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ABSTRACT

A mathematical model of a biosensor is considered.
The biosensor is supposed to be used for the measure-
ment of small amounts of certain substances in liquids.
The device works as follows: acoustic shear waves are
excited due to an alternate voltage applied to electrodes
deposited on a quartz crystal substrate; the waves are
transmitted into a thin isotropic guiding layer that con-
tacts a liquid containing molecules to be detected; this
ligand adheres to a specific receptor (aptamer) immo-
bilized on the surface of the guiding layer; arising mass
loading causes a phase shift in the electric signal to be
measured by the sensor. The mathematical model rep-
resents a composite structure consisting of three coupled
layers: two solid layers with different elastic and electric
properties and a liquid layer treated as a compressible
viscous fluid. The full coupling between deformations
and the electric field is assumed. The technique devel-
oped in [3] is used for the model statement. The nu-
merical realization of the model is based on the finite
element method. Computer simulations are in a good
agreement with physical experiments.

Keywords: linear electro-elasticity, multi-layer struc-
ture, fluid-structure interaction, finite elements method.

1 INTRODUCTION

One of very promising applications of acoustic wave
sensors is the measurement of small amounts of chemi-
cal and biological substances in liquids (see e.g. [2], [4]).
A high sensitivity regarding mass loading is expected
to be achieved due to the usage of shear waves because
of their low interaction with the contacting fluid. Fig-
ure 1 presents a schematic picture of the biosensor. A
thin film (isotropic guiding layer) is deposited on a sub-
strate made of a quartz crystal. The input and output
interdigital transducers (IDTs) are located between the
substrate and film. To obtain purely shear polarized
modes (the displacements along the axis z5), the direc-
tion of the wave propagation is chosen to be orthogonal
to the crystall’s X-axis. The choice of the film and sub-
strate materials must provide that the wave velocity in
the film is less than the one in the substrate so that the
waves will be transferred into the film.
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Figure 1: A draft of a biosensor

2 TWO-DIMENSIONAL MODEL

The following notation will be used: w;, uz and us
are the displacements in the z1-, z2- and z3-directions,
 is the electric potential, v, v2 and vs are the velocity
components, p is the pressure caused by acoustic waves,
0 is the density of the fluid, u; ; and ¢ ; are the partial
derivatives Ou;/0z; and d¢/0x;, respectively. Bold let-
ters indicate vectors. Summation over repeated indices
is assumed.

We suppose that u;, ¢, v;, p and ¢ do not depend
on zy, that is u; = ui(z1,23), ¢ = (z1,23), v; =
vi(z1,23), p = p(z1,23) and ¢ = o(z1,73). Figure 2
presents a schematic picture of the three-layer structure
corresponding to the two-dimensional concept. The re-
gions occupied by the isotropic layer and the substrate
are labeled with Sy and Sr. The fluid layer is labeled
with Sp. The input IDTs of two alternated groups are
indicated as S; and Ss, the output IDTs as S3 and Sy.

2.1 Electro-elasticity Equations
We consider linear material laws (see [7]):
oW = oWkl (1)
o = o@idklg,, _ ki = 52 _ i, (2)
Di = €9E; + etfley = €4 @+ e*ley. (3)

Here 0% and ¢(®% are the stress tensors, C(1)ik!
and C(?)4k! gre the elastic stiffness tensors for the isotropic
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Figure 2: Two-dimensional model

and piezoelectric materials, respectively; €;; = %(Ui’j +
uj;) is the strain tensor, ¢ and e*” are material di-
electric and piezoelectric stress tensors, Ex = ¢ ; are
components of the electric field. The energy density for
the isotropic layer is given by the formula (see [5]):

E S
- = 2 —  (e.:)?

where E is the Young’s modulus and ¢ is the Poisson
ratio. For the piezoelectric layer, the energy density is

F® = -;-(a(zﬁfeij - D'E)).

Here, D? are components of the dielectric displacement.
Using (2) and (3), we obtain

1 ioris y 3
F® = 5(0(2)”&'1‘ —2e"eij0 ) — €70 0 ).

To take into account effects caused by the massiveness
of the electrodes, we consider the energy density for the

electrodes
_Se (2.2
1—2, (511) ) s

- __Ee ( 2

Ty
where E, is the Young’s modulus and ¢, is the Poisson
ratio for the electrodes material.

The total energy is obtained through the integra-
tion of the energy densities over the volumes V1), V(2
and V@ of the guiding layer, the substate and the elec-
trodes, respectively:

F= ///Fm@+///pm@+///pm@

vQa)

We assume that F(3) does not depend on z3, since
the thickness h. of the electrodes is much less than those
for the guiding layer and substrate. Besides, using that
F@O) F®) and F® do not depend on z,, we obtain

F=b ( //F<1>ds+ //F(z)ds+he/F(3)dx1) =
Sy St S

(1)2 (6(1))2)d1:1d$3+

// (2)”6(2) 2e’”-"e() Q= €99 ¢ )dzidzs+

E.h. (1)2 26, (12
2(1+¢.) S/ (&5 + g () )dwl)

where S = U;_17S; is a one-dimensional region occupied
by the electrodes and b is the To-size of the biosensor.

To obtain differential equations describing the oscil-
lation of the two-layer structure, we compute the vari-
ation dF of the total energy with respect to the vector
u = (u1, uz2,us) and the electric potential ¢. The varia-
tional principle reads

//p(l)uittéuidzld:cg + //p(2)uitt5uid$1d$3+
Su St

he /peuitt&cidxl + 5.7:/6 =0
s
The first, second and third terms express the work of
inertia forces. Symbols p(), p® and p, denote the den-
sities of the guiding layer, substrate and electrode ma-
terials, respectively. Using that ui 2 = us2 = uz2 =0
and, therefore, du; 2 = duz 2 = dus 2 = 0, we obtain

E
(5.7:/17 = 2_(1—-—|-T) é / ((Uk,,m + ’um,k)(SUk,m +U2,k6U2,k+
U

I—%Um,méum,m)dwldxg +//(5(2)im5u,~,m—
SL

ekimﬁo,k‘sui,m — ekim Us,m0p kT k™ k&ﬂ )dz1dzs+

Eche /
FYCEETY ) 1)
2(1 + <) ((“k,m + U, k) OURK m + Uz kOU2, 1+
S
1 Ege um méum m)dx]_dxs

Here, 7 runs from 1 to 3 but £ and m assume the val-
ues 1 and 3. Substituting the test functions 1,2, ¥3
and 7 instead of variations duy, dus, duz and d¢p, we ob-
tain a week formulation of the problem:

/ / p W 1ipiderdrs + / / pPu; yipidzy dzs+
Su St

' E
hes/P(l)Ui,tt¢id$1 + mé/ ((wk,m + Um,k)¥k,m
U
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2¢
+ ug k2, + T:‘Eg‘_um,mwm,m)dxldw3 + (4

//(G(Z)im"/}i,m -
St
Eche

kmw,kn,m)dzldx3 + 2(1 i e) / Uk,m + Um k)wk m

kim kim
€ ‘P,kd"i,m —e™ Ui,mT),k—

+uz,k2k + Um,mPm m)dxl =0.

26,
1-2¢
To avoid reflections on the boundaries of the device,
a damping on the boundaries is introduced as follows:

the term —X [[(u1¢,1%1,1 +Uae,2¥2,2 +ust,3¢3,3)dz1 dT3,

where H is thy-é shaded region in Figure 2, is added on
the left-hand-side of (4).

If we do not take into account the massiveness of the
electrodes, the integrals over S vanish and the equations
can be written in the classical form:

8 .
PPy — Ea(l)zm =0, z€Sy
32
(2) _ (2)im kim @ _
P g —ma +e 5,07 0, z€Sg
. 0% L 0%
im kim 2 — .
0z;0%m 0z10T 0, z€5;

2.2 Equations for the Fluid Layer
In the fluid layer, the following Stokes equation

pvy —vAv+Vp=0, z€SF (5)

together with the continuity equation:
ot +odivo =0, z € SF, (6)

and the substitutive equation
2= 0o 6p

are considered. Here, v is the viscosity coefficient of the
fluid.

2.3 Interface and Boundary Conditions

Let n; be the components of the normal vector n to a
region. The following interface and boundary conditions
are posed:

a) Absence of forceson T : oM¥n; =0, ¢®iin; =0,
b) Continuity of the displacement vector u and equ111b-
rium of the pressures on Ty : oWiin; = g(2iin;

c) Dirichlet conditions for the electric potential:

50|51 =0, ‘P'Sz = V(t)’ ‘P|S3 = C(t): 90|54 =0,

where V(t) is a given exciting voltage and C(t) is the
output voltage to be determined from the equations,
d) Neuman condition for the electric potential:

%:i =0 for (z1,z3) outside IDTs.

¢) Equilibrium of the pressures on I'y:
V%} —_ pz = U(l)ij (u)nj,
n is the outer normal to the rigid body,

ou

f) Continuity of the velocity on I'z: %3

=,
g) No-slip conditionon I's : v =0.

Note that the condition f) is the most difficult to ful-
fil. The following scheme from [6] is used. We do the fol-
lowing variable transformation in the electro-elasticity

t

equations: u = [ ¥ dr, where ¥ is a new variable. Then

0

the condition f) is equivalent to the condition ¥ = v on
T,. It is proven in [6] that the obtained coupled system
has a unique solution.

2.4 Steady-state Solutions

Let w denote the operating frequency of the IDTs.
Taking V' (t) = Asinwt + B coswt and substituting the
ansatz

ui(z1,T3,t) = ri(21,23) sinwt + ¢;(z1,x3) coswt,
o(z1,23,t) = 1 (21, T3) sinwt + ¢, (21, T3) Coswt,
vi(z1,Z3,t) = gi(z1,z3) sinwt + s;(z1, z3) coswt,
p(1,23,t) = p1(21,23) sinwt + p2(z1,73) coswt, -
7
for i = 1,2, 3 into the equations (4)-(6) and the bound-
ary conditions a)-g) yield equations and boundary con-
ditions for the time-independent functions 7, g;, ¢1, ¥2,
gi, i, p1 and py. These equations are similar to (4).
We refer to the time-independent functions 7, g;, gi,
si, f1, fo, p1 and po as the steady-state solutions.
Program codes for the computation of both time-
dependent and steady-state solutions were developed.

3 NUMERICAL REALIZATION

The above model is realized on the base of the finite
element program FeliCs developed on the chair of Ap-
plied Mathematics and Mechanics at the Technical Uni-
versity of Munich. Triangle linear finite elements are
used. A parallelized version of the program SPOOLS
(see [1]) for solving systems of linear algebraic equations
is used. A MAPLE-program for automatic derivation of
the model equations is developed. This program com-
putes the total energy and its variations in the symbolic
form and derives the model equations in a form appro-
priate for the input of FeliCs. Using this program, one
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can transform the coordinate system and obtain equa-
tions for various crystal cuts.

4 SIMULATION RESULTS

The simulations are done for the following material
and device parameters. The guiding layer is made of
Si0, with p() = 2180kgm™=3, ¢ = 0.17 and E =
72 GPa, the electrodes are made of gold with p(t) =
19300 kgm ™2, 0 = 0.44 and E = 78 GPa. For the sub-
strate, CT-cut of a quartz crystal is used. The fluid is
water (v = 0.001 %9;). Figures 3-5 show steady-state
solutions in the substrate, guiding layer and fluid, re-
spectively. The vertical axis in Figures 3 and 4 measures
the z,-displacements (function 7 in (7)). In Figure 5,
the vertical axis measures the zs-velocity in the fluid
(function g, in (7)). The computation is done for three
pairs of electrodes. The periodicity A of the sensor is
40 pm, the operating frequency is 81 MHz. We obtain
strong attenuation of shear waves in the substrate and
good wave transfer into the guiding layer. The penetra-
tion depth of shear waves into the fluid is in the range
of one wave length.

Simulations for a real sensor with 50 pairs of elec-
trodes are also done. The computed value of the reso-
nance frequency is in a good agreement with the value
obtained from the measurement. High sensitivity of the
model with respect to small mass loadings is also proved.
In Figure 6, the graph of the phase shift for the output
signal versus the thickness of the adhering molecule film
which is modeled as a gold layer between the input and
output IDTs is shown.
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Figure 3: Shear waves in the substrate
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Figure 4: Shear waves in the guiding layer

Figure 5: zs- velocity in the fluid
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Figure 6: Phase shift for different mass loadings
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