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Abstract

This paper studies mathematical models of a biosensor that serves for the measurement of small amounts
of certain substances in liquids. The device works as follows: acoustic shear waves are excited due to an
alternate voltage applied to electrodes deposited on a quartz crystal substrate; the waves are transmitted
into a thin isotropic guiding layer in contact with a liquid containing molecules to be detected; these
molecules adhere to a specific receptor, aptamer, immobilized on the surface of the guiding layer; the arising
mass loading causes a phase shift in the electric signal which is measured on output electrodes. We state a
three-dimensional mathematical model that describes a composite structure consisting of three coupled
layers: two solid layers with different elastic and electric properties and a liquid layer treated as a weakly
compressible viscous fluid. The full coupling between deformations and the electric field is assumed. A two-
dimensional model is derived from the three-dimensional one by neglecting the non-homogeneity in
x»>-direction. Another two-dimensional model is derived by the averaging of the three-dimensional model in
x3-direction under the assumption of an exponential attenuation of waves in the liquid and the substrate.
The models are implemented numerically with finite elements. Computer simulations exhibit a good
agreement with physical experiments.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction

One very promising applications of acoustic wave sensors is the measurement of small amounts
of chemical and biological substances which possibly exist in liquids (see e.g., [1-3]). A biosensor,
or microbalance, that serves for the quantitative detection of proteins is under development at the
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Center of Advanced European Studies and Research (caesar) in Bonn. The binding of proteins is
achieved due to the usage of highly selective nucleic acids called aptamers. An aptamer is located
on the top of the guiding layer and contacts the liquid to be analysed. A wide variety of molecules
including proteins, peptides or low molecular weight ligands can be targeted by aptamers. The
application area of such biosensors includes clinical diagnosis, pharmaceutical analysis, food
production and control. Since the deposited mass corresponds to the amount of bound molecules,
the sensor can be used for real-time bioprocess monitoring.

A high sensitivity regarding to the mass loading is expected to be achieved due to the usage of
shear horizontally polarized guided waves (Love waves) because of their low interaction with the
contacting fluid. Fig. 1 presents a schematic picture of a Love wave sensor. A thin film, isotropic
guiding layer, is deposited on a substrate made of a cut of a quartz crystal. The input and output
interdigital transducers (IDTs) are located between the substrate and the guiding layer. To obtain
purely shear polarized modes for which the displacements are parallel to x,-axis, the direction of
the wave propagation is chosen to be orthogonal to crystallographic X-axis. The choice of the
materials of the substrate and the guiding layer must ensure the wave velocity in the guiding film
being less than the one in the substrate so that the waves will be transferred into the guiding layer.

Traditional simplifications used in the mathematical modelling of such devices (see e.g., [4-6])
are related to the assumption of the infiniteness in x,-direction, a simplified treatment of the fluid/
solid interface, and the neglect of the mechanical influence of IDT fingers. These simplifications
can be completely or partially dropped by using a rigorous mathematical model based on finite
element (FE) method. The presented paper describes a three-dimensional FE-model that ac-
counts:

(1) finite dimensions of the sensor in all directions,
(2) exact modelling of the liquid and the fluid/solid interaction,
(3) careful description of the IDTs taking into account their size, mass and electro-conductivity.

The technique developed in [7] is used for the derivation of the model. An a posteriori estimate
of the computational accuracy is proposed when the model is approximated by finite elements.
Two reduced 2D-models of the biosensor are derived from the base 3D-model. The models are
numerically implemented with the FE-program FeliCs [8] developed at the Technical University
of Munich. The sparse linear algebra in FeliCs is supported by a parallelized version of the
program SPOOLES (see [9]). A MAPLE code for the automatic derivation of model equations is

Substrate

Fig. 1. Schematic picture of the sensor.
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developed. This code computes the total energy and its variations in a symbolic form. This yields
the model equations in a form appropriate for the input of FeliCs.

Numerical simulations related to a real biosensor are done. The results are being compared
with physical experiments performed at the research center caesar.

2. Statement of a 3D-model

We consider linear material laws for solids (see [10]) and neglect non-linear terms in the
description of the fluid. This seems to be reasonable because the displacements and velocities are
very small for the structure under consideration.

2.1. Equations for the fluid, substrate and guiding layer

Let u;, up, and u; be the displacements in x;, x,, and x;-directions, respectively; ¢ the electric
potential; v}, v,, and v; the velocity components; p the pressure; o, p'¢), and p®® the densities of the
fluid, the guiding layer, and the substrate, respectively. Open regions occupied by the fluid,
the guiding layer, and the substrate are denoted by € with the subscripts f, g, and s, respectively.
The notation w,,, wy.,, w;, and w, means the partial derivatives g—)‘:, aﬁfé;,’ & and %%”, respectively.
Bold letters indicate vectors i.e., u = (uy,us,u3), v = (vy,v2,03). The summation over repeated
indices is assumed.

In the fluid layer, the Stokes and mass conservation equations hold:

ov; — vAy — (i—i—%v)Vdivv—l—Vp:O, x € Q, (1)

0, +div(gr) =0, xe€ Q. (2)

Here, v and ¢ are the dynamic and bulk viscosities of the fluid, respectively. The term
&+ %v)Vdivv will be neglected because v, &, and divy are small for weakly compressible fluids.
The substitutive equation for weakly compressible fluids reads (see [11]):

(ﬁ(P—Po)-

Here, g—f)| » means the density change under a constant entropy. Letting p, = 0, we obtain the
following linearized mass conservation law:

do
Q—Qo"‘@

yp+divek =0, x€ Q, (3)
where y = i 2_107 | - s the compressibility of the fluid. In (1), the variable density ¢ is replaced by g,

because the second order terms are neglected.
The isotropic guiding layer is governed by the following linear elasticity equations:

0Oy, — O')(Cf)i/(ll) —div(f(x)Vu,) =0, x € Q,. (4)

—~

Here, ¢
Skl(ll) =

8i(u) = C@k e, (u) is the stress tensor, C®VK js the elastic stiffness tensor, and
(s, + uyy, ) is the strain tensor. The last term of (4) expresses a damping arising on the

N |—
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Qg / g

Fig. 2. Damping area of the guiding layer.

Fig. 3. Cross-section of the sensor by the plane x, = 0.

side boundaries of the device; ff(x) is a piecewise-linear function which is equal to zero outside of
Qd U Qd and grows up to some 5, > 0 towards the side boundaries of the sensor. Fig. 2 shows the
reglon Qg The region Qd is sketched in Fig. 3 representing a cross-section of the sensor. Note that
@ includes a bottom layer of the substrate in addition to the side walls. In practice, some adhesive
material like silicon caoutchouc is attached to the free faces of the device to avoid reflections on
the boundaries. The conventional material for the guiding layer is silicon dioxide. Since this
material does not possess piezoelectric properties, the influence of electric fields on the mechanical
stress is negligible. We neglect the energy of the electric field in the guiding layer. Thus, the electric
potential is not involved in Eq. (4).
For the piezoelectric substrate, the following electro-elasticity equations hold:

Py — 08w, @) + &g, — diV(B(x)Vi) =0, x € Q, (5)
eij(Px[)Ci + ekiju[xw/_ =0, xeQ, (6)

Here, 69 (u, @) = CW ey (u) — e, is the stress tensor, C¥7* is the elastic stiffness tensor, €

and ¢ are the material dielectric and piezoelectric stress tensors, ¢, = E; are components of the
electric field. We will use the notation ¢“%(u) = C®"* ¢, (u). Indices i, j, k, ] assume values 1, 2, 3.

The electrodes made of gold are homogeneous and isotropic. They are accounted through
linear elasticity equations of the form:

p<)uztt_o-( ( )_O erea

where Q, is the region occupied by the input and output electrodes, p© and ¢'©¥ are the gold
density and the stress tensor related to gold, respectively. For simplicity of the presentation, we
will not involve the above equations into the forthcoming weak formulation of the general 3D-
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model. In Section 6, we show how the weak formulation should be modified in the case of reduced
models to account the electrodes.

2.2. Interface and boundary conditions

Fig. 3 represents the cross-section of the biosensor by the plane x, = 0. The regions occupied by
the guiding layer, the substrate, and the fluid are labeled as Q,, Q;, and Q, respectively. The
interface between €, and € is denoted by I';, the boundary between @, and € is I',. The external
boundaries of the solid and fluid parts are I'y and I's, respectively. Two alternated groups of the
input IDTs are indicated as S; and S,, the output IDTs as S; and S;. All of the electrodes of each
group are connected electrically. The electrodes of the groups S; and S; are supposed to be
grounded.

Let n; be the components of the normal vector n to a region. The following interface and
boundary conditions are posed:

(a) Absence of forces on I'y: ¢'9%(u)n; = 0, ¢'(u)n; = 0.

(b) Continuity of the displacement field on I'; and on the boundaries of the input and output elec-
trodes.

(c) Equilibrium of the pressures on I';: 69 (u)n; = 0“9 (u)n;, and similar conditions on the
boundaries of input and output electrodes.

(d) Dirichlet conditions for the electric potential: ¢|g, = 0, @[5, = V(?), @[5, = 0, and the conduc-
tivity condition for the output electrodes: ¢|s, = C(¢). Here, V'(¢) is a prescribed exciting volt-
age whereas C(¢) is the output voltage to be determined from the model.

(¢) Neumann condition for the electric potential: 2—‘5 =0 for (x1,x;) outside IDTs.

(f) Equilibrium of the pressures on I': v% — pi = 699 (u)n;, where n is the outer normal to the
solid part.

(g) Continuity of the velocity on I,

(h) No-slip condition on I'5: v = 0.

. Ou

.5:v.

Condition (g) is the most difficult to fulfill because it is not embedded into the weak formulation
of the model equations. The following method from [12] is used to treat the problem. A new
variable w is introduced and the variable transformation

t
u:u0+/ wdz (7)
0

in Egs. (4)—(6) and boundary conditions (a), (c), (), (g), and (h) is performed. Obviously, relation
(g) transforms into the natural condition: w = v on I'5.

3. Weak formulation of the problem

Denote Qy = int(Q, U ) and Qg = int(Qr U Q, U Q). The symbol int means the interior of
a set, the overline stands for the closure.
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Using Egs. (1),(3)-(6) and the above interface and boundary conditions yields the following
weak formulation of the problem:

QO/ vtédx—i—v/ VyVEdx — pdivﬁdx+y/plCdx— divdex—i—p(g)/ w Kk dx
o o) Q

Q Q Q

g

+/ O_(g)ij(u)xjxidx_i_/ ﬁ(x)Vandx—l—p(S)/ w,xdx—i—/ i (u, @)K, dx
0 thl Q Qs

+ ﬁ(x)Vwadx+/ eif(pxjgbxidx+/ ak’juix/.tﬁxkdx:/fdx. (8)
Qs Qg Qg

o

Here &, € H! (), { € Ly(Qr), k; € H'(Qy), Y € H! (L) are test functions with traces satisfying
the interface conditions i.e. £; = k; on I',. Moreover, H!(€;) and H!(2() denote functions from
H'(Q,) resp. H'(Qr) with zero traces on ;N (S; US, USy) resp. on I's. It is assumed that uy = 0
so that u = f(; wdz. The function f in the right-hand side of (8) arises due to Dirichlet boundary
conditions for the electric potential (see item (d) of Section 2.2).

The following regularity can be proved using the technique of [12]. If uy = 0, then the coupled
system (8) obtained after the variable transformation (7) has a unique weak solution:
v € Ly(0, T3 H' (Q)), wi € Ly(0, T; H' (Qy)), ¢ € Ly(0,T; H'(Qy)), p € Ly(0,T; Ly(2r)). As a con-
sequence, u; € H'(0,T; H'(Qy)) so that the condition v;] = u;|,, makes sense and holds for
almost all # € [0, 7). Here T is an arbitrary time instant.

4. Steady-state solutions

Let w be the operating frequency of the IDTs, i.e. V(¢) = ¥, sin wt. We assume the following
form of the solution:

e)) 2
uV (x u .
u(x,t) = — u(x) cos wt + u”lx) sin wt,
) »

w(x,t) = u(x,t) = u'V (x) sin wt + u'?(x) cos wt,
v(x,t) = vV (x) sin ot + v (x) cos wt,
p(x,t) = pV(x) sin wt + p?(x) cos wt,
o(x,1) = o (x)sin wt + ¢?(x) cos wt.
The substitution of this ansatz into (8) doubles the number of variables and test functions. If

we express pl!) and p® through other unknowns using Eq. (3), we arrive at the following sys-
tem:
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1
—a)go/ v(2>§(1)dx+v/ Vv(l)Vf“)dx—i——/ divv<2)divf(l)dx+a)go/ v e dx
Qf yw Qf Qf

divyVdivE? dx — wp(g)/ uP M dx

Qg

v / VP veED dx L
Qr Y@

Q

1 i@y s [ ) Va VD dr 4 wpt / WV gy — 1 / o® (V)2 d
' o Q Q l

W Jo, w

1 y
+ /Qd Bx)Vu? Vr® dx — wp(s)/ uPxV dx + — / 6(S)’/(u<2))lc§-;,)dx — | ok ji?dx
g s

(0] Qs

s

1 .
+/ ﬁ(x)Vu(l)VK(l)dx—pr(s)/ u“)x(z)dx—w/ 6(5)"(u(1))rc§-f3dx—/ eku%k /X)dx
Q:l Qs Q ‘

[ vt acs [ aglulace [ eyl e

s s

b [ eoPuan— s [ enlyPa= [ e o)
o s o Jo T o

Time-independent functions a®, v, o) i =1, 2, satisfying (9) are called steady state solutions

corresponding to the operation frequency . Let us rename v to u® (resp. &7 to k) in the
domain Q; using the fact that v = u® (resp. &” = k@) on the interface I', between Q; and Q,.

The system (9) assumes the form:
1 . .
—wQ, / uPVdx +v [ VeV dx +— [ diva®diveV dx + wg, / uVx® dx
foX Q YO J o Q
Vu? vk dx — L divaVdive® dx — wp'® / u Pk dx + 1
Q YO J o Q4 @
- 1
o / o (@) dx + / ) VD Tk dx + wpt® / dV g gy — L
Qg Qg @
1
X / o @7 (uV)k?) dx —|—/ B(x)Vu?VK? dx — wp' / u@xWdx + —
Q w

Qs

></ QU dx /ek’%pXk dx—l—/ﬁ )VuV Vi dx 4+ wp®
Q

x/ dx—a/ & (u (1))Kjxl,dx— Voli Ji ﬁ() BVk® dx
S S QS

+/ eij(p(l>tﬁ(l)dx—|—l/ ek’fu lﬁ dx+/ eijgo(2>tﬁ(2)dx—l/ ek’fu( )lp(z)dx
o 7 @ Jao, o 7 @ Jao, v

— [ ot (10)

Q
Let
a(u, u®, oM, p@; kM 1@ YN y@)

be the bilinear form representing the left side of the system (10). It is not difficult to prove that the
form « satisfies the following conditions:
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@) a(u®,u®, o, o, u®, 06, ~ o) > (I g + 10 [iq,)-

(ii) a(u(l), u(2>, (pm, (p(2>; wu(z), - wu(l), 60260(1), CUz(P(z)) = Hz(”"(l)”?ﬂ({zgs)/z + ||"(2>||?11(Qg5>/z
2 2 2 2 ;
+ 00" 50y + 10 i 0)) = eollu® ] 0 — ool Il ) — @20 a0,
2 0 2 s 2
= P U 0, — @V o) — @20 0P g,

Here u; and p, are positive constants, Z denotes the space of rigid motions of the domain €,
and H'(Qy)/Z is the quotient space. Adding inequalities (i) and (ii) yields

1) 2)

a(u( ’u(z), (p(l), (/)(2); ou® + u(l)’ u® — wu(l)’ wgo(z) + w2<p(l), _ w(p(l) + wz(p(z))
= H(H”U)H?{l(grgs) + H”(Z)Hill(gfgs) + w2”<P(l)H§11(QS) + WZHQD(ZWIZL[I(QS))
= oM I7, 0y — @0l 1,00 — @ 0@V, 0, — 0@ P17, 0,
- wZP(S)H”(l)HiZ(QS) - wzp<s)||”(2)||i2(gs)v (11)
where = min(y,, ;). We have used here that " and «® are continuous on the interface I',
between € and €,. This allowed us to exclude the space Z of rigid motions.
Let

a(uﬂ)’ u(l)7 go(l), g0(2); K(l)’ K(2)7 lp(l)7 lp(Z)) — a(u(l), u<2>, q,(l)7 g0(2>; kD 4+ am(z), K
_ a)k(l), wl/,(Z) + a)Zw(l)’ —a)lﬁ(]) + w21/1<2>). (12)

Then, Eq. (10) is equivalent to the following one:

a(u,u®, 0", 0k, kYY) = 2(£,91"), 0, + O V) 0 (13)
Denote

QY = (u(l),u(z), q)(l), (/,(2))7 N (K(l)’ k2, ¢(1)7 lp(2))7

H = Ly(Qrg5) X Lo(Qe5) X Lo(5) x La(Ly),

V = H(Qys) X H} (Qrgs) x H, () x H (L),

W = H*(Qpes) X H*(Qpgs) x H*(Qy) x H* ().

Here H!(Qy,) contains functions from H'(Q) with zero traces on I's.

Let V" C V be a finite element approximation of ¥ with linear finite elements, 4 the diameter of
elements. )

Estimate (11) and definition (12) show that the form a satisfies the Garding inequality (see [13,
Section 2.4.3])

a(u,u) + 6\ U3 = o) %3,

with o = u and 4 = w? max(g,, p®, p'*)). Assume that the problem {a(%, ") =0,7" € V} has
only the trivial solution, i.e. w is not a generalized eigenvalue of the problem (9) with zero right
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side. Then the exact and finite element solutions % and %" of the problem (13) satisfy the estimate
(see [13, Sections 4.1.3 and 4.5.2])

1" = Ul <einf || =zl <l llyh

for sufficiently small 4. Using the Aubin—Nitsche technique (see e.g., [14]) yields:
12" —u||, < crea | b

5. A posteriori estimate of the computation accuracy

Let O be any of 14 components v\, ul’, @, i=1,2, j=1, 2, 3 of the solution, and Q the

J ]
corresponding domain where Q is defined. We have proved that

10 = Q"l1,(0) < 16211 Qll 20 1™ (14)

Let Ay be the wavelength, N = % the number of finite elements per wavelength. For oscillatory
solutions, the following estimate can be derived

C
10120 < 55 (15)
0
(see Section 4.6.4 of [13]). Using (14) and (15), we obtain
C
10~ @'l < 3 (16)

with C = ¢jcyc3. This estimate is not useful because the constant ¢; is proportional (see [13],
Section 4.5.2) to (w+/density/ stiffness)3 and can be sufficiently large. Instead of that, an a pos-
teriori estimate can be derived as follows. Replacing N by 2N in (16) yields

C
/2
10— 00 < 315 (1)

Assume that

10— 0"l 1,0
- <49 < L,
10 = 0",

for sufficiently small 4, which is very realistic because ¢ is expected to be near to 1/4 due to (16)
and (17). Subtracting (17) from (16) yields

10— 017,10 — 10— O}, 0= (0"~ Q"0 0"+ 0 - 0"
<97 =N, l0— Ol + 110" =, 10— Ol

Therefore,
2 2
10 = Ol 1,0 — 11Q = Q') <N = Ol 10 = @Iy
10 = 0"l 04llQ = @l
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for small 4, which implies the estimate

1
10 = Q"I < I—_qIIQ"—Qh/zlle(g)- (18)

A verification of this estimate will be done at the end of Section 6.2.

6. Reduced models: simulation results

Our goal is to simulate real devices whose operating frequency lies in the range of 80-130 MHz
and the periodicity of the input and output IDTs is equal to 40 um. Here and below, usual (not
angular) frequencies are given. The thickness of the substrate is 0.5 mm, and the thickness of the
guiding layer lies between 4 and 8 um. The x;-length of the sensor is varied from 3 to 6.5 mm, x,-
width is about 3 mm. The number of finite elements needed to simulate such a device, should be
about 10%. It can hardly be achieved even on powerful workstations like SUN ULTRAG60 being at
our disposal. For this reason, the simulations were performed for reduced 2D-models described
below in Sections 6.1 and 6.2.

Both of the reduced models take into account the mass of the electrodes by means of the terms

—p® / u® dy 4 A / o () dx + wpl® / d D dy — / 0@ (V) d,
Q » Jo, Q ® Jo,

added to Eq. (9). Note that the x;-averaging of the electrodes can be easily done assuming that all
functions in the above formula do not depend on x3. Such an averaging is reasonable because the
thickness of the electrodes lies in the range from 200 to 300 nm.

The following material parameters are used in numerical simulations. The fluid is water with
v =0.001 kgm~'s~!. The guiding layer is made of SiO, with p® = 2180 kgm™3, v(¢) = 0.17 and
E®) = 72 GPa; the electrodes are made of gold with p© = 19300 kgm 3, v(¢) = 0.44 and E(©) = 78
GPa. The notations v(? and E) mean, as usually, the Poisson ratio and the Young module of
a material, respectively. For the substrate, CT- and ST-cuts of an «-quartz crystal (see [10])
are utilized. Fig. 4 explains the fabrication of some often used Y-rotated crystal cuts.

Numerical values of material constants for the non-rotated a-quartz possessing the trigonal
crystal symmetry [10] are given in Table 1. The Voigt notation is used so that the following
reduction of indices is applied 1 < (11); 2+ (22); 3 (33); 4 — (23), (32); 5 (13), (31); 6~ (12),
(21). The usage of rotated crystal cuts demands a transformation of the elastic stiffness tensor, the

z 6 =35  -ATcut
9 =38°  -CTcut
9 =42.75° -STcut

Fig. 4. Y-rotated cuts of a-quartz.
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Table 1
Material constants for a-quartz
Density [kgm™] p®
2650
Elastic stiffnesses [10° cwn cwn2 cwn CcWH CW33 C C)6
Nm™] 86.74 6.99 11.91 -17.91 107.2 57.94 39.88
Piezoelectric coefficients  e!! el Dielectric el e
[Cm™) 0.171 ~0.0407 coefficients 39.97 41.03

[102 Fm™!]

dielectric tensor, and the piezoelectric stress tensor. Such a transformation is involved into the
MAPLE code which derives model equations depending on the desired crystal cut.

6.1. An (xy, x3)-model

We assume that all variables in (9) do not depend on the coordinate x,. The integration over x,
results in multiplication with the x,-length of the sensor. The integration over (x;,x3) is performed
over the cross-sections of the regions Q, €,, and € by the plane x, = 0. The discretization is done
using linear triangular finite elements being right-angled triangles whose legs are sufficiently small
to resolve the actual wavelength (usually 40 pum).

Fig. 5(a)—(c) show a steady-state solution in the fluid, guiding layer, and substrate, respectively.
The vertical axis in Fig. 5(a) measures x,-velocity in the fluid (the functlon vé in (9)). In Fig. 5(b)
and (c), the vertical axis measures x,-displacements (the function u2 / ). The computation is done
for a short sensor (=3 mm) equipped by three pairs of the input and output IDTs. The thickness
of the electrodes is 0.25 um, the thicknesses of the guiding layer and the substrate are 7 um and
500 um, respectively. The periodicity / of the input and output IDTs is 40 pm, the operating
frequency is equal to 81 MHz. A strong attenuation of waves in the substrate and a good wave
transfer into the guiding layer is clearly visible, which is expected theoretically for Love waves. In
accordance with the theory [11], the penetration depth of waves into the fluid lies in the range
of one wave length.

Simulations of a long sensor (6.5 mm) with 50 pairs of the input and output electrodes is also
performed. The so called insertion loss which expresses the ratio of the output and input signals
is computed for such a sensor. Remember that the insertion loss is defined as

201g <\/<<pf})) (% ) /V>

where S; is the area occupied by the non-grounded output electrodes, and J; is the amplitude of
the exciting voltage. Fig. 6 presents the insertion loss versus the operating frequency. The highest
sharp peak near 118 MHz corresponds to the resonance frequency.

A high sensitivity of the model with respect to small mass loadings is also proved. In Fig. 7, the
dependence of the device sensitivity on the thickness of the guiding layer is shown. The sensitivity
is being computed as the phase shift in the electric signal divided by the mass loading per a surface
unit. The mass loading is modeled through an additional thin gold layer averaged in x3-direction.
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(a) x

57um +

0.05 ms™!
X

(b)

Fig. 5. Steady-state solution for (x;,x;)-model. (a) x,-component of the velocity field in the fluid; (b and c): x,-
component of the displacement field in the guiding layer and substrate, respectively.

-20 T T T T T T

-40 1

50 f

-60 [

Insertion Loss (dB)

.80 . . . . . .
80 90 100 110 120 130 140 150

Frequency (MHz)

Fig. 6. Insertion loss versus the operating frequency for (x;,x;)-model.
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Fig. 7. Influence of the thickness of the guiding layer on the sensitivity.

The best sensitivity is attained at the thickness of 6 um, which is in accordance with the literature
(see e.g., [2]).

Fig. 8 shows the geometry of a test device built for the experimental study of various effects.
The mass loading, a molecular film adhering to the substrate surface, is modeled by a gold layer of
d = 2 mm length deposited between the input and output IDTs. Numerical simulations for such a
device are in a good agreement with the value obtained from physical experiments. For example,
the resonance frequency of 128 MHz obtained from the numerical simulation shown in Fig. 9 is
very close to the experimental value.

6.2. An (xy, x3)-model

In the (x;,x;3)-model described above, all values were assumed being independent on x,-
coordinate. In the reality, the sensor and the electrodes are bounded in x,-direction, which may
cause reflections on their boundaries. To study the influence of these effects on the propagation
of Love waves, the following (x,x,)-model is proposed.

Let 4, 0, and r be the thicknesses of the substrate, the guiding layer, and the liquid layer,
respectively. We assume that the displacement field, the electric potential, the velocity field in the
fluid, and the pressure can be represented in the form

u(xl7-x27x3) - lp(XS)U(xlvxZ)7 (x17x2) € ng7 X3 € [_h75]7

X3

gold
%50 pairs # I %50 pairs ﬁ
’ 10 pm“‘ L ‘_‘ 10 pm f X,

500 pm

Fig. 8. Geometry of an experimental device.
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Fig. 9. Insertion loss versus the operating frequency for (x;,x;)-model of the experimental device.

Ox1,x2,x3) = Y(x3)P(x1,x2), (x1,X%2) € L, x3 € [~h,0],
v(x1,x2,x3) = Y (x3)V(xr,x2), (x1,x2) € Q, x3€[0,0+7],

p(x1,x2,x3) = Y(x3)P(x1,x2), (x1,X%2) € Q, X3 € [0,0+ 7],

where U, &, V, and P are unknown functions, and the function y is defined as follows:

(1 — expw)/(l —expa), x3 € [—h,0]
Yixs)=q 1, x3 € [0, 9]

(1 —expM)/(l —exph), ;€ [6,5+1,

so that the conditions
p(0)=1, Y(=h)=0, Y(6+r)=0,

are satisfied (see Fig. 10). This assumption means that acoustic waves with some exponential
attenuation in the substrate and in the liquid are exclusively considered. The values a > 0 and
b > 0 specify the attenuation rate of waves. They can be obtained from simulations by means
of the (x;,x3)-model. Since the sensor is cylindrical in x;, the integration over x; in (9) can be
performed in an analytic form separately from the integration over (x,x,).

The simulation is done for another experimental sensor whose geometry is similar to that
shown in Fig. 8 but the number of input and output IDT pairs is equal to 50. A triangulation
similar to that used for (x;,x3;)-model is utilized. The thickness ¢ of the gold layer is equal 0.2557
um. The liquid layer is omitted for simplicity.

Fig. 11 shows the profile of horizontally polarized shear waves. The vertical axis measures x,-
displacement (the function uf) /). One can see that the reflections on the side boundaries of the
sensor are eliminated. This is achieved due to an appropriate choice of the damping coefficient f,,.
The knowledge of f, is helpful when selecting suitable damping materials.
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Fig. 10. (xy,x3)-model.
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Fig. 11. Steady-state solution for (x;,x;)-model: the vertical axis measures x,-component of the displacement field on
the substrate surface.
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Fig. 12. Resonance peak for horizontally polarized shear waves in the case of an ST-cut of a-quartz. The electrodes are
strictly parallel to the crystalline X-axis.

In addition to horizontally polarized shear waves, vertically polarized shear waves and longi-
tudinal waves can be excited. In Fig. 12, a unique resonance peak at 132 MHz corresponds to



588 N.D. Botkin, V.L. Turova | Appl. Math. Modelling 28 (2004) 573-589

20+

-40t

-60 |

-80 |

-100

Insertion Loss (dB)

-120

-140

-160

-18070 80 90 100 110 120 130 140 150 160 170

Frequency (MHz)

Fig. 13. Generation of vertically polarized shear waves and longitudinal waves due to the rotation of the electrodes
through 3°. Formation of two additional resonance peaks related to these waves.

horizontally polarized shear waves. In Fig. 13, two additional resonance peaks at 98 and 160 MHz
correspond to vertically polarized shear waves and longitudinal waves, respectively. The cause of
the excitation of these modes is the rotation of the electrodes through 3° about x3-axis with respect
to their nominal position.

Using (x;,x;)-model, a verification of the estimate (18) has been done. To this end, a sensor of
300 um x 300 um surface size equipped by 3 pairs of the input and output electrodes is simulated.
We did two computations using rectangular meshes 300x240 (4 ~ 1.6 um) and 150x 120 and
obtained [|Q" — O"?[|,, o, = 0.046. This yields the estimate of the order 0.06, if ¢ in (18) is close to
1/4.

7. Conclusions

A three-dimensional finite element model of a biosensor is developed. A heuristic estimate of
the computational accuracy is proposed. The model can be either implemented directly on a
powerful PC-cluster or used for the derivation of reduced two-dimensional models that speed up
the simulation of real biosensing devices. Two such reduced models obtained through different
averaging procedures are considered. Comparison of numerical and experimental results shows
that reduced models are useful for the design of biosensing devices.
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