a nonlinear thin
plate excited by piezoelectric actuators

Karl-Heinz Hoffmann and Nikolai D. Botkin

Abstract. A model describing oscillations of nonlinear thin plates ex-
cited by patches made of a piezoelectric ceramic is considered. The specific
of the model is that the mutual coupling between elastic deformations and
electric fields is assumed. Partial differential equations describing the model
are stated and their solvability is proved. The question of homogenization
when the number of the piezoelectric patches goes to infinity whereas their

dimension goes to zero is discussed.
1. INTRODUCTION

This paper is a continuation of the work [1] where the interface between
electric fields and elastic deformations was assumed to be rather simple: elec-
tric fields generate elastic deformations but not vice versa. In this paper,
a full coupling between elastic deformations and electric fields is assumed.
This means that the generation of electric fields trough elastic deformations is
taken into consideration. Therefore, the model contains additional variables,
the potential functions, that describe electric fields arising both through the
voltage applied to the piezoelectric patches and due to elastic deformations.
The aim of this paper consists in obtaining partial differential equations de-
scribing the phenomena and in the statement of their solvability. The question
of homogenization is discussed.

It should be mentioned that the elasticity part of our model is the Karman
system (see [2]) with discontinuous coefficients and additional terms related
to piezoelectric properties of the patches. Thus, the model is applicable to
the case of “great” deformations: the bending must be much less then the
longitudinal dimension of the plate (see [3]). Taking into account geometrical
nonlinearities is motivated by the fact that linear models are applicable to the
case of extremely small bending that must be much less then the thickness of
the plate.

2. MODEL OF PIEZOELECTRIC MEDIA

We consider a macroscopic and quasi-static model of piezoelectric media. The
first characteristic means that the model contains only mean values of physical
magnitudes. The second characteristic assumes that the frequency of electric
fields is sufficiently small so that magnetic fields do not appear and electro-
magnetic waves are absent (see [4] for general models).



Assume that the deformations of the medium are sufficiently small and use
the following conventional form of the strain tensor:

i = 1/2(Upm + Uy + U+ Um),s

where u; = y;(z1,Z2,%3,t) — x; is the displacement. The summation over
the repeating indices is assumed. Latin symbols run from 1 to 3 whenever
Greek symbols run from 1 to 2. Commas before indices denote differentiation
with respect to the corresponding components of the vector .

Let 0;; be the stress tensor. We consider linear material laws (see [5]):

) 0ij = Cijkidys — €ij Eg,
D; = €ijEj + €;1dg-

The coefficients are such that

Cijki is the stiffness tensor,
Cikl is the piezoelectric tensor,
E4j is the permittivity tensor.

To cover all possible cases of piezoelectric ceramics, assume that all coefficients
may be nonzero and different. This is really the case for the triclinic crystal
systems (see [5]). In conclusion of this section, we give the formula for the
density of the energy of a piezoelectric medium (see e.g. [4]):

1
(2) X = i(o'z'jdz’j — E;D;).

3. OSCILLATIONS OF THIN PLATES

3.1. A plate with piezoelectric actuators. Without any loss of gen-
erality, we consider a thin plate supplied with two symmetric patches made of
a piezoelectric ceramic. The plate itself consists of a metal, and the horizontal
external surfaces of the patches are covered by a metal. Therefore, the voltage
can be applied to the patches as shown in Figure 1.

piezoelectric material

basis material

Figure 1.
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As usually, we assume the existence of a neutral plane on which all deforma-
tions caused by the “pure bending” are equal to zero (see Figure 2). Note
that the deformations caused by the stretching of the plate do not vanish on
the neutral plane.
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Figure 2.

Let S be the projection of the plate onto the plane 3 = 0, Sp the projection
of the piezopatches onto the plane z3 = 0, and Sg the complement of Sp,
i.e. S = SpUSp (see Figure 2). Let Ip and Ip denote indicator functions
of Sp and Sp respectively.

3.2. Kirchhoff-Love-Koiter hypothesis. Let () be a point of the plate
and M its orthogonal projection onto the neutral plane. Let u;, ¢ = 1,2,3
be components of the displacement of M. According to the Kirchhoff-Love-
Koiter hypothesis (see e.g. [6]), the components of the strain tensor at the
point ) are defined as follows:

daﬂ = 1/2(ua5/3 + uﬂya + u37au31/3) - I?’ ' ugzaaﬂ’
(3) 1 1
dza =do3 =0, d3z3 =————C3308das +
C3333 C3333
Note that the assumption d3q, = do3 = 0, @ = 1,2, means the absence of
transversal shear strains, which implies the conservation of the normal. The
component ds3 is computed from the relation o33 = 0, which expresses the in-
plain stress condition. Therefore, d3s is material and field dependent. Using
(1), (2), (3) and taking into account that o33 = 0 yield the energy density
for the piezopatches:

€r33Fk-

1 1
(4) P = chjﬂwdaﬂdw — €iapdapE; — 5ei; EiEj
where
C C C e; €;33€;
P 33aBV33vu 33a3€133 133€433
C =C ——— . €iaB = Ciaf—————, € = Ejit+——
abu i C3333 iof T Casa YT Oy



One can verify that the tensors Capﬂw
realistic materials. This means that

and €;; are positive definite for all

P
Cozﬂ'y,uraﬂr’ﬂi > VTapTap and eijEiEj > I/EzEZ

for all symmetric 1,5 € R?%? and all E; € R3, respectively. Substituting
relations (3) into (4), we obtain:

(5)

1 1 1
X" = SCapuSapsiut 5Ty s,0,8U8 v — CiapSasEi — S BiEj +

+ $3C§ﬁyusaﬂu3,7,u - $3eiaﬂu3,a,ﬂEia
where
Saﬂ = 1/2('[]1&”3 + uﬁ70‘ + u37a ) u35/6)'

The energy density of the base material is given by the formula

1 1
B_1lnp 2 B B
6) x° = §Caﬂw3ab’3w+§$3Caﬂw“3,a,ﬁu3mu + T3CaByuSapU3,y,u 5
where
By = Cug C3308C33vy
« - apyw — T~
pu C3333

with Cyg,,, being the stiffness tensor of the base material.

3.3. Electric fields in piezoelectric patches. Note that electric fields
in the upper and lower patches are independent each from other because of
the metal layer between them. The interface between the electric fields in the
piezopatches occurs due to deformation of the whole structure. Thus, we need
two potential functions to describe electric fields inside the patches.

Let us consider the upper piezopatch. Let Ej be the electric field in the upper
piezopatch. It is convenient to introduce a new variable Z = x3—(hp+hp)/2
such that z = —hp/2 if x3 = hB/2, and z = hp/2 if z3 = hB/2 + hp.

Since the patch is supposed to be thin, we assume that E; depends linear on

Z:
(7) Ej(z1,22,2) = E°(31,32) + ZE' (21, 22)

Let ¢ be the potential function for the upper piezopatch. Then

—= = F3(z1,29,2) = E(21,22) + ZE" (31, 72),



and hence
@(z1, 19, 2) = ZE®(x1, x2) + %22]31 (z1,22) + ¢(x1, T2).
From the boundary conditions:
o(z1,29,2) =v1, if 2= hp/2,
® @(z1,29,2) =0, if Z=—hp/2

we obtain that

0 U =1 . 4v9 8@3
E°(z1,29) = iy’ E (z1,22) = _E @.
Therefore,
_ 12, 4 5\ -
P = (Ez+@z >v1—|— (1—@z)¢.
Thus,

9) )
Bom (- 2 A2 (Let)u-ta

= = 3 = - —
0% h?, 0z,’ 0z hp  h%
Let us consider the lower piezopatch. We introduce a variable 2 = x3 +
(hB + hp)/2 such that z = —hp/2 if z3 = —hB/2 — hp,and z = hp/2
if z3 = —hp/2. The linear ansatz is used again:
(10) B(x1,m2,2) = E°(21,2) + 2 E' (21, 72).

Let ¢ be the potential function. Then

1
p(z1,12,2) = 2 E(z1,20) + §§2E1($1,$2) + ¢(z1,12).

Taking into account the obvious boundary conditions:

p(z1,22,2) =v1, if z=—hp/2,

(11)
p(z1,22,2) =0, if z= hp/2,
we obtain
V9 4vo 8?
E (.’L‘l,.’L'Q) __Ea E (xlal‘Q):E_@a
and hence



Thus
(12)

dp 4 5\ 04 dp 4 8
Ea_% <1_@£)87a’ E3_B_g_ (@é—g>v2—@§¢

3.4. Governing equations. Using (5), we obtain the energy densities of
the upper and lower piezopatches:

(13)
P _ 1 P 1 2 P E 1 EE
X = §Caﬁw3aﬂ3w+§$3Ca6w“3,a,ﬁ“3,%u ~ CiafSapli — S €ij Lill +

: _
+ Z3C0 gy pSaBU3,y,u — L3€iafU3a,6Ei,

(14)
p_1p 1 o p 1
X = 5caﬂ7u30ﬁ37u+§$3caﬂ7uu3,a,ﬁu3y%ﬂ — €iapSapl; — EGijEi Ej +
+ xscapﬂwsaﬁ“i’»,%u — T3€iapU3,a,6L;;
where E_j and E; are defined by (9) and (12) respectively. The total energy

is obtained via integration over the volumes of the piezoelectric and base
materials:

hB/2+hp —hB 2 —h,B 2
F = /d$3//x dmld.’li'z‘l- / d.T3//X d$1d$2+/d$3//x d.’L’ld.fL'2
hB/2 —hB/2 hp SP —hB/2 S

Substituting (13), (14), and (6) into this formula and taking into account (9)
and (12), we obtain after the integration over z3:



h3 hB + hP 2hp
Sp

h 5h h 5h
e3aﬂ3aﬁ”1 — (B2 + 282) e345U3,0,601 + €30550p2 — (B + 242) €345U3,0,502

hpeaﬂ ;ﬂi Baai 3:P €336 — 56304;7(;;?]1 + %633&1}1 - %633”?
14 hpeas (;% Baai 3:P €33 + géwﬁvz + %633@)2 - %633”5

- ghPe'yaﬁsaﬁ ;f _ (ks +3hp)hp eyaﬁ”&a,ﬁ% + %hPe?»aﬁu?»,a,ﬁﬁg
3hpewgsa[3 (98(/5 + (hp +3hP)h €yafU3,0,8 aa¢ + 3hP63aﬂ1,L3 a,gqﬁ}dmld@

h3
//{ aﬁ'msaﬁs’w_'_ 24 aﬂ’yuu3 aﬁu?’:’YN}dwldxz

The variational principle reads:

6ulF+//hpppu1tt5u1dm1dm2—I—//hB pBultt5u1d$1d$2+
S

5u2F+//hPﬂPu2tt5u2d$1d$2+//hB pBU2tt0U2dT1dTo+
Sp

6u3F+//h/P pP’U,3tt(5’U,3d:EldiL‘2+//hB pBU3tt5U3d$1dm2 :O,
S

(5(ng + 59F = 0.

Putting together the integrals over Sp yields a weak formulation of the prob-
lem:

(15) (P, D) + w' (@, ) — b'(a, b, %) — €' (@, ) = 0,
(16) a(e,7) + b(@, 7,@) — g(77,7) = 0,
(17) @(0) = o, @(0) = .

Here the following notation are used:



U= (Ul,UQ,Ug), 'l;: (¢1,¢2a¢3), $: (Qz,é), ﬁ: (7_],77)’ 7= (IUl’IUZ),

(i, ) = //{Ulwl + ugthy +u3¢3}d$1d$2,
s

/ Taﬁ (@ba,ﬂ + u3 az"l)3,ﬂ) + YaByuls, a,ﬂ¢3 Y, ,u}dxldx%

€,_.

=

@1
O:\

Taﬂ ("pa,ﬂ +1 U3 a"l)3,ﬂ) + YaByuts3, a,ﬂ¢3 v, ,u}dxldx%

[ {0e109(@+8) W5 + usatns) -
Oesas (B + B0+ 0€rap(bey — b Vs 0, pdmrdas,
.3 = [ [ {berapB+8,) W+ busatas) -
Sp
Oe3as(P + P)P3.0,8 + 0€yap(dy — Q’,y)@bS,a,ﬂ}dmldm?a

ﬁ 1; 77 // 63a,3 1/)a,ﬂ+u3 a¢3 )(vl_U2)+£e3aﬂ¢3,a,ﬂ(’01+’02)},
e(, 4, 7) // B €308 (a,s+3u3,a13,8) (V1 —v2)+Lesapths, a,ﬂ('Ul"HJQ)},
Sp

9(77,7) = // { — kegyn V1 + gessnur + kGS’yﬂ,,yIUZ + 96333712}6156161332,
Sp

2h
p= (pB + 3 Ppp) Ip(z1,22) + pBlIB(21,22),



2hp
Capyp = (Cgﬁw + chﬂw) Ip(x1,22) + cagyulB(e1, 22),
TaB = CaByuSaBy Saf — 1/2('”04,5 tUuga t u3’au3’ﬁ)’

Yafyu = [1_]280(1/3’7# + <6hPB + 2hg ) Caﬁ’m] Ip(z1,x9)+

h% B
Ecaﬁ'yuIB(mla $2)7

2hp (hB—I—hp)hp 1 5hp
0: _— = - e: — R —
hg o C 3hp 2 T 6hg
L 8he 16 8 L 2
~ 15hg’  3hphg' 7 3hphg' © 3hp

The variations 64 = (du1, dug, dus) and 5$ = (69, d¢) were replaced by test
functions 9 = (1,%2,%3) and 7 = (7,n) from V = (H&(S))2 x HZ(S)
and ® = H'(Sp) x H'(Sp) respectively. Let us denote H = (Lg(Sp))g.

We end up this section with the classical formulation of equations (15),(16)
and (17).

2 —
pu3 tt"‘%(Taﬁu&a)"‘az?—a% (YaBryp3,,8) —0€yap % (IPUS,a(¢,7+Qﬁ))+
))—

_ 2
hBlegaﬂ%(IPu?),a)(’Ul —vg) — fegaﬂawf—awﬂIP(’Ul +vy) =0,

2 - 2 -
Oesap —amfawﬂ (Ip(¢ + ¢)) — 7erap —awfaw_ﬂ (Ip(¢y— ¢,

puis — %ﬁg + Hevlﬁ%(IP((l_s,'y +9 )+ hy'esip %IP(UI —wg) =0,

pu2tt — %Tm + 0672ﬂ%(IP(<13,7 ‘I'Q,v)) + h1_91632ﬂ %Ip(ih —v2) =0,

aeaﬂ(/_),a,ﬁ + b€33§1_5 + gewaﬂ%(uazﬂ + U3,au3,ﬂ) + 0€yap %U?),azg

—be3apus,azs — gessv1 = 0,

ol 0
aeaﬂé,a,ﬂ + beszgp + Gemgﬁ(uawﬂ — U3,4U3,8) — O€yag B, U3,0zp

—0e30pu3,005 — geszva = 0.

Remember that:

Taf = Cafiv (u)\ﬂ, +uy+ ’U,37)\’U,3,,/) is the in-plane stress tensor,
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Cafrvs Yafrvs P are discontinuous piecewise constant functions,
the discontinuity arises due to the patches,

v1(t), v2(t) are the applied voltages,

Ip is the indicator function of the patch region,

hpa,b,8,0,4, €08, €np are constants.

4. EXISTENCE OF SOLUTIONS

We say that functions
@€ Ly(0,T;V)NHY0,T; H), ¢e L*0,T;d)

satisfying the initial conditions %(0) = 7y form an energy solution to system
(15)-(17), if the following equalities hold:

B € Ly(0,T; V) N Hy(0,T; H), 7€ L*(0,T;®).

Here the index T" points out to the additional condition: 1; (T) =0.

Theorem. Let iip € V, @l € H, and 7 € H'(0,T; R?). Then the system
(15)-(17) has an energy solution such that

i € Loo(0,T5V), il € Loo(0,T5H), ¢ € Loo(0,T;®). M

Sketch of the proof. Let {&;}>°, be a basis of V and {é;}fil a basis
of ®. Consider Galerkin approximations of the form:

m m
(20) am =Y al ()@, "= (1),
=0 1=0

where a]"*(t), ¢"*(t) are unknown functions of ¢. Using properties of the forms

appearing in (18), we obtain the following energy estimate:
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(21)

Using the Gronwall-Lemma yields:
171 + lsaplZos) + 1ufia,sl 7. + 16713 < C,

where C depends on ||@o]|%, ||@g]|%, Hﬁ”%ﬂ(o 7 and tends to zero as o llZ,
||| and ||17||%11(0,T) go to zero. Now, using arguments similar to those in
[1], we establish that

1 1% + @™ 1% + 16715 < ©

for all ¢ € [0, T]. Therefore, we have established that
{@™} is bounded in L (0, T; V),
(22) {@;"} is bounded in Lo (0,7 H),

{#™} is bounded in Loo (0,77 ®).

From the compactness of the embedding HZ(S) C W14(S), for any ¢ > 1,
and from (22) we conclude that {u]'} is relative compact in C ([0, T'); W4(S))
for any ¢ > 1 (see [7]). The estimate obtained implies the following conver-
gence:

uf = ud  weak* in L (O,T; Hg(S)),
ult — ud, weaks in Lo (O,T; LQ(S)),
(23) udt — ud in C([o,TJ; Wl’q(S)),

7

ul — ud  weakx in Lo (0,T; Hy(S))
(5))

¢™ — ¢° weaks in Lo (0,5 H'(Sp)),

upy — ud, weaks in Lo (0,T; Lo(S)

bl

" — QO weak#* in L (O,TQ Hl(SP))'

This is sufficient to prove the pass to the limit in the nonlinear terms of the
energy formulation, which completes the proof.ll
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5. CONCLUSION REMARK

We have proved the existence of energy solutions under assumption that the
time derivatives dv; /dt and dvy/dt are quadratic integrable. To prove the
uniqueness, it is necessary to establish some additional smoothness of solu-
tions maybe under additional assumptions on the initial data and the controls
v1 and v9. Some arguments show that the smoothness can not be improved
in such a way because of the discontinuity of the coefficients and the presence
of terms like AIp € H~2(S) on the right-hand-sides of the equations.

Now we want to say a pair words about the homogenization of the equa-
tions when the number of the piezoelectric patches goes to infinity whereas
their dimension tends to zero. This problem was solved in [8] for the case of
electrically uncoupled model (see the introduction).

Sp

€

"B
H B

Figure 3. Self similar structure.

The condition O¢/ 0filasp, = 0¢/0fi|asp, = 0 allows us to apply a method
for homogenization of perforated domains developed by G.Allaire (see [9]).
Roughly speaking, the mechanical equations will be homogenized as in [8].
When homogenizing the field equations, we consider the patches as an “elec-
trically solid” part of S. The complement Sp to the piezoelectric patches is
considered to be “electrically void”. The application of the modified two-scale
convergence proposed in [9] yields the result like the one obtained in [8].

Note that, the approximation O¢ /07 |65Ps = 0¢/ ('9T_L'|5~SPE = 0 is not realistic
for the homogenization. Actually, we have to solve the field equation outside
the piezoelectric patches. The jump condition should be taken into account.
Some analysis shows that the potential functions decrease very rapidly outside
the patches. So, the normal derivative is very small on the boundary of Sp
but, if the density of the piezoelectric patches grows, each of them interacts
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with many others. This interaction can be treated using quadrupole approx-
imation to the exact global solution of the field equation.
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