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1 Introduction

The problem we consider in this paper appears when developing sensors which serve for detecting
of certain proteins in solutions. An important part of such sensors is a wet cell, say a cube, filled
with water into which a solution containing the protein to be detected is injected. Special molecules
called aptamers are immobilized on the bottom of the wet cell. The aptamers can selectively bind
the desired protein from the solution. The change of the surface mass loading can be analyzed using
acoustic waves propagating along the aptamer layer. Thus, the concentration of the protein in the
solution can be estimated. In this paper, a model that describes the propagation of the protein in the
wet cell and its adhering to the aptamer is proposed. It is assumed for simplicity that the propagation
of the injected protein in the wet cell is governed by an diffusion equation. A special boundary
condition on the bottom provides the monotone grows of the deposited layer with saturation which
means the exhaustion of free aptamer molecules.

1.1 The model

Let Ω = {x = (x1, x2, x3) ∈ R3 | xi ∈ (0, 1), i = 1, 2, 3} be the unit open cube inR3 (the wet
cell), ∂Ω its boundary. LetΓ = {x ∈ R3 | x3 = 0} be the part of∂Ω occupied by aptamers.

Suppose thatΩ is filled with a liquidW, and some substanceP is solved there. Letρp andρw be
the proper densities ofP andW, respectively. Denote byφ the volume concentration and byρ the
mass concentration of the substanceP in Ω. That is,ρ = φρp. The functionφ satisfies the equation

∂φ

∂t
= div j in Ω, (1.1)

wherej is the diffusion flux ofP andt is the time variable. Note that the diffusion mass flux is
equal toρpj. We suppose that

j · ν = 0 on ∂Ω \ Γ, (1.2)

whereν is the outward normal to∂Ω. This means that there is no flux ofP through the boundary
of Ω except forΓ. The flux ofP can be different from zero due to the aptamers that adhere the
substanceP from the solution.

Let us denote byµ the surface mass distribution ofP on Γ. That isµ is the amount of the
substance caught by the aptamers per unit area ofΓ. Note that its dimension iskg/m2. We assume
the mass conservation ofP so that

∂µ

∂t
= ρpj · ν on Γ. (1.3)

Let us introduce the surface concentrationη of P on Γ. We denote byΓδ the set{x ∈ R3 | − δ ≤
x3 ≤ 0, (x1, x2, 0) ∈ Γ}, whereδ is a positive number. In fact, the aptamers can be imagine like
thin pins which occupy the layerΓδ nearΓ (see Fig. 1), and the substanceP can diffuse into this
layer. We consider a molecule ofP being caught by the aptamers, if it penetrates into this layer. Let
us denote bȳφ the concentration of molecules ofP caught by the aptamers inΓδ. Then

µ = ρp

∫ 0

−δ

φ̄ dx3.
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Figure 1: The aptamers layer.

The aptamers can not catch more then a certain amount of molecules ofP. After that, the molecules
remain inΩ. That isφ̄ can not exceed some positive numberφ̄0 ∈ (0, 1). We define the surface
concentrationη as

η =
1

σ

∫ 0

−δ

φ̄ dx3,

whereσ = φ̄0δ. Thus, ifη = 1 at some point onΓ, then molecules ofP can not more adhere at this
place. Ifη = 0 somewhere, then the aptamers are completely free at this place.

It is not difficult to see that the functionsη andµ are connected through the relation

µ = σρpη,

which together with (1.3) gives

σ
∂η

∂t
= j · ν on Γ. (1.4)

According to the Fick’s law,
j = −α∇φ, (1.5)

whereα is a positive constant.In order to complete the statement of the problem, we have to specify
a relation betweenη andφ, which will play the role of a constitutive law. Here, we should take
into account properties of the aptamer. First of all, if the aptamer catch a molecule, it will be not
released. Besides that, there exist two valuesφ0 andφ1 of the concentrationφ such that ifφ ≤ φ0

nearΓ, then the aptamer can not catch molecules ofP. On the other hand, ifφ achieves the value
φ1 somewhere, then the aptamer is completely saturated at this place and can not catch molecules
any more so that they remain inΩ. We assume that0 ≤ φ0 < φ1. These properties of the aptamers
can be modeled as follows.

Let H0(φ0, φ1, ·) : R → [0, 1] be a Lipschitz continuous non-decreasing function such that
H0(φ0, φ1, s) = 0 if s ≤ φ0 andH0(φ0, φ1, s) = 1 if s ≥ φ1. We introduce an operatorA0(φ0, φ1, ·) :
L∞(0, T ) → L∞(0, T ) such that

A0(φ0, φ1, ϕ)(t) = ess sup
0≤τ≤t

H0

(
φ0, φ1, ϕ(τ)

)

for almost allt ∈ [0, T ] and for allϕ ∈ L∞(0, T ). This is a hysteresis operator, which acts as it is
shown schematically in Fig. 2. We postulate the following constitutive law

η(x, t) = A0

(
φ0, φ1, φ(x, ·))(t) for x ∈ Γ, t ∈ [0, T ]. (1.6)

Equations (1.1), (1.2), (1.4), (1.5), (1.6) form a closed model which can be used for the descrip-
tion of the deposition of a protein in the presence of the corresponding aptamer that adheres and

2



sφ0 φ1

H0(φ0, φ1, s)

1

A0(φ0, φ1, ϕ)

ϕ

Figure 2: Hysteresis operatorA.

holds the protein molecules. It is reasonable to rescale the model from practical point of view. The
sensor is developed to detect the presence of a substance whose concentration is very small. Addi-
tionally, the thickness of the aptamer layer is also very small. Usually,φ ≈ 10−8 andσ ≈ 10−9m.
On the other hand,η can assume any value from the interval[0, 1]. By this reason, we introduce a
scaled concentrationu = σ−1φ. Note thatu can be greater than 1. In order to make the diffusion
coefficient being equal to 1, we rescale the time variable multiplying it byα. In the new variables,
the problem reads as follows.

ut = ∆u, x ∈ Ω, t ∈ [0, T ], (1.7)

t = 0 : u = u0, η = η0, (1.8)

∂Ω \ Γ :
∂u

∂ν
= 0, (1.9)

Γ : ηt = −∂u

∂ν
, η = A(u), (1.10)

whereA(·) = A0(a0, a1, ·), a0 = φ0/σ, a1 = φ1/σ. We introduce also the functionH(·) =
H0(a0, a1, ·) so that

A(ϕ)(t) = ess sup
0≤τ≤t

H
(
ϕ(τ)

)
.

Problem (1.7)—(1.10) is calledProblem A.
Remark. It would be more correct to writeη = A(γ0u) in (1.10), whereγ0 : H1(Ω) → H1/2(Γ) is
the trace operator. We omit the symbolγ0, whenever that does not lead to a confusion. •

1.2 The main result

DenoteΩT = Ω× [0, T ], ΓT = Γ× [0, T ]. Let ds be the two-dimensional Lebesgue measure.

Definition 1.1 A pair of functionsu, η such that

u ∈ H1(ΩT ), u|t=0 = u0, η ∈ L∞(ΓT ), ηt ∈ L2(ΓT )

is called a generalized solution to Problem A if

η(x, t) = A(u(x, ·))(t) (1.11)
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for almost all(x, t) ∈ ΓT , and the following integral identity

T∫

0

∫

Ω

(
utψ +∇u · ∇ψ

)
dxdt−

T∫

0

∫

Γ

ηψt dsdt +

∫

Γ

η0ψ0 ds = 0 (1.12)

holds for every smooth functionψ with ψ|t=T = 0. Hereψ0 = ψ|t=0 andη0 = η|t=0.

The main result of this paper is the following theorem.

Theorem 1.2 Let u0 ∈ H1(Ω) ∩ L∞(Ω), u0 ≥ 0, and η0 is a measurable function such that
η0(x) = H

(
u0(x)

)
for x ∈ Γ. Then there exists a unique generalized solution to Problem A such

that
ut, ∆u ∈ L2(ΩT ), ux ∈ L∞(0, T ; L2(Ω)),

0 ≤ u ≤ ‖u0‖L∞(Ω),

ηt ∈ L2(ΓT ), η ∈ H1/2(ΓT ).

Remark. The conditionη0 = H(u0) is not important and can be omitted. It makes a physical sense
and, besides that, simplifies some mathematical calculations. •

1.3 Bibliographical remarks

Problems with hysteresis were considered in numerous publications. We refer to the books [1], [2],
[3] and [4] for survives in this theory. The common feature of the investigations cited is that the
regularizing termε∂u

∂t
is being added to the boundary condition (1.10) to improve the regularity of

u|Γ with respect tot. Thus, the boundary condition onΓ looks like that

ε
∂u

∂t
+ ηt = −∂u

∂ν
, η = A(u).

A technique proposed in this paper allows us to handle the singular case,ε = 0.

2 Proof of the main result

2.1 Construction of approximate solutions

Use the following implicit time discretization scheme to approximate the problem. Fix arbitrary
N ∈ N and setτ = T/N . For everyn ∈ {1, 2, . . . , N} consider the following problem forun:

un − un−1 = τ∆un, x ∈ Ω, (2.1)

ηn − ηn−1 = −τ
∂un

∂ν
, x ∈ Γ, (2.2)

∂un

∂ν
= 0, x ∈ ∂Ω \ Γ. (2.3)

where
ηn(x) = max

k∈{0,1,...,n}
H

(
uk(x)

)
, x ∈ Γ. (2.4)

Notice that
ηn(x) = ηn−1(x) +

(
H

(
un(x)

)− ηn−1(x)
)+

, x ∈ Γ, (2.5)
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wheref+ := max{0, f} is the positive part of a functionf . The problem (2.1)—(2.4) can be solved
by minimization of the following functional inH1(Ω):

Φn(u) =

∫

Ω

(τ

2
|∇u|2 +

1

2
|u− un−1|2

)
dx +

∫

Γ

F (u, ηn−1) ds,

where

F (u, v) =

∫ u

0

(
H(ξ)− v

)+
dξ.

It is not difficult to see that the set of minimizers of the functionalΦn coincides with the set of
solutions to the problem (2.1)–(2.4) for everyn ∈ {1, 2, . . . , N}. Since the functionalΦn is strictly
convex, coercive and weakly lower semicontinuous inH1(Ω), there exists a unique minimizerun ∈
H1(Ω) of Φn so that

Φn(un) = min
u∈H1(Ω)

Φn(u)

for eachn ∈ {1, 2, . . . , N}. Some useful estimates can be obtained for the minimizers. The obvious
inequalityΦk(u

k) ≤ Φk(u
k−1) results in

∫

Ω

(τ

2
|∇uk|2 +

1

2
|uk − uk−1|2

)
dx +

∫

Γ

F (uk, ηk−1) ds ≤

≤
∫

Ω

τ

2
|∇uk−1|2 dx +

∫

Γ

F (uk−1, ηk−1) ds. (2.6)

Note thatF (uk−1(x), ηk−1(x)) = 0 for almost allx ∈ Γ. Really, the obvious inequalityH(uk−1) ≤
ηk−1 and the monotonicity of the functionH imply thatH(ξ)−ηk−1(x) ≤ H(uk−1(x))−ηk−1(x) ≤
0 for all ξ ∈ [0, uk−1(x)] and almost allx ∈ Γ. This proves the claim. Taking the last result into
account and summing up the both sides of inequality (2.6) overk from 1 to n yields

∫

Ω

|∇un|2 dx + τ

n∑

k=1

∫

Ω

∣∣∣u
k − uk−1

τ

∣∣∣
2

dx ≤
∫

Ω

|∇u0|2 dx. (2.7)

Relations (2.7) and (2.1) imply

τ

n∑

k=1

∫

Ω

|∆uk|2 dx ≤
∫

Ω

|∇u0|2 dx. (2.8)

The following lemma proves an auxiliary result that is surely well known an can be found in the
literature.

Lemma 2.1 Letf : R→ R be aC1 function such thatf ′ is non-decreasing. Then

f(α)− f(β) ≤ f ′(α)(α− β)

for all α, β ∈ R.

B Really, if α > β, thenf(α) − f(β) = f ′(ξ0)(α − β) ≤ f ′(α)(α − β), whereξ0 ∈ [β, α]. If
α < β, thenf(β)− f(α) = f ′(ξ0)(β − α) ≥ f ′(α)(β − α), whereξ0 ∈ [α, β]. C

5



Lemma 2.2 The following inequality

0 ≤ un(x) ≤ ess sup
x∈Ω

u0(x).

holds for alln = 1, 2, . . . , N and for almost allx ∈ Ω.

B Denoteb = ess sup
x∈Ω

u0(x) and introduce the following function

f(ξ) =





ξ2, ξ ≤ 0,

0, 0 ≤ ξ ≤ b,

(ξ − b)2, ξ ≥ b.

It is not difficult to see that this function satisfies the conditions of Lemma 2.1. Multiply (2.1) by
f ′(un) and integrate overΩ. This yields

∫

Ω

(
f ′(un)

un − un−1

τ
+ f ′′(un)|∇un|2

)
dx =

=

∫

Γ

∂un

∂ν
f ′(un) ds = −

∫

Γ

ηn − ηn−1

τ
f ′(un) ds ≤ 0, (2.9)

because the function(ηn−ηn−1)f ′(un) is nonnegative onΓ. The last claim is true due to the follow-
ing arguments. Ifun(x) ≥ 0, thenf ′(un(x)) ≥ 0, which implies that

(
ηn(x)−ηn−1(x)

)
f ′(un(x)) ≥

0 becauseηn ≥ ηn−1. If un(x) ≤ 0, thenηn(x) = ηn−1(x) becauseu0 is nonnegative.
Due to (2.9), Lemma 2.1 and convexity of the functionf , the following is true

∫

Ω

f(un) dx ≤
∫

Ω

f(un−1) dx.

Taking into account thatf(u0) = 0 implies thatf(un) = 0. This relation proves the lemma. C
Denote

ζn(x) = max
k∈{0,1,...,n}

H
(
uk(x)

)
, x ∈ Ω. (2.10)

The equivalent definition of this function reads as

ζn(x) = ζn−1(x) +
(
H

(
un(x)

)− ζn−1(x)
)+

, x ∈ Ω. (2.11)

It is obvious thatζn ∈ H1(Ω) and
ηn = γ0ζ

n. (2.12)

The following lemma gives some uniform estimates forζn andηn.

Lemma 2.3 For all n = 1, 2, . . . , N , the following is true
∫

Ω

|∇ζn|2 dx ≤ c2
0

∫

Ω

|∇u0|2 dx, (2.13)

τ

n∑

k=1

∫

Ω

(ζk − ζk−1

τ

)2

dx ≤ c2
0

2

∫

Ω

|∇u0|2 dx, (2.14)
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τ

n∑

k=1

∫

Γ

(ηk − ηk−1

τ

)2

ds ≤ c0

2

∫

Ω

|∇u0|2 dx, (2.15)

wherec0 = max
s∈R

(
dH(s)/ds

)
.

B Denote
ξn(x) = max

k∈{0,1,...,n}
uk(x), x ∈ Ω.

It is not difficult to see thatζn = H(ξn). Denote the set inΩ whereun ≥ ξn−1 by Gn. Multiplying
(2.1) byξn − ξn−1 yields
∫

Ω

(
(un − un−1)(ξn − ξn−1) + τ∇un · ∇(ξn − ξn−1)

)
dx +

∫

Γ

(ηn − ηn−1)(ξn − ξn−1) ds = 0.

Note that(un − un−1)(ξn − ξn−1) ≥ (ξn − ξn−1)2 almost everywhere inΩ. Really, ifx ∈ Gn, then
ξn(x) = un(x) andun(x) − un−1(x) ≥ un(x) − ξn−1(x) = ξn(x) − ξn−1(x). If x 6∈ Gn, then
ξn(x) = ξn−1(x) and(un(x)− un−1(x))(ξn(x)− ξn−1(x)) = (ξn(x)− ξn−1(x))2 = 0. Thus,

∫

Ω

(ξn − ξn−1)2 dx +

∫

Γ

(ηn − ηn−1)(ξn − ξn−1) ds + τ

∫

Ω

∇un · ∇(ξn − ξn−1) dx ≤ 0. (2.16)

It is clear that∇(ξn − ξn−1) = 0 almost everywhere inΩ \Gn. On the other hand,un = ξn and
∇un = ∇ξn almost everywhere inGn. Therefore,

∫

Ω

∇un · ∇(ξn − ξn−1) dx =

∫

Gn

∇un · ∇(ξn − ξn−1) dx =

=

∫

Gn

∇ξn · ∇(ξn − ξn−1) dx =

∫

Ω

∇ξn · ∇(ξn − ξn−1) dx =

=
1

2

∫

Ω

|∇ξn|2 dx− 1

2

∫

Ω

|∇ξn−1|2 dx +
1

2

∫

Ω

|∇ξn −∇ξn−1|2 dx.

This relation together with (2.16) gives

2

τ

n∑

k=1

∫

Ω

(ξk − ξk−1)2 dx +
2

τ

n∑

k=1

∫

Γ

(ηk − ηk−1)(ξk − ξk−1) ds +

∫

Ω

|∇ξn|2 dx ≤
∫

Ω

|∇u0|2 dx.

Note thatζk − ζk−1 = H(ξk) − H(ξk−1) ≤ c0(ξ
k − ξk−1), wherec0 = max

s∈R

(
dH(s)/ds

)
> 0.

Therefore, multiplying the last estimate byc2
0 gives

2

τ

n∑

k=1

∫

Ω

(ζk − ζk−1)2 dx +
2c0

τ

n∑

k=1

∫

Γ

(ηk − ηk−1)2 ds + c2
0

∫

Ω

|∇ξn|2 dx ≤ c2
0

∫

Ω

|∇u0|2 dx.

The assertion of the lemma follows immediately from this inequality. C
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2.2 Passage to the limit

For everyN ∈ N, let uN , ηN , and ζN be piecewise linear time interpolations of{un}, {ηn}
and{ζn}, respectively;uN , ηN , andζN piecewise constant time interpolations of these functions.
Remember that piecewise linear and piecewise constant time interpolations of a functionv(x, t) are
given by

vN(x, t) = vn(x)
(
1− n +

t

τ

)
+ vn−1(x)

(
n− t

τ

)
, if t ∈ [(n− 1)τ, nτ ],

and
vN(x, t) = vn(x), if t ∈ ((n− 1)τ, nτ ],

respectively.

Lemma 2.4
(uN − uN) → 0, (ζN − ζN) → 0 in L2(ΩT ),

(ηN − ηN) → 0 in L2(ΓT )

asN →∞.

B Due to (2.7),

T∫

0

‖uN(t)− uN(t)‖2
L2(Ω) dt =

N∑
n=1

‖un − un−1‖2
L2(Ω)

nτ∫

(n−1)τ

( t

τ
− n

)2

dt =

=
τ

3

N∑
n=1

‖un − un−1‖2
L2(Ω) ≤

τ 2

3
‖∇u0‖2

L2(Ω).

Sinceτ = 1/N , the first assertion is proved. The other two claims can be proved with the same
arguments using estimates (2.14) and (2.15). C

Estimates (2.7),(2.8),(2.13),(2.14), and (2.15) imply

∥∥∥∂uN

∂t

∥∥∥
2

L2(ΩT )
+ ‖∇uN‖2

L∞(0,T ;L2(Ω)) ≤ ‖∇u0‖2
L2(Ω),

‖∇uN‖L∞(0,T ;L2(Ω)) ≤ ‖∇u0‖L2(Ω), ‖∆uN‖L2(ΩT ) ≤ ‖∇u0‖L2(Ω),

‖∇ζN‖L∞(0,T ;L2(Ω)) ≤ c0 ‖∇u0‖L2(Ω), ‖∇ζN‖L∞(0,T ;L2(Ω)) ≤ c0 ‖∇u0‖L2(Ω),

∥∥∥∂ζN

∂t

∥∥∥
L2(ΩT )

≤ c0√
2
‖∇u0‖L2(Ω),

∥∥∥∂ηN

∂t

∥∥∥
L2(ΓT )

≤
√

c0

2
‖∇u0‖L2(Ω).

These estimates along with (2.1)–(2.4) yield

∂uN

∂t
= ∆uN in L2(ΩT ), (2.17)

∂ηN

∂t
= −∂uN

∂ν
in L2(0, T ; H−1/2(Γ)), (2.18)

∂uN

∂ν
= 0 in L2(0, T ; H−1/2(∂Ω \ Γ)), (2.19)

ηN(x, t) = A(uN(x, ·))(t) for a.a. (x, t) ∈ ΓT , (2.20)

ζN(x, t) = A(uN(x, ·))(t) for a.a. (x, t) ∈ ΩT . (2.21)
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Besides that, (2.12) implies

ηN = γ0ζN in L∞(0, T ; H1/2(Γ)). (2.22)

Thanks to the estimates obtained above and to Lemma 2.4, there exist a sequenceNm →∞ and
functionsu, η andζ such that

uNm → u ∗ weakly in H1(0, T ; L2(Ω)) ∩ L∞(0, T ; H1(Ω)),

uNm → u ∗ weakly in L∞(0, T ; H1(Ω)),

ζNm → ζ ∗ weakly in H1(0, T ; L2(Ω)) ∩ L∞(0, T ; H1(Ω)),

ζNm
→ ζ ∗ weakly in L∞(0, T ; H1(Ω)),

ηNm → η weakly in H1(0, T ; L2(Γ)),

ηNm
→ η ∗ weakly in L∞(0, T ; H1/2(Γ)),

As a consequence, we have

u ∈ H1(0, T ; L2(Ω)) ∩ L∞(0, T ; H1(Ω)), ∆u ∈ L2(ΩT ),

ζ ∈ H1(0, T ; L2(Ω)) ∩ L∞(0, T ; H1(Ω)),

η ∈ H1(0, T ; L2(Γ)) ∩ L∞(0, T ; H1/2(Γ)),

Moreover, due to Lemma 2.2, the functionsu, η andζ are bounded and

0 ≤ u(x, t) ≤ ess sup
x∈Ω

u0(x).

The passage to the limit in (2.17)–(2.19), and (2.22) with respect to subsequences yields

∂u

∂t
= ∆u in L2(ΩT ), (2.23)

∂η

∂t
= −∂u

∂ν
in L2(0, T ; H−1/2(Γ)), (2.24)

∂u

∂ν
= 0 in L2(0, T ; H−1/2(∂Ω \ Γ)), (2.25)

η = γ0ζ in L∞(0, T ; H1/2(Γ)). (2.26)

In order to complete the proof of the solvability of Problem A, we have to establish (1.11). First,
we prove that

ζ(x, t) = A(u(x, ·))(t) for almost all (x, t) ∈ ΩT . (2.27)

The prove uses arguments that are similar to those from [2, IX.1]. Namely, standard results yield
the following embeddings for everys ∈ (0, 1/2):

H1(ΩT ) ⊂ Hs(Ω; H1−s(0, T )) ⊂ L2(Ω; Cα[0, T ]),

whereα < 1/2 − s. The last embedding is compact. Therefore,uNm → u in L2(Ω; Cα[0, T ])
anduNm(x, ·) → u(x, ·) in Cα[0, T ] for almost allx ∈ Ω. Fix an arbitraryt ∈ [0, T ]. For every
Nm ∈ N, there existn ∈ {1, . . . , Nm} such thatt ∈ ((n− 1)τ, nτ ]. Thus,

A(uNm(x, ·))(t) = ess sup
s∈[0,t]

H(uNm(x, s)) = ess sup
s∈[0,nτ ]

H(uNm(x, s)) =

= max
s∈[0,nτ ]

H(uNm(x, s)) = max
s∈[0,t]

H(uNm(x, s)) + R(τ, uNm , t),
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where|R(τ, uNm , t)| ≤ C τα with a constantC which is independent ofNm and t. The passage to
the limit in (2.21) gives (2.27).

Due to (2.26) and (2.27), it remains to prove only that

γ0A(u)(t) = A(γ0u)(t) for almost all t ∈ [0, T ], (2.28)

whereu is the limit of {uNm}. To do that, some regularity properties of the functionu should be
established.

Lemma 2.5 For everyδ > 0, there existsβ ∈ (0, 1) such thatu ∈ Cα,α/2(Q), whereQ is an
arbitrary subdomain ofΩT such thatQ ⊂ ΩT anddist(Q, {(x, t) ∈ R3+1 | t = 0}) > δ.

B Take an arbitrary numberk ∈ R and multiply (2.23) by(u− k)+. Integration of the product over
Ω gives

1

2

d

dt

∫

Ω

(
(u− k)+

)2
dx +

∫

Ω

∣∣∇(u− k)+
∣∣2 dx = −

∫

Γ

ηt(u− k)+ ds ≤ 0,

becauseη does not decrease int. The assertion of the lemma follows now from Theorem 1.7 of [6].
C

For everyδ > 0, introduce the following operator

Aδ(v)(t) =





0, t < δ,

ess sup
δ≤s≤t

H(v(s)), t ≥ δ,

wherev ∈ L∞(0, T ). Sinceu is continuous inΩ× [δ, T ], the relation holds

γ0Aδ(u)(t) = Aδ(γ0u)(t) for all t ∈ [0, T ]. (2.29)

Note thatA(v)(t) = ‖v‖L∞(0,t) for any nonnegative functionv ∈ L∞(0, T ), andAδ(v)(t) =
‖χδv‖L∞(0,t), whereχδ : R → {0, 1} is the characteristic function of the interval(δ, T ). It is
clear thatA(v)(t) ≥ Aδ(v)(t). On the other hand,A(v)(t) ≤ lim inf

δ→0
Aδ(v)(t) due to the∗weak

semi-continuity of the norm inL∞. The two last inequalities provide

A(v)(t) = lim
δ→0

Aδ(v)(t)

for almost allt ∈ [0, T ] and for every nonnegative functionv ∈ L∞(0, T ). Passage to the limit in
(2.29) asδ → 0 gives (2.28).

The solvability of the Problem A is proved.

2.3 Uniqueness of the solution

Let {uk, ηk}, k = 1, 2, be two solutions of Problem A. Denotẽu = u1 − u2, η̃ = η1 − η2. Due to
the Hilpert’s inequality (see [2, III.2])

dη̃+(x, ·)
dt

≤ dη̃(x, ·)
dt

q(x, ·), a.e. in (0, T ) (2.30)

for almost allx ∈ Γ and for every measurable functionq(x, ·) ∈ He(ũ(x, ·)), where

He(s) =





0, s < 0,

[0, 1], s = 0,

1, s > 0.
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Multiply (1.7) by qm(x, t) = Hm
e (ũ(x, t)), where

Hm
e (s) =





0, s < 0,

ms, 0 ≤ s ≤ 1/m,

1, s > 1/m.

The inequality ∫

Ω

∇ũ · ∇qm dx =

∫

Ω

(Hm
e )′(ũ) |∇ũ|2 dx ≥ 0,

implies ∫

Ω

∂ũ

∂t
Hm

e (ũ) dx +

∫

Γ

∂η̃

∂t
Hm

e (ũ) ds ≤ 0 a.e. in (0, T ).

Passage to the limit asm → 0 gives
∫

Ω

∂ũ+

∂t
dx +

∫

Γ

∂η̃

∂t
q ds ≤ 0 a.e. in (0, T ),

whereq ∈ He(ũ) is a function such thatHm
e (ũ) → q almost everywhere inΓT . Therefore, inequality

(2.30) implies
d

dt

( ∫

Ω

ũ+ dx +

∫

Γ

η̃+ ds
)
≤ 0.

This means that̃u+ = 0 andη̃+ = 0. Interchanging indices 1 and 2 in the definition ofũ andη̃, we
conclude that̃u = 0 andη̃ = 0. The theorem is proved.

2.4 Numerical simulation

First, consider a two-dimensional case, where the solution is assumed being independent on thex2

variable. Seta0 = 0 anda1 = 0.1 in the definition of the functionH. The initial concentrationu0 is
of the form

u0(x1, x2) =





10, if (x1 − 0.2)2 + (x2 − 0.2)2 < 0.122;
15, if (x1 − 0.7)2 + (x2 − 0.2)2 < 0.12;
0, otherwise.

Simulation results are shown in figure 3. The concentrationu|Γ grows at the beginning, see
graphsa′) andb′). Then,u|Γ goes down because the substance is being spread out over the whole
volume of the wet cell, see graphsc′), d′), ande′). The surface concentrationη grows monotonically
and shows a saturation at the value equal to1, seea) - e). Note thatu|Γ grows drastically at the
regions whereη archives the saturation because the flux throughΓ stops at such regions, compare
graphsb) andb′).
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Figure 3. Time development of the concentrationu (to the right) and the surface concentration
η (to the left) at the bottomΓ for several time instances.
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Now consider a three dimensional case. The parametersa0 = 0 anda1 = 0.1 in the definition
of the functionH are the same as in the two dimensional case. The initial concentrationu0 is now
of the form

u0(x1, x2, x3) =





13, if (x1 − 0.3)2 + (x2 − 0.3)2 + (x3 − 0.4)2 < 0.22;
12, if (x1 − 0.7)2 + (x2 − 0.7)2 + (x3 − 0.3)2 < 0.22;
0, otherwise.

Figure 4. shows simulation results. The qualitative behavior ofu|Γ andη is similar to that in the
two dimensional case:u|Γ grows at the beginning and then goes down. The surface concentration
η grows monotonically and archives a saturation at 1. The grows ofu|Γ is very quick in the regions
whereη archives the saturation.

0

0.2

0.4

0.6

0.8

1

0
0.2

0.4
0.6

0.8
1

0

0.5

1

0

0.2

0.4

0.6

0.8

1

0
0.2

0.4
0.6

0.8
1

0

0.1

0.2

a) a′)

0

0.2

0.4

0.6

0.8

1

0
0.2

0.4
0.6

0.8
1

0

0.5

1

0

0.2

0.4

0.6

0.8

1

0
0.2

0.4
0.6

0.8
1

0

0.1

0.2

b) b′)

13



0

0.2

0.4

0.6

0.8

1

0
0.2

0.4
0.6

0.8
1

0

0.5

1

0

0.2

0.4

0.6

0.8

1

0
0.2

0.4
0.6

0.8
1

0

0.1

0.2

c) c′)

0

0.2

0.4

0.6

0.8

1

0
0.2

0.4
0.6

0.8
1

0

0.5

1

0

0.2

0.4

0.6

0.8

1

0
0.2

0.4
0.6

0.8
1

0

0.1

0.2

d) d′)

Figure 4. Time development of the concentrationu (to the right) and the surface concentration
η (to the left) at the bottomΓ for several time instances.
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