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Abstract. Stable approximation schemes for solving Hamilton—Jacobi-Bellman—Isaacs equa-
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Key words. Hamilton-Jacobi and Bellman—Isaacs equations, differential game, finite difference
scheme

AMS subject classifications. 49N90, 49120, 49125, 34K28

DOI. 10.1137/100801068

1. Introduction. Numerical methods for solving general Hamilton—Jacobi equa-
tions have been intensively developed within the last two or three decades (see, e.g.,
[9], [23], [17], [18], [1]). The present paper deals with Bellman-Isaacs equations arising
in the theory of differential games. This is a special case of Hamilton—Jacobi equations
where Hamiltonians are represented as a max-min of the scalar product of the impulse
variable and the right-hand side of the conflict-controlled system. Such Hamiltonians
are generally nonlinear in the state variable and neither convex nor concave in the
impulse variable. There are different approaches to treat Bellman—Isaacs equations
numerically. Papers [28], [29] propose a finite-difference method that requires the
computation of generalized gradients of local convex hulls of approximate solutions.
In [5], an approach based on the approximation of viability kernels [2] is presented.
A discrete version of the dynamic programming method is developed in [3], [6]. The
thesis [16] describes application of the level set method [22] to the computation of
viscosity solutions of Bellman-Isaacs equations.

Our research relies on the works [23], [24], and [4], where finite-difference schemes
based on monotonicity properties of the difference-scheme operator are proposed. It
should be noted that results of [23], [24] cover differential games with fixed termi-
nation time. In [4], the approach of [23] and [24] is extended to differential games
with nonfixed termination time. The monotonicity of the difference-scheme operator
is achieved by a special change of variables of the controlled system, which trans-
fers the Hamiltonian into a monotone increasing in impulse variables function. The
disadvantage of such an approach is that the change of variables increases the Lips-
chitz constant of the Hamiltonian, which usually restricts the applicability of such a
technique to the case of small time intervals.

In the paper [14], a sort of “upwind” finite-difference scheme for solving Bellman—
Isaacs equations was proposed. Apparently, due to the absence of a rigorous proof of
the convergence, this work remains unvalued. Nevertheless, the idea of the difference-
scheme operator proposed there seems to be very fruitful. One of the objectives of
our paper is to prove the convergence of the upwind difference scheme from [14].
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STABLE APPROXIMATION SCHEMES 993

The idea of the proof is based on the results of [23] and [4]. Moreover, we consider
another numerical method based on a max-min representation of solutions [24]. From
the point of view of game theory such an operator implements the straightforward
computation of the programming max-min [12], [13], [26].

Both the upwind difference scheme and the max-min grid operator are imple-
mented as parallelized computer programs for multiprocessor computers. Several
nontrivial test examples, including the two-dimensional homicidal chauffeur game,
three-dimensional two cars and Dubins’ car games, and four-dimensional isotropic
rockets game are presented.

2. Differential games and Hamilton—Jacobi equations. Consider the dif-
ferential game

(2.1) z = f(t,x,u,v),

where x € R" is the state vector, and v and v are control parameters of the first and
second players restricted as

(2.2) ue PCRP, ve@ C R

Here, P and @ are given compacts. The game starts at to € [0,¢f] and finishes at ¢;.
The payoff functional defined on the trajectories of system (2.1) is

(2.3) J(z(-)) = max (or) min o(t,z(t)),

tE[to,ty]

where o : [0,tf] x R"™ — R is a given function. The objective of the control u (the
first player) is to minimize functional (2.3); the objective of the control v (the second
player) is the opposite. The players utilize feedback strategies that are arbitrary func-
tions depending on time and state, which requires a special definition of trajectories
of (2.1).

Assume that the following conditions are fulfilled:

(f1) The function f is uniformly continuous on [0,%] x R" x P X Q.

(f2) f is bounded, i.e.,

[f(t 2, u0)| < M

for all (t,z,u,v) € [0,t5] x R" x P x Q.
(£3) f is Lipschitz-continuous in ¢, z, i.e.,

|f(t1,$1,U,'U) - f(t25$27uav)| < N(|t1 _t2| + |ZI;1 _$2|)

for all (t;,z;,u,v) € [0,tf] x R* X P xQ, i =1,2.
(f4) o is bounded and Lipschitz-continuous in ¢, z, i.e.,

|U(t,$)| <Co
and
lo(t1,21) — o(te,x2)| < K([t1 — ta| + |21 — 22])

for all (¢t,x), (t;,z;) € [0,t5] x R™, i =1,2.
(f5) f satisfies the saddle point condition, i.e.,

i l, f(t = in{l, f(t
glelglgleaéd [t w,u,v)) glggglég( [tz u,v))
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994 N. D. BOTKIN, K.-H. HOFFMANN, AND V. L. TUROVA

for any £ € R", (t,x) € [0,t¢] X R".

(tsa) f(t, z,u,v) = f1(t,z,u)+ fo(t, x,v), where fi (resp., f2) is linear in u (resp.,
in v) for all fixed ¢,z. Obviously, (f5a) implies (5).

Remark 2.1. Assumption (f2) is not limitative because the computations are

restricted to a bounded domain.
The game (2.1)—(2.3) is formalized as in [12], [13], [26]. The players use feedback
strategies which are arbitrary functions:

PZ[O,tf] X R" — P, Q:[O,tf] X R" = Q.

For any initial position (to,zo) € [0,tf] x R™ and any strategies P and Q, the two
functional sets X (to, o, P) and Xa(to, o, Q) are defined. These sets consist of limits
of step-by-step solutions of (2.1) generated by the strategies P and Q, respectively
(see [12], [13], [26]).

It is well known due to [12], [13], and [26] that, under assumptions (f1)—(f5), the
differential game (2.1)—(2.3) has a value function V : (¢t,2) — V(t,z) defined by the
relation

V(t,z) = mi J(x()) = i J(x(-).
(t, z) min o max (2(-)) mAx o (2(-))

The value function is bounded and Lipschitz-continuous in ¢,z (see [26]), i.e.,
V(t,z)|<C
and
[V (t1,21) = V(ta, 22)| < L([t1 — to| + |21 — 2])

for any (t,x), (t1,21), (t2,2) € [0,tf] x R™.
The value function is a viscosity solution of the following Isaacs—Bellman/Hamil-
ton—Jacobi equation

(2.4) Vi+ H(t,z,V;) =0
with the Hamiltonian

H(t,xz,p) = Ueaggleig@,f(t,x,u,v»

and the conditions
V(t,ﬂ?) < O’(t,ﬂ?), V(tf,ﬁl?) = U(tf,ﬂ?).
Viscosity solutions in the case of functional (2.3) are defined (see [4]) through a pair

of typical differential inequalities (cf. [8], [7]):

0
(2.5) a—f(soayo) + H(s0, Y0, Dp(50,%0)) > 0

for any point (so, o) € (0,%5) x R"™ and function ¢ € C1((0,t5) x R™) such that V —¢
attains a local maximum at (s, yo); and

0
(2.6) a_f(s()ayﬂ) + H(s0, Y0, Dp(s0,90)) <0
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STABLE APPROXIMATION SCHEMES 995

for any point (so,y0) € (0,t5) x R", satisfying V(so,%0) < 0(s0,¥0), and function
€ C1((0,tf) x R"™) such that V — ¢ attains a local minimum at (so,yo). Inequalities
(2.5) and (2.6) can be easily derived from the results obtained in [27] (see also [25]) by
taking into account that the condition for the upper, respectively, lower directional
derivative from [27] is locally equivalent to (2.5), respectively, (2.6).

In the next section, approximation schemes for solving Hamilton—Jacobi equation
(2.4) will be discussed and corresponding convergence results will be given.

3. Approximation schemes and convergence results. In the paper [4], a
finite-difference scheme for finding viscosity solutions to (2.4) with the payoff func-
tional of the form (2.3) was proposed. The scheme is based on a solution operator
which can be considered as a modification of the abstract solution operator intro-
duced in [23]. Similarly to [23], the convergence result is based on the monotonicity
property of the solution operator. This monotonicity property can be achieved if the
Hamiltonian is monotonic in the impulse variable. The required monotonicity of the
Hamiltonian can be obtained by a certain transformation of the variables ¢ and x.
However, the change of variables disturbs the Lipschitz constant of the Hamiltonian
in the impulse variables. The latter forces another change of variables, etc., which
restricts the applicability of such a technique very strongly.

In this paper, two finite-difference schemes which are free from the above drawback
are proposed. The first scheme is based on a difference-scheme operator introduced
in [14]. The main idea here is to use either the right or the left divided differences
for the approximation of the spatial derivatives V,, ¢ = 1,...,n, depending on the
sign of f;, where f; is the ith component of the right-hand side of the controlled
system. The second scheme, which can be referred as the direct one, is related to
the computation of the alternate programming max min (see [12]) and uses linear or
multilinear interpolations of grid functions.

Let 7, A4y, ..., Ay, be time and space discretization step sizes. Denote t,, = m7
and introduce the following notation:

V™@iy, .oy xiy) = V(tm, 185, 10y, ), m=0,..., M, where M7 =t;.
Consider the difference scheme

Vm_l(mﬁv'- "xin) = Vm(xiu- --7'1;1'") +TH(tmaxi17xi27-- .,ZIJZ'",V;?,. '-anT:)a

VM(QJil,...,ﬂiin) = U(tf,xil,...,xin).

Here, the symbols V;”,..., V" denote finite-difference approximations (left, right,

central, etc.) of the corresponding partial derivatives.
The scheme can be considered as the successive application of an operator II to
the grid functions:

mel :H(Vm§tma7—aAw1a~'~aAwn)7 m:M’M_l""’]"

Note that such an operator can be naturally extended to continuum functions.
DEFINITION 3.1. The operator I1 is monotone if the following implication holds:

VW=Vt 1, Ay, Ay) STI(Wit, 7, Mgy, o, Ay,

where the pointwise order is assumed.
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996 N. D. BOTKIN, K.-H. HOFFMANN, AND V. L. TUROVA

DEFINITION 3.2. The operator 11 has the generator property if the following
estimate holds:

H(¢7 ta 7,417, ... ,anT)(ﬂf) - d)({l:)

T

— H(t,x,D¢(z))| < C(1+ | Dg| + || D*¢|) T

for every ¢ € CZ(R™), x € R", and fized ay,...,a, > 0.

Here CZ(R") is the space of twice continuously differentiable functions defined
on R" and bounded together with their two derivatives; | - || denotes the pointwise
maximum norm, and D¢ and D?¢ denote the gradient and the Hessian matrix of ¢.

THEOREM 3.3 (convergence [4]). Assume that the operator II(-; t, T, a17, ..., anT)
is monotone for any T > 0 and satisfies the generator property; then the grid function
obtained by the procedure

V™t =max  (or) min{IL(V™;ty,,T,a17,...,a,7), 0o}, VM =g,

converges pointwise to the value function of the differential game (2.1)—(2.3) as 7 — 0,
and the convergence rate is \/T.

Remark 3.4. Theorem 3.3 refers only to the monotonicity and generator prop-
erties of the operator II. Really, some secondary properties have to hold to claim
the convergence (see [23] and [4]). We omit here the discussion of them because they
obviously hold for the operators II considered below.

The next lemma gives conditions which provide the monotonicity of II. Denote

p{% = [Vm(xi1+17xi27 s 7xin) - Vm(xiwxizﬂ s 7xin)]/Aw17
pg = [Vm(xi1,$i2+1,...,$in) - Vm(xiwxizﬂ'"7xin)]/Aw27
p’rIL% = [Vm(xi1,$i27 R 7xin+l) - Vm($i17$i2, cee 7xin)]/Awn7
pf = V™ (@i, igs -y iy,) = V(@i -1, Ty -5 T, )] [ Dy
p% = [Vm(miuxiw .- "xin) - Vm(mhaxlﬁ—la s 7xin)]/AI25
pﬁ = [Vm(xil,xiQ, .. .,{Ein) - Vm(xil,xiQ, .. .,{Einfl)]/Awn.
LEmMMA 3.5. If H(t,z1,...,Zn,p1,-..,Dn) decreases (resp., increases) in p1,.. .,

Pn, then the approvimation V' = plt,. .., Vin = pl (resp., Vil = pl..., Vi = pL)
yields the monotonicity of the operator I1(-;t, 7, a17, ..., anT), provided that a; > A\/T,
where A is the Lipschitz constant of H in p1,...,pn.

The monotone decrease of H can be achieved through the following transformation
of variables in the controlled system:

t=a+4+C(ty — 1),

where C' > A is a constant. Note that such a variable transformation changes the Lip-
schitz constant of the Hamiltonian in the impulse variables. Therefore, the condition
C > A’, where A’ is the new Lipschitz constant, can be violated, so that the desired
monotonicity cannot be guaranteed. It should be stressed that such a situation is
typical, and, therefore, this technique is applicable for small values of ¢ only, which
makes treatment of realistic tasks impossible. We omit the proof because our method
does not rely on this lemma.
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STABLE APPROXIMATION SCHEMES 997

3.1. Upwind solution operator. Let us investigate the solution operator pro-
posed in [14]. We will prove that this operator is originally monotone and does not
require any transformation of variables. Unfortunately, the convergence arguments
given in [14] are very sketchy and not strong. They are solely based on topological
considerations and do not take into account the nature of viscosity solutions. Never-
theless, the idea of the operator proposed is brilliant. Denote

at =max (a,0), a~ = min (a,0).
In [14], the following approximations of the spatial derivatives are suggested:

Vit fi=pi el

where f; = fi(tm,%iy,---, %, ,u,v), i = 1,n, are the right-hand sides of the con-
trolled system computed at (ty,i,,...,;,,u,v), and pf and pl the right and
the left divided differences, respectively. Here and in the following, the arguments
tm, iy, -, %, ,u, and v of the functions f; are omitted for brevity. Finally, the

operator is given by
(31) H(Vm; tm, T, Awl, ey Amn)(fil yooe e ,{Ein) = Vm(xil, N ,$in)

+ 7 max mig (pZR fi +pk. fi_).
LEMMA 3.6 (monotonicity). Let M be the bound of the right-hand side of the
controlled system. If a; > M+/n, i = 1,n, then the operator 1(:;t,T,a17,...,anT)
given by (3.1) is monotone.
Proof. Suppose V < W. Let us show that

I(Vit,r,a17,...,an7) <IO(W;t, 7,017, ..., anT).
Denote 1 = (a1,0,...,0), b2 = (0,a2,...,0),...,5, =(0,0,...,a,). We have
IL(V;t,m,a17, ... an7)(x) = IL(W;t, 1,017, ..., anT)(2) = V(z) — W(x)

+ T[maxmin (V(x +bi7) — V(@) . f;r + V(z) = V(z —biT) . f;)
vVEQ ueP =1 a; T a;T
— max min (W(x +bir) — Wiz) . f:r + W(x) — Wz —bi7) . f;)}
vEQ ueEP P a;T T
By rearranging terms and using the obvious relations f;" — f;” = | fi| and max, min,,

g1(u, v) — max, min, gs(u,v) < max, maxy[g;(u,v) — ga(u,v)], one obtains
I (Vit,7,a17,...,a,7)(x) — II(W;t, 7,017, ..., a,7)(x) < W(x) — V()
- {(V(x +him) =W +hit) V(z)— W(gc))fﬂr

a;T a; T

-+ 7T max max
vEQ uUEP 4 T
i=

. (V(x —bit) W —bit)  V(z)— W(:v))(_f;)}

a;T ;T
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With 37" |fil < /n).._, f? one obtains 1 — Y | ‘g?l > 0, which finally implies
the required inequality. O '

LEMMA 3.7 (generator property). The generator property holds.

Proof. Let ¢ € CZ(R") and (x1,...,2,) € R". Denote 91 = (A;,,0,...,0),02 =
(0,Az,,...,0),...,0, =(0,0,...,A,, ). We have

(58,7, Agys o Ag, ) (@) = ()

ey D (P gt SRR )
Estimate
11(¢; A$1a R Azn - .
‘ (¢3t, 7, : )(z) = px) max min(De(x) f>‘
= | maxmin ((b(x * Z) — ¢(x) fl_+ + o(x) _A‘b(x - Di)fi_)

VEQ UEP 4
i=1

-y 2o )] < ey | (A= )

vEQ ueP ueP veQR 8{Ei

H(HE= )

< M||D%| Y A,
=1

Choosing A, = a;7 yields
‘H(gb; 6T Ay, A ) () — ()

T

. H(t,x,ng(x)‘ <MC | D% |

where C =>"" | a;. a
Thus, the operator considered satisfies the conditions of Theorems 3.3.

3.2. Direct solution operator. We describe now a solution operator related
to the successive direct computation of the programming max-min (see [13], [24]).
Such an operator was, for example, considered and effectively implemented in [6] in
the case of the absence of the second player. The last restriction was caused by
the complexity of the computation of the operation max,cq min,cp applied to a
nonlinear function. We will show that if (f5a) holds, the computation can be reduced
t0 MaXyeew Q MiNyeo: P, Where “ext” returns the set of the extremal points, i.e.,
vertices, if P and @ are polyhedrons. Moreover, the convergence holds for any relation
between the spatial and time step lengths.

First of all, an interpolation technique is required to extend grid functions to
continuum ones. The multilinear interpolation of grid functions will be used.

Let k € 1,27 be an integer, and (jF,...,j¥) is the binary representation of k so
that jF is either 0 or 1. Thus, each multi-index (j¥, ..., j*) represents a vertex of the
unit cube in R™, and k numbers them. Introduce the following functions:

n

(3.2) We(T1y .oy Tpn) = H(l - xi)lfjfxzi , k=1,...,2™
i=1

Note that the member with the number 4 in the product (3.2) is either 1 — x; or z;
depending on the value of jf Assume that every axis x;, i = 1, n, is divided with the
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STABLE APPROXIMATION SCHEMES 999

spatial step A,,. Consider a point © = (z1,...,2,) € R"™. Denote by z, the lower and
by T; = z; + A,, the upper grid points of the axis z; such that z;, < x; <7T;. Let Vj,
k=1,...,2", be the values of a grid function in the vertices of the n-brick [, [z;,Z;]
(the vertices are ordered in the same way as the vertices of the unit n-cube above).
The multilinear interpolation of V' at (x1,...,zy,) is

Ay T A,

n

La[V](z) = i"k .wk(“”l L N x”‘%).
k=1

Thus, an interpolation operator La is defined.
The “direct” grid operator is defined as follows:

(33) H(Vm;tmvTvAQ?lv"'aAIn)(x’h?"wxin)
= IgleaggggﬁA[V @iy, +7f15 s mi, +Tfn).
LEMMA 3.8. The operator I1(-;t,7,a17,...,a,7) given by (3.3) is monotone for

any parameter set and possesses the generator property.
Proof. The monotonicity of II follows evidently from its definition. The generator
property can be proved similarly to Lemma 3.7 utilizing the observation that

1£a[0] = ¢l < Cmax{Aq,,..., Ar, } | D]

for any ¢ € CZ(R"™). Here, ¢ is the restriction of ¢ to the grid, || - || is the point-
wise maximum norm, D?¢ is the Hessian matrix of ¢, and C is an independent
constant. a

Thus, the operator considered satisfies the conditions of Theorem 3.3.

In the three-dimensional case, a linear tetrahedron-based interpolation of grid
functions can also be used. We divide every brick of the rectangular grid partition
of R? into tetrahedrons T, k = 1,6, that have no common interior points (see Fig-
ure 3.1). For (z1, 2, x3) € Tg, let LA[V](z) be the linear interpolation of V' spanned
on the vertices of Tx. Thus, the interpolation operator LA uniquely extends a grid
function to a continuum piecewise linear function. The “direct” grid operator is de-
fined as before by (3.3).

In two dimensions, the linear approximation can be achieved by dividing each
grid rectangle into two triangles.

Remark 3.9. If condition (f5a) is fulfilled, then the operation max,cqo min,ep in
the definitions of the operators (3.1) and (3.3) can be replaced by max, e @ Minye e P,
where “ext” returns the set of the extremal points. In particular, “max-min” can be
computed over the set of vertices if P and @) are polyhedrons. The proof of the
monotonicity is the same because the structure of the sets P and Q) appearing in the
definition of the operators is not used. To prove the generator property, it is suffi-
cient to observe that the Hamiltonian is equal to that computed using the sets ext P

Fic. 3.1. Tetrahedron partition of a cube.
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1000 N. D. BOTKIN, K.-H. HOFFMANN, AND V. L. TUROVA

and ext @ whenever condition (f5a) holds. Note that this remark is very important
for numerical implementations of the operators (3.1) and (3.3) because the operation
“max-min” is applied to functions that are nonlinear and nonconvex/concave in u
and v.

4. Test examples. We have verified the above-described approximation schemes
using well-known examples of differential games and control problems. Grid sizes, time
step lengths, and run times are given for the method based on the upwind operator.
It should be noted that the method based on the direct operator delivers the same
solutions. The comparison of the efficiencies of these methods is discussed in the
conclusion.

4.1. Acoustic version of the homicidal chauffeur game. The homicidal
chauffeur game was introduced in [11]. In this game, a car whose minimum turn
radius is bounded from below strives to capture an inertia-less pedestrian as soon
as possible. The linear velocity of the car is constant, and the magnitude of the
pedestrian’s velocity does not exceed some given value. The car is controlled by
changing the rate of turn of the linear velocity, and the pedestrian changes his velocity
arbitrarily within the restriction. The original system of five dynamic equations can
be reduced [11] to the following two-dimensional one:

T = —yu+ vy,
(4.1) Yy =2au+uvy—1,
lul <1, Jvi+ovs <v

if a movable reference coordinate system with y-axis directed along the car velocity
vector is used (see Figure 4.1). A target set 7' containing the origin is given. The
pursuer (the car) strives to provide the inclusion (z(7),y(7)) € T for some 7 € [0, ],
whereas the evader (the pedestrian) aims to ensure (x(7),y(7)) ¢ T for any 7 € [0,].
The game terminates as soon as (x(7),y(7)) € T.

The case where the restriction on v depends on the state (x,y),

v(z,y) =v" min{l, Va? +y2/8}, s = const > 0,

is known, due to Pierre Bernhard, as the acoustic version of the homicidal chauffeur
problem and is considered in [5] and [20]. Here, v* and s are parameters of the

velocity of P

P

F1G. 4.1. Mowvable reference coordinate system in the homicidal chauffeur game.
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STABLE APPROXIMATION SCHEMES 1001

problem. Most interesting results are obtained if the target set T is a rectangle
{(z,y) : —a <z < a, —b <y < 0} stretched along the horizontal axis (i.e., a > b).
The values of the parameters are v* = 1.5, s = 0.9375, a = 4.5, b = 0.2, ty = 5. The
appropriate functional related to the tasks of the players and to the chosen target set
is given by

J= min o@(m),y(r),  o(z,y) =max{|z|/a, 2y + b/2|/b}-

Figure 4.2(a) shows the computed level sets W; = {(z,y) : V(ty —id,z,y) < 1},
i =0,100, § = t;/100, of the value function. The grid size is equal to 1000 x 1000, the
time step equals 1073, and the computation time on a computer with 30 threads is
about 1 minute. The results obtained are in a very good agreement with those from
[21], where the same sets are computed using a characteristics-based method from
[20]. These sets are presented in Figure 4.2(b) with the output step § = 0.0625.

()5

-1 F

-4 -2 0 2 4

F1G. 4.2. Level sets of the value function in the acoustic homicidal chauffeur game. (a) Com-
putations with the grid method. (b) Computations with a characteristics-based method from [20].
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4.2. Dubins’ car. A simplified model of a car/aircraft moving in the plane is
due to Dubins [10]:

T = cos ¢,

Yy = sin ¢,
(4.2) ]

¢ =u,

lu| < 1.

Here, z, y are the coordinates of the car, and ¢ is the angle between the velocity
vector of the car and the axis y. Note that the linear velocity of the car is constant
and equal to 1.

The set of points reachable from the origin (0,0,0) at a given time instant ¢
consists of all points (x,y,2) € R? such that there exists an admissible control u(-)
that transfers the system (4.2) from the state (0,0,0) to the state (x,y, ) at time ¢.

Figure 4.3 presents the reachable set for ¢ = 20. The grid size is equal to 300 x
300 x 300, the time step equals 1073, and the computation time on a computer with 30
threads is about 10 minutes. The comparison of our results shows a good agreement
with the numerical results from [19].

Fi1a. 4.3. The set of points reachable from the origin at time t = 20 in the Dubins’ car control
problem.

4.3. Game of two cars. The differential game of two cars was originally in-
troduced in [11]. In this game, the first car pursues the second one, and both cars
are moving in the plane. Similar to [15], we consider the case where both cars have
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the same linear velocities and minimum turn radii. In a movable reference coordinate
system, the dynamics of the relative motion can be described as follows:

T = —yu + sin ¢,

y= xzu-+cos¢—1,

¢ =—u+tw,

lu <1, |v] <1.

(4.3)

The terminal conditions are

Va2 +y? <r, cos(¢—ds(z,y)) —cosgs(r,y) <0at /a2 +y?=r,

arccos ( x/v/x? +y?), y >0,
7 + arccos (—x/v/2% + y2), y <0,

which expresses the following capture conditions: the distance between the cars is
less than or equal to a given capture radius r and the relative radial velocity on the
termination is nonpositive. The terminal time ¢y = 10.

Figure 4.4 presents the level set {(z,y,2) : V(0,z,y,2) < 0.5} of the value
function V' and the section of this set by the plane ¢ = —2. The grid size is equal to
300 x 300 x 300, the time step equals 1073, and the computation time on a computer
with 30 threads is about 5 minutes. The results exactly coincide with that analytically
computed in [15].

where ¢f(x,y) = {

(a) (b)

F1G. 4.4. The game of two cars. (a) The level set (the level is equal to 0.5) of the value function.
(b) The section of the level set by the plane ¢ = —2.
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4.4. Isotropic rockets. In order to verify the feasibility of computations in
four dimensions, the game of isotropic rockets investigated by Isaacs (see [11]) is
considered. The state equations are the following:

T1 = —x3 + 1,

Tg = —x4 + V2,
(44) ig = Ui,

T4 = ug,

ul <p, ol < v

The objective of the control u is to bring the state vector x = (x1, za, 23, 24) to the
terminal set T'= {x € R*: |z| < 1}; the objective of the control v is opposite.
Additionally, we will consider a reduced two-dimensional differential game

(4.5) i1 =-x3+v, Zz3=u, Jul<1l, Jv]<0.2,

which is the restriction of (4.4) to the plane x5 =0, x4 = 0.

Level sets of the value function of differential game (4.4) were computed using
the following values of parameters and discretization steps: =1, v = 0.2, ty = 2,
T=5-1073, A, = Ay, = 1/30, Ay, = A,, = 1/25 (the grid size was equal to
300x300x200x200). The run time on 30 threads was about 3 hours. In Figure 4.5, the
brown line shows the boundary of the section of the level set {z € R*: V(0,z) < 1}
by the plane 2o = 0, z4 = 0. The green, blue, and red lines correspond to the
computations with the same finite-difference scheme applied to the game (4.5).

The green curve was obtained for the spatial steps Az, = 1/30, A,, = 2/75
(300 x 300 grid points), the blue curve for A,, =1/80, A;, = 1/100 (800 x 800 grid
points), and the red one for A,, = 1/300, A,, = 1/375 (3000 x 3000 grid points). The
time step for all variants was 7 = 0.001. The run time is about 3 seconds, 15 seconds,
and 2 minutes for the first, second, and third variants, respectively. One can see that
the precision of the computation increases with the refinement of the spatial steps. In

T3

-3 xl

-4 -3 -2 -1 0 1 2 3 4
Fic. 4.5. Two-dimensional section of the four-dimensional level set of the value function in the

game of isotropic rockets (brown line). Level sets of the value functions computed for various grid
refinements in the two-dimensional reduced game (green, blue, and red lines).
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-3 xl

-4 -3 -2 -1 0 1 2 3 4
F1G. 4.6. Reduced game (4.5). Comparison of the computation results obtained using the finite
difference scheme (red line) and a characteristic-like method (black lines).

Figure 4.6, the set drawn in red in Figure 4.5 (game (4.5)), which corresponds to the
smallest spatial steps, is compared with a very accurate computation performed using
the algorithm from [30] (the sets for intermediate times are shown too). A very good
agreement of the results is observed. The numerical tests show that the precision of
the computations essentially increases with decreasing spatial steps.

5. Conclusion. Numerical experiments show a very nice property of the method
based on the upwind operator: the noise usually coming from the boundary of the
grid region is absent so that the grid region may not be too much larger than the
region where the solution is searched. The method based on the direct operator does
not possess such a property so that larger grid regions are necessary in this case. On
the other hand, the direct method admits larger time steps, which can compensate
for the necessary extent of the region. In total, the use of the direct operator gives a
noticeable advantage regarding the computation time if a proper relation between the
time step and the extents of the grid region is found. However, the last task requires
some additional numerical efforts and test runs. Therefore, one cannot speak about
evident superiority of the direct method.

The grid methods proposed are well appropriate for parallelization on multipro-
cessor computers. All examples presented in this paper are calculated on a Linux
SMP-computer with 8xQuad-Core AMD Opteron processors (Model 8384, 2.7 GHz)
and shared 64 GB memory. The programming language is C. The computational
performance of the algorithm in two and three dimensions was analyzed. The results
obtained are given in Tables 5.1 and 5.2. For two-dimensional computations, the
average speed-up value is about 22, and the efficiency is 0.8. For three-dimensional
runs, the speed-up (resp., efficiency) decreases from 20 (resp., 0.7) up to 15 (resp.,
0.5) with the increase of the number of spatial nodes from 1003 to 2003.

Numerical experiments show feasibility of four-dimensional computations with
grids of 250* nodes and 2000 time steps. The run time here is not terrible (several
hours) but the main difficulty consists in a tremendous amount of data (terabytes)
needed to process to obtain at least a picture. A rough estimate shows that com-
putations in five dimensions are possible on a computer with 1024 processor cores
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and 1024 GB memory. Though such a computer is available to the authors, five-

N. D. BOTKIN, K.-H. HOFFMANN, AND V. L. TUROVA

dimensional computations are not reasonable objectives at present.

[1]

2]
[3]

[4]

TABLE 5.1
Two-dimensional case.

Time step | Number of steps Grid size Time s Time s Speed-up
(30 threads) | (1 thread)
103 5100 500x 500 35 826 23.6
103 5100 1000x 1000 146 3321 22.74
10-3 5100 2000x2000 581 13289 22.87
1073 5100 5000x 5000 3726 83347 22.36
TABLE 5.2
Three-dimensional case.
Time step | Number of steps Grid size Time s Time s Speed-up
(30 threads) | (1 thread)
1073 5100 100x100x 100 37 750 20.27
103 5100 200x 200 x 200 386 6106 15.81
103 5100 300x300x 300 1400 21033 15.02
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