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1 Introduction

The problem we consider in this paper appears when developing sensors which serve for detecting
of certain proteins in solutions. An important part of such sensors is a wet cell, say a cube, filled
with water into which a solution containing the protein to be detected is injected. Special molecules
called aptamers are immobilized on the bottom of the wet cell. The aptamers can selectively bind
the desired protein from the solution. The change of the surface mass loading can be analyzed using
acoustic waves propagating along the aptamer layer. Thus, the concentration of the protein in the
solution can be estimated. In this paper, a model that describes the propagation of the protein in the
wet cell and its adhering to the aptamer is proposed. It is assumed for simplicity that the propagation
of the injected protein in the wet cell is governed by an diffusion equation. A special boundary
condition on the bottom provides the monotone grows of the deposited layer with saturation which
means the exhaustion of free aptamer molecules.

1.1 The model

LetQ = {x = (z1,72,23) € R*| z; € (0,1), ¢« = 1,2,3} be the unit open cube iR? (the wet
cell), 99 its boundary. Lel’ = {x € R?| z3 = 0} be the part 0H2 occupied by aptamers.
Suppose that is filled with a liquid W, and some substangeis solved there. Let, andp, be
the proper densities ? andWV, respectively. Denote by the volume concentration and bythe
mass concentration of the substafiten (2. That is,p = ¢p,. The functiong satisfies the equation

o .
E—dw] in €, (1.2)

wherej is the diffusion flux of P andt is the time variable. Note that the diffusion mass flux is

equal top,j. We suppose that
Jj-v=0 on OQ\T, 1.2)

wherev is the outward normal t0€2. This means that there is no flux Bfthrough the boundary
of Q2 except forl". The flux of P can be different from zero due to the aptamers that adhere the
substancé from the solution.

Let us denote by: the surface mass distribution & on I". That isu is the amount of the
substance caught by the aptamers per unit aréa biote that its dimension i8g/m?. We assume
the mass conservation f so that

% =pJ-v on I (2.3)

Let us introduce the surface concentratipaf P onI". We denote by's the set{x € R*| — 4 <

x3 <0, (x1,79,0) € T'}, whered is a positive number. In fact, the aptamers can be imagine like
thin pins which occupy the laydrt; nearl” (see Fig. 1), and the substariPecan diffuse into this
layer. We consider a molecule Bfbeing caught by the aptamers, if it penetrates into this layer. Let
us denote by the concentration of molecules Bfcaught by the aptamers Ity. Then

0
W= p,,/ ¢drs.
-6
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Figure 1. The aptamers layer.

The aptamers can not catch more then a certain amount of molecteg\ter that, the molecules
remain in{). That is¢ can not exceed some positive numbgre (0,1). We define the surface

concentratiom as
I
n=> [ bdu,
0 J-s

whereo = ¢yd. Thus, ifn = 1 at some point o, then molecules oP can not more adhere at this
place. Ifn = 0 somewhere, then the aptamers are completely free at this place.
It is not difficult to see that the functionsandy are connected through the relation

= 0op,mn,

which together with (1.3) gives
on .
0o =d v on I. (1.4)
According to the Fick’s law,

J=—-aVo, (1.5)

whereq is a positive constant.In order to complete the statement of the problem, we have to specify
a relation betweemn and ¢, which will play the role of a constitutive law. Here, we should take
into account properties of the aptamer. First of all, if the aptamer catch a molecule, it will be not
released. Besides that, there exist two valiyeand ¢, of the concentratiow such that ifp < ¢,
nearl’, then the aptamer can not catch molecule®ofOn the other hand, ip achieves the value
¢1 somewhere, then the aptamer is completely saturated at this place and can not catch molecules
any more so that they remain i We assume thdt < ¢, < ¢,. These properties of the aptamers
can be modeled as follows.

Let Ho(¢o, ¢1,) : R — [0,1] be a Lipschitz continuous non-decreasing function such that
Hy(o, 1, 8) = 0if s < ¢pgandHy (o, ¢1,s) = 1if s > ¢;. We introduce an operatoty (¢, ¢1, -) :
L*>(0,T) — L*(0,T) such that

Ao(¢o, ¢1,)(t) = esssup Ho(¢o, ¢1, (7))

0<r<t

for almost allt € [0, 7] and for allp € L>(0,T"). This is a hysteresis operator, which acts as it is
shown schematically in Fig. 2. We postulate the following constitutive law

n(m,t) = A0(¢0,¢1, qb(ac, ))(t) for zel',te [O,T] (16)

Equations (1.1), (1.2), (1.4), (1.5), (1.6) form a closed model which can be used for the descrip-
tion of the deposition of a protein in the presence of the corresponding aptamer that adheres and
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Figure 2: Hysteresis operatgt.

holds the protein molecules. It is reasonable to rescale the model from practical point of view. The
sensor is developed to detect the presence of a substance whose concentration is very small. Addi-
tionally, the thickness of the aptamer layer is also very small. Usualy,10~® ando ~ 10~ m.

On the other hand; can assume any value from the inter{@all]. By this reason, we introduce a
scaled concentratiom = o~ '¢. Note thatu can be greater than 1. In order to make the diffusion
coefficient being equal to 1, we rescale the time variable multiplying it bin the new variables,

the problem reads as follows.

u = Au, xeQ, tel0,T], 1.7)
t=0: u=u", n=1° (1.8)
ou
OQ\T : %—0, (1.9
ou
Doome=—gr, 0= A, (1.10)

where A(-) = Ag(ag,a1,-), ag = ¢o/o, a1 = ¢1/o. We introduce also the functioH (-) =
H()(Clo, as, ) so that
A(p)(t) = esssup H (o(7)).

0<r<t

Problem (1.7)—(1.10) is calle®roblem A
Remark. It would be more correct to write = A(you) in (1.10), wherey, : H'(Q) — HY%(T') is
the trace operator. We omit the symbg| whenever that does not lead to a confusion. °

1.2 The main result

DenoteQdr = Q x [0, 7], 'r =T x [0,T]. Letds be the two-dimensional Lebesgue measure.
Definition 1.1 A pair of functionsu, n such that

ue€ HY(Qp), ulimo=u", nelLl®Tr), mn e Ll*Ir)
is called a generalized solution to Problem A if

(e, t) = Alu(z, ) (t) (1.11)



for almost all(x, t) € 'z, and the following integral identity

L T
0/ Q/ (ut) + Vu - Vi) daedt — 0/ F/ by dsdt + / n’y%ds =0 (1.12)

r

holds for every smooth functiafwith «)|,—r = 0. Herey® = 1|;—o andn® = n|;—.

The main result of this paper is the following theorem.

Theorem 1.2 Letw’ € H'(Q) N L>(Q), u* > 0, andn° is a measurable function such that
n°(z) = H(u’(x)) for x € I'. Then there exists a unique generalized solution to Problem A such
that

uy, Au € L*(Qr), u, € L=(0,T; L*()),

0 <u < [[u’] L),
m € LA(I'r), ne HY* 7).

Remark. The condition;’ = H (u°) is not important and can be omitted. It makes a physical sense
and, besides that, simplifies some mathematical calculations. °

1.3 Bibliographical remarks

Problems with hysteresis were considered in numerous publications. We refer to the books [1], [2],
[3] and [4] for survives in this theory. The common feature of the investigations cited is that the
regularizing term;% is being added to the boundary condition (1.10) to improve the regularity of
u|r with respect ta. Thus, the boundary condition dhlooks like that

ot T Ty

A technique proposed in this paper allows us to handle the singularscase,

n = A(u).

2 Proof of the main result

2.1 Construction of approximate solutions

Use the following implicit time discretization scheme to approximate the problem. Fix arbitrary
N e Nand setr = T'/N. For everyn € {1,2,..., N} consider the following problem far":

u" —u"t = TAU", x <, (2.1)
n" — 77”’1 = —7 Ou , xecl, (2.2)
ov
ou™
= Q\T. 2.
5 0, x € 00\ (2.3)
where
n o k
n"(x) = ke{%}ﬁ.}f,n} H(u"*(x)), xel. (2.4)
Notice that
n n—1 n n—I1 +
p'(@) =" @) + (H(w'(@) —n"'(@) , wel (2.5)



wheref* := max{0, f} is the positive part of a functiofi. The problem (2.1)—(2.4) can be solved
by minimization of the following functional iff*(Q2):

1
Bu(w) = [ (GIVa + 5l u ) dot [ Plar ) ds

Q r

where Y
F(u,v):/o (H(&) —v) " de.

It is not difficult to see that the set of minimizers of the functiof?glcoincides with the set of
solutions to the problem (2.1)—(2.4) for everye {1,2,..., N}. Since the functionab,, is strictly
convex, coercive and weakly lower semicontinuou#it{$2), there exists a unique minimizer
H'(Q) of &, so that

d,(u") = in o,
() = By ()
foreachn € {1,2,..., N}. Some useful estimates can be obtained for the minimizers. The obvious
inequality®, (u*) < & (u*~1) results in

1
/ <% |VuF|? + 5 Jub — uk’l\Z) dx + /F(uk,nkl) ds <
Q r
< /g|Vuk_1\2dw+/F(uk_1,nk_1)ds. (2.6)
Q r

Note thatF'(uf~1(z),n*1(x)) = 0 for aimost allz € T'. Really, the obvious inequalitif (u*~!) <
n*~1 and the monotonicity of the functial imply that H (£) —n*~1(x) < H(u**(x))—n*"(x) <

0 for all ¢ € [0,u*"!(x)] and almost alle € T. This proves the claim. Taking the last result into
account and summing up the both sides of inequality (2.6) b¥em 1 to n yields

n uk _ ukfl )
/|Vu"\2dzc+7' Z/‘— dm§/|Vu0|2d:1:. (2.7)
Q k=1q ! Q
Relations (2.7) and (2.1) imply
T /|Auk|2dw§ /|Vu0]2da:. (2.8)
k=1 o)

The following lemma proves an auxiliary result that is surely well known an can be found in the
literature.

Lemma 2.1 Letf : R — R be aC" function such thay’ is non-decreasing. Then
fla) = f(B) < f(a)(a—B)
forall a, 5 € R.

> Really, ifa > g, thenf(a) — f(8) = f'(&)(a — B) < f'(a)(a — 5), where&, € [5,a]. If
a < f,thenf(B) — f(a) = f'(&) (B — a) = f'(a) (8 — a), whereg, € [a, §]. <



Lemma 2.2 The following inequality

0 < u"(x) < esssupu’(x).
xeN

holds for alln = 1,2, ..., N and for almost alkc € ().

> Denoteb = esssup u’(x) and introduce the following function

xe)
£, £ <0,
f(€) =40, 0<E<H,
(5 - b)27 5 > b.

It is not difficult to see that this function satisfies the conditions of Lemma 2.1. Multiply (2.1) by
f'(u™) and integrate oveR. This yields

[ (76 = ) da =
Q

T

— /@f'(un) ds = —/”n_—"nlf’(u“) ds <0, (2.9)

because the functiom™ —n"~1) f'(u™) is nonnegative ofi. The last claim is true due to the follow-
ing arguments. Ifi"(x) > 0, thenf’(u"(x)) > 0, which implies tha{n" (z) —n"*(x)) f'(u"(x)) >
0 because™ > "~ 1. If u*(x) < 0, thenn”(x) = n"~*(x) because:’ is nonnegative.

Due to (2.9), Lemma 2.1 and convexity of the functifirthe following is true

!ﬂWMwSJﬂW*Mw

Taking into account that(u") = 0 implies thatf(u™) = 0. This relation proves the lemma. <
Denote
("(x) = max H(u*(z)), x € Q. (2.10)

ke{0,1,....,n}

The equivalent definition of this function reads as

() = ¢ @)+ (H (" () - ("_l(m)>+, z e 2.11)

It is obvious that™ € H'(2) and
n" = (" (2.12)

The following lemma gives some uniform estimatesfdmrandn”.

Lemma2.3Foralln =1,2,..., N, the following is true

/|VC”|2dm<c§ /|Vu0]2d:13, (2.13)
Q
n - 1
T / Q d < 0 /|Vu ? de, (2.14)
k=19



n

k _ k=12
T /(_77 il ) ds < @ /|Vu0|2da:, (2.15)
T 2
r Q

k=1
wherec, = max (dH (s)/ds).

> Denote

n k
= e Q.
" () peax U (), =

It is not difficult to see that™ = H(¢™). Denote the set it whereu” > ¢! by G™. Multiplying
(2.1) by — €71 yields

[ (= wie =+ 19un- e - ) da s [ - e -t ds=o.

Q r

Note that(u" — u™1)(£" — 5” 1) > (¢&" — 712 almost everywhere iR. Really, ifz € G™, then
&(x) = u(x) andu™(x Yx) > u(z) — & Hx) = &(x) — & H(x). If x & G", then
() = 1) and(u"(z) — - 2) (€ (@) — £ (x)) = (€"() — €(z))? = 0. Thiss,

) —

"(
/ - dw+/(n"—n"1)(§ - ds+T/Vu — & Hdx <0. (2.16)
Q r

Itis clear thatv(¢" — £"') = 0 almost everywhere i \ G". On the other hand,” = ¢" and
Vu" = VE™ almost everywhere i6/". Therefore,

/vu g”ldm_/vu — &Y dae

— [ve Ve - ¢ da - / Ve V(e -6 do =
Q

Gn

1 1 1
= §/W£”]2da: - §/yvgnl\2daz +5 / |VEr — VEH? da.
Q Q Q
This relation together with (2.16) gives

_Z/ N2 de + = Z/n — P fk1)ds—|—/\V£"|2dm§/|Vu0\2dw.

k=1 ¢ k=11, Q Q

Note that¢* — ¢*1 = H(&F) — H(EF1) < cp(&F — €F1), wherecy = max (dH(s)/ds) > 0
sE
Therefore, multiplying the last estimate bj/gives

—Z/ — 2 dae —i-@Z/n -k ds+co/]V£"\2dw<c0/]Vu ? de.

k=1 ¢ k=11,

The assertion of the lemma follows immediately from this inequality. <



2.2 Passage to the limit

For everyN € N, let uy, 7y, and(y be piecewise linear time interpolations 6&"}, {n"}
and{("}, respectivelyuy, 7, and(, piecewise constant time interpolations of these functions.
Remember that piecewise linear and piecewise constant time interpolations of a futictiorare
given by

uy(x,t) = v"(a:)(l —n+ ;) + v"_l(w)<n - E), it tel(n—1)7,n7],

-
and

un(x,t) = 0" (@), if te((n—1)7,n7],
respectively.

Lemma 2.4 3
(uy —an) =0, (Cv—Cyx)—0 in L*(Qp),

(ov —7y) — 0  in L*(Ip)
asN — oo.

> Due to (2.7),

nTt

T

N
[ lu(t) = a Oy dt = S 0" =gy [ (2 =) e =
0 n=1

(n—1)7
T N 7-2
=3 Z Ju — u" |7 < 3 V|72
n=1

Sincer = 1/N, the first assertion is proved. The other two claims can be proved with the same
arguments using estimates (2.14) and (2.15). <

Estimates (2.7),(2.8),(2.13),(2.14), and (2.15) imply

8uN _
|5 ey * 1V w0z < IV,
IVunll=@orez@) < IVe'llz@, 18T 2 < VW0 ]|20)
IVCnlln=or2@) < co VUl 2@, IV¢N | 20020 < €0 [[VU°] 120
aCN Co 0 37}1\7 Co 0
< — ||Vu’|| 2 H </ = [|[Vu'|| 2
157 ey < 75 1900 pony SV 3 19420
These estimates along with (2.1)—(2.4) yield

ag—;v = Aty in L*(Qr), (2.17)
anN aﬂ]\f . 2 -1
RACLRE L*(0,T; H V(T 2.18
%L—N =0 in L0, 7; H2(00\T)),  (2.19)

1%
In(z,t) = A(un(z,-))(t) fora.a. (x,t) € 'y, (2.20)
Cn(z,t) = Aun(z, ) () fora.a. (z,t) € Qr. (2.21)



Besides that, (2.12) implies
iy =7%Cy  in L=(0,T; HY*(I)). (2.22)

Thanks to the estimates obtained above and to Lemma 2.4, there exist a seljyencec and
functionsu, n and¢ such that

uy,, — U x weakly in  H'(0,7T; L*(2)) N L>(0,T; H'(Q)),
Un,, — U x weakly in  L>(0,T; H'(Q)),

(n, — C x weakly in  H'(0,7T; L*(2)) N L>=(0,T; H(Q)),
Cn, — ¢ x weakly in  L>(0,T; H'(Q2)),

nN,, — 1 weakly in  H*(0,T; L*(T")),

Tn, — 1 « weakly in  L>(0,T; H/*(T)),

As a consequence, we have
w€ HY0,T; L*()) N L>(0,T; H'(Q)), Au € L*(Qr),
¢ € H'(0,T; L*(Q)) N L>(0, T3 H'(Q)),
n€ H'(0,T; LA(T) N L=(0,T; H'*(T)),

Moreover, due to Lemma 2.2, the functioms; and( are bounded and

0 < u(x,t) < esssup u’(x).
xcl)

The passage to the limitin (2.17)—(2.19), and (2.22) with respect to subsequences yields

2 W %) (2.23)
% _ _% in 120, T; H V*(I)), (2.24)
% _0 in L2(0,T: H 200\ T)), (2.25)
7 =7C in  L=(0,T; HY*(I)). (2.26)

In order to complete the proof of the solvability of Problem A, we have to establish (1.11). First,
we prove that

((x,t) = A(u(z,-))(t) foralmostall (x,t) € Q. (2.27)
The prove uses arguments that are similar to those from [2, IX.1]. Namely, standard results yield
the following embeddings for everye (0, 1/2):

H'(Qr) C H*(Q; H'7*(0,T)) € L*(©;C°(0, T)),

wherea < 1/2 — s. The last embedding is compact. Therefarg,, — u in L*(Q; C[0,T])
anduy,, (x,-) — u(x,-) in C*[0,T] for almost allz € Q. Fix an arbitraryt € [0,7]. For every
N,, € N, there exist» € {1, ..., N,,} such that € ((n — 1)7,n7]. Thus,

A(uy,, (x,-))(t) = esssup H(uy,, (x,s)) = esssup H(uy,, (x,s)) =
s€[0,t] s€[0,n7]

= max H(uy,, (x,s)) = max H(un,, (x,s)) + R(T,un,,, 1),
s€[0,n7] s€[0,t]



where|R(7, uy,, ,t)| < C7* with a constant” which is independent a¥,,, and t. The passage to
the limitin (2.21) gives (2.27).
Due to (2.26) and (2.27), it remains to prove only that

Yo A(u)(t) = A(vyou)(t) for almost all ¢ € [0, 77, (2.28)

whereuw is the limit of {uy,, }. To do that, some regularity properties of the functioshould be
established.

Lemma 2.5 For everyd > 0, there exists3 € (0,1) such thatu € C*%/2(Q), whereQ is an
arbitrary subdomain of2; such that) c Qr anddist(Q, {(x,t) € R** |t =0}) > 4.

> Take an arbitrary numbér € R and multiply (2.23) by(u — k). Integration of the product over
Q) gives

3o [ =0 de s [190=n Pz = [ate—ias <o
Q Q r

because does not decrease inThe assertion of the lemma follows now from Theorem 1.7 of [6].

<
For everys > 0, introduce the following operator
0, t <9,
As(v)(t) = esssup H(v(s)), t >,
0<s<t
wherev € L>(0,T). Sinceu is continuous irf2 x [4, T, the relation holds
YoAs(u)(t) = As(you)(t) forall ¢ e [0,7). (2.29)

Note thatA(v)(t) = ||v|| L~ for any nonnegative function € L>(0,7), and As(v)(t) =
x50 Lo=(0,e), Wherexs : R — {0,1} is the characteristic function of the interv@al, 7'). It is
clear thatA(v)(t) > As(v)(t). On the other handd(v)(t) < li%n iglf As(v)(t) due to thex weak

semi-continuity of the norm il.>°. The two last inequalities provide
A) () = lim As(v) (1

for almost allt € [0, 7] and for every nonnegative functiane L>°(0,7"). Passage to the limit in
(2.29) ash — 0 gives (2.28).
The solvability of the Problem A is proved.

2.3 Uniqueness of the solution

Let {ug, i}, k = 1,2, be two solutions of Problem A. Denote= u; — us, 77 = 1 — 12. Due to
the Hilpert’s inequality (see [2, 111.2])
dﬁ+<w7 ) dﬁ<w7 )
< .
o S g ),
for almost allz € T and for every measurable functigfi, -) € H.(u(x,-)), where

a.e.in (0,7) (2.30)

0, s <0,
HE(S> - [07 1]7 s = 07
1, s> 0.



Multiply (1.7) by g, (z, t) =

The inequality

H™(a(x,t)), where

0, s <0,
ms, 0<s<1/m,
I, s>1/m.

/va -V dx = /(H;”)’(a) |Vi|* dz > 0,

Q
implies
ou

g™
at  ©

Q

Q

(@) dm+/%H§"(a) ds < 0
I

a.e.in (0,7).

Passage to the limit as — 0 gives

—dw+/%qu§0 a.e.in (0,7),
T

whereq € H.(u)is afunction such thai™(u) — ¢ almost everywhere ifi;. Therefore, inequality

(2.30) implies
%(/a+dm+/ﬁ+ds) <0.

Q r

This means thai* = 0 andn™ = 0. Interchanging indices 1 and 2 in the definitionionds;, we
conclude thati = 0 andn = 0. The theorem is proved.

2.4 Numerical simulation

First, consider a two-dimensional case, where the solution is assumed being independenton the
variable. Set,; = 0 anda; = 0.1 in the definition of the functioZ. The initial concentration is

of the form

10, if (21 — 0.2)2 + (25 — 0.2)? < 0.12%;

15, if (z1 — 0.7)2 4 (2 — 0.2)? < 0.1%;

0, otherwise.

U0($1,$2) =

Simulation results are shown in figure 3. The concentratigngrows at the beginning, see
graphsa’) andd’). Then,u|r goes down because the substance is being spread out over the whole
volume of the wet cell, see graphi$, '), ande’). The surface concentratiorgrows monotonically
and shows a saturation at the value equal,teeea) - ¢). Note thatu|r grows drastically at the
regions where) archives the saturation because the flux throligitops at such regions, compare
graphsh) and?d’).
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Figure 3. Time development of the concentratioio the right) and the surface concentration
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