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The paper presents an algorithm for solving inverse problems of heat transfer. The method is based on
iterative solving of direct and adjoint model equations with the aim to minimize a fitting functional.
An optimal choice of the step length along the descent direction is proposed. The algorithm has been used
for the treatment of a steady-state problem of heat transfer in a region with holes. The temperature and
the heat flux density were known on the outer boundary of the region, whereas these values on the
boundaries of the holes are to be determined. The idea of the algorithm consist in solving of Neumann
problems where the heat flux on the outer boundary is prescribed, whereas the heat flux on the inner
boundary is guessed. The guess is being improved iteratively to minimize the mean quadratic deviation
of the solution on the outer boundary from the given distribution.

The results obtained show that the algorithm provides smooth, non-oscillating, and stable solutions to
inverse problems of heat transfer, that is, it avoids disadvantages inherent in other computational meth-
ods for such problems. The ill-conditioning of inverse problems in the Hadamard sense is exhibited in
that a very quick convergence of the fitting functional to its minimum does not imply a comparable rate
of convergence of the recovered temperature on the inner boundary to the true distribution.

The considered method can easily be extended to nonlinear problems.
Numerical calculation has been carried out with the FE program Felics developed at the Chair of Math-

ematical Modelling of the Technical University of Munich.
� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Inverse problems, in contrast to stationary and non-stationary
direct boundary value problems, are characterized by unknown
boundary conditions on a part of the boundary. Such a situation
is typical when studying the heat transfer in engineering objects
that have complicated geometries with holes. As an example, the
problem of cooling of gas turbine blades can be mentioned. Mea-
surements give the temperature and the heat flux density on the
outer boundary of a blade, whereas the temperature, the heat flux,
and the surface film conductance on the channel walls of the blade
should be found (see [5]). Missing information about heat condi-
tions in the unreachable part of the boundary is compensated by
a redundant condition (the temperature or the heat flux) on the
outer blade boundary. Another statement of inverse problems con-
sists in determining the temperature and the heat flux on the
whole boundary or on its part, whereas the temperature and the
heat flux are prescribed in selected points located inside the do-
main where the problem is considered (see [1,2,7,12,13]). The
ll rights reserved.
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work [9] proposes a method for recovering of unknown data in
the case where the temperature is measured in several points that
are located close each to other.

Inverse problems belong to ill-conditioned ones in the Hadam-
ard sense [4], which means that small disturbances of the bound-
ary data (the temperature and/or the heat flux) cause large
solution errors and oscillations in the heat flux density. In prob-
lems of design of appropriate heat loads for turbine blades cooled
with a gas, a constant temperature as well as a constant distribu-
tion of the surface film conductance a are assumed (knowing of
a is equivalent to the knowledge of the heat flux density if the sur-
face temperature is known). Problems stated in such a way can be
unsolvable in the classical sense but solvable in a mean-square set-
ting only. Instabilities inherent to inverse problems can destroy
numerical procedures since the temperature and heat flux values
are always polluted with a measurement error noise. Such a noise
is usually eliminated by solving the problem in the mean-square
sense (see [2,5,12,13]) or with statistical methods (comp. [7]).

Inverse problems are solved with various methods. Usually, reg-
ularization techniques are being applied, which converts ill-condi-
tioned systems of equations into well-conditioned ones (see
[1,7,12,13]). Some inverse problems can be solved in the same
way as direct ones (i.e. as boundary value problems). The unknown
temperature and the heat flux on a part of the boundary are
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Fig. 1. Problem setting for a multiply connected region; a redundant condition is
given on the outer boundary, whereas the heat conditions on the boundaries of the
holes are to be found.
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guessed, which yields a well-conditioned system of equations and
provides stability of solutions (see [2]). The unknown (guessed)
temperature and the heat flux are then determined from additional
conditions such as entropy or energy dissipation minimum princi-
ple (see [3]).

The paper presents an algorithm for solving inverse problems
outlined in Fig. 1. Here, the temperature and the heat flux are given
on the outer boundary of the region. The heat conditions on the in-
ner boundary are to be found. The idea of the algorithm consist in
solving of Neumann problems where the heat flux on the outer
boundary is prescribed, whereas the heat flux on the inner bound-
ary is guessed and designated as control. The quality of the control
is estimated by the mean quadratic deviation of the solution from
the given temperature on the outer boundary. In each iteration of
the algorithm, a unique solution of the direct Neumann boundary
value problem is computed and substituted into the right-hand-
side of an adjoint equation whose solution defines the derivative
of the error functional with respect to the control. Such techniques
have been developed in fundamental works [12,13]. An advanced
feature of our approach is that the optimal step length of the line
minimum search along the vector representing the derivative of
the error functional can be computed exactly in the case of linear
equations. Another new feature consists in the utilization of the
H1=2norm in the boundary error functional.

The present method is expected to be free of disadvantages re-
lated to oscillations of the heat flux density or the loss of stability
of solutions because well posed boundary value problems are
solved in each iteration step. Nevertheless, it is impossible to trick
out the physical nature of the ill-posedness of inverse problems
and, therefore, each method is more or less limited. First experi-
ence show that the method of the present paper is less limited then
other approaches. Results of numerical calculations given in the
present paper show the scale of the problem.

Note that some nonlinear steady-state problems can be con-
verted to linear ones with the help of the Helmholtz substitution.

2. Formulation of inverse problems for a multiply connected
region

Consider stationary heat flow in a multiply connected region X
with the boundary C (see Fig. 1), where

C ¼ Cout

[
Cin; Cin ¼

[n
k¼1

Cink; ð1Þ

and the temperature T is governed by the equation:

DT ¼ 0: ð2Þ

With a knowledge of the temperature and the heat flux on the
boundary Cout ,
TjCout
¼ Ta;

@T
@n

����
Cout

¼ qa; ð3Þ

find the distribution of the heat flux and the temperature on the in-
ner boundaries Cin.

The problem is solved iteratively by setting direct Neumann
problems with the following boundary data:

@T
@n

����
Cout

¼ qa;
@T
@n

����
Cin

¼ g: ð4Þ

The control (guess) g on Cin is iteratively being modified to
achieve the minimal value of the functional

J½g� ¼ 1
2

Z
Cout

ðTðgÞ � TaÞ2ds: ð5Þ

The next section describes application of techniques of adjoint
equations (see [9,11]) to the minimization of the functional (5).

3. Solution of the inverse problem

Because of arbitrary shape of X, Eq. (2) and other equations are
solved with Finite Element Method. Therefore, it is convenient to
utilize weak formulation techniques. Multiplication of the Laplace
equation by a test function u, integration over X, and application
of the Green–Ostrogradski–Gauss theorem yield:

Z
X

DT udx ¼ �
Z

X
rTrudxþ

Z
Cout

@T
@n

udsþ
Z

Cin

@T
@n

uds ¼ 0:

ð6Þ

Accounting for (4) givesZ
X
rTrudx ¼

Z
Cout

qa udsþ
Z

Cin

g uds: ð7Þ

If the control g varies on Cin, then the solution TðgÞ of (7)
changes accordingly. The directional derivative of this solution is
defined as:

T 0 ¼ limk!0
Tðg þ kdgÞ � TðgÞ

k
: ð8Þ

Consideration of Eq. (7) with g (as it is) and g þ kdg yields:

Z
X
rTðgÞrudx ¼

Z
Cout

qa udsþ
Z

Cin

g uds: ð9Þ
Z

X
rTðg þ kdgÞrudx ¼

Z
Cout

qa udsþ
Z

Cin

ðg þ kdgÞuds; ð10Þ

Subtraction of (9) from (10), division over k, and passing to the limit
as k! 0 give:Z

X
rT 0 rudx ¼

Z
Cin

dg uds: ð11Þ

The same procedure applied to the functional J(g) gives:

@J
@k
¼ limk!0

Jðg þ kdgÞ � JðgÞ
k

¼ limk!0
1

2k

Z
Cout

ðTðg þ kdgÞ � TaÞ2ds�
Z

Cout

ðTðgÞ � TaÞ2ds
� �

¼
Z

Cout

ðTðgÞ � TaÞT 0 ds: ð12Þ

Since we consider the variation dg of the heat flux on the inner
boundary Cin, the derivative of the error functional should be also
expressed through a function defined on Cin (compare with (12)).
This can be achieved using the following adjoint equation defining
an adjoint variable p:
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Z
X
rwrpdx ¼

Z
Cout

ðTðgÞ � TaÞwds: ð13Þ

Substituting p instead of u in Eq. (11), and u instead of w in (13)
(this can be done because u and w have the same properties as p
and T 0, respectively), gives the following equation:Z

Cin

pdgds ¼
Z

Cout

ðTðgÞ � TaÞT 0 ds ¼ J0ðgÞdg: ð14Þ

Therefore, pjCin
represents the derivative of the functional with

respect to g. Thus, the algorithm looks as follows. Having the flux
distribution gn on Cin in the nth iteration step allows us to find
solution Tn of the equationZ

X
rTnrudx ¼

Z
Cout

qa udsþ
Z

Cin

gn uds: ð15Þ

The equationZ
X
rwrpn dx ¼

Z
Cout

ðTn � TaÞwds ð16Þ

serves for finding the adjoint function pn. A new approximation gnþ1

of the control on Cin is given by the formula

gnþ1 ¼ gn � gpn; ð17Þ

where g 2 ð0;1Þ is normally being found using the line minimum
search. Iterations are terminated when the condition

kTnþ1 � TnkL2ðCoutÞ < e ð18Þ

is fulfilled. The value of the parameter g can be optimally chosen
using linearity of the problem under consideration. Really, the solu-
tion in the nþ 1 th iteration step depends on g and satisfies the
equation
ð26Þ
Z
X
rTnþ1

g rudx ¼
Z

Cout

qa udsþ
Z

Cin

ðgn � gpnÞuds: ð19Þ

Therefore,

Tnþ1
g ¼ Tn � gZ; ð20Þ

where Z solves the equation
Z

X
rZrudx ¼

Z
Cin

pn uds: ð21Þ

Thus,
Jðgn � gpnÞ ¼ 1
2

Z
Cout

ðTn � gZ � TaÞ2ds

¼ 1
2

Z
Cout

ðTn � TaÞ2ds� g
Z

Cout

ðTn � TaÞZ ds

þ 1
2
g2
Z

Cout

Z2 ds ¼ ag2 þ bgþ c; ð22Þ

where

a ¼ 1
2

Z
Cout

Z2 ds; b ¼ �
Z

Cout

ðTn � TaÞZ ds;

c ¼ 1
2

Z
Cout

ðTn � TaÞ2ds: ð23Þ

Finally, the optimal value of the parameter g is given by the
formula:

gopt ¼ �
b

2a
¼
R

Cout
ðTn � TaÞZðpnÞdsR
Cout

Z2ðpnÞds
: ð24Þ
4. Usage of the H1=2ðCoutÞ norm in the error functional

In the previous section, the L2ðCoutÞ norm is used as the error
functional J. Now, the H1=2ðCoutÞ norm is tested for that. It is known
(see e.g. [10]) that the functional of the form

J ¼ a=2
Z

X
ðrvÞ2 dxþ b=2

Z
Cout

ðT � TaÞ2ds; ð25Þ

where the auxiliary function v is a solution of the problem

�Dv ¼ 0; v jCout
¼ T � Ta;

@v
@n
jCin
¼ 0;
defines an H1=2ðCoutÞ norm. The derivative of the functional is:
Finally

J0 ¼ a
Z

X
rvrT 0 dxþ b

Z
Cout

ðT � TaÞT 0 ds:

The adjoint equation reads:
Z

X
rwrpdxþ �

Z
X

wpdx ¼ a
Z

X
rvrwdxþ b

Z
Cout

ðT � T0Þwds;

where � is a very small regularizing parameter. The functions
T; T 0; p; /; w 2 H1ðXÞ are not subjected any boundary conditions.
The derivative of the functional is given by the formula:



Fig. 2. The temperature and the heat flux density distributions on the outer boundary of the ring.

Fig. 3. Comparison of the numerically estimated temperature (large black crosses)
on the inner boundary of the ring with the analytically obtained values (small gray
crosses). The L2 error functional is used.

Fig. 4. Comparison of the numerically estimated temperature (large black crosses)
on the inner boundary of the ring with the analytically obtained values (small gray
crosses). The H1=2 error functional is used.
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J0 ¼
Z

Cin

pdg ds;

and, therefore, the gradient of J is associated with pjCin
.

5. Numerical examples

The algorithm described above is implemented with the FE
program Felics developed at the Chair of Mathematical Model-
ling of the Technical University of Munich. Two dimensional
simulations are performed. A ring of inner and outer radii 0.5
and 1, respectively, (see Fig. 2) is considered as the region X.
The ring region is divided into 11348 triangle elements. In order
to approximate the heat flux density, the outer and inner bound-
aries of the ring are divided into 312 and 156 segments,
respectively.

For comparison, the temperature and the heat flux density on
the inner boundary of the ring (Fig. 2) have been determined ana-
lytically [8]:

Tðr;uÞ ¼ Tc þ C ln r þ C
X1
m¼1

1
2m

ðarÞm � a
r

� �m
� �

cosðmuÞ: ð27Þ

The estimated distributions of the temperature on the inner
boundary of the ring and the analytical values (27) are shown in
Figs. 3 and 4.
6. Summary

The results presented in Fig. 3 show that the functional (5) con-
verges more quickly to the minimum (the final value of the func-
tional (5) was of the order of 10�4) than the temperature on the
inner boundary of the ring tends to the exact values. This points
out to ill-posedness of the inverse problem considered. More
important is that solutions obtained using the present method
are not subjected to oscillations as in paper [5] where the oscilla-
tion had to be damped with the SVD algorithm. Note that the re-
sults shown in Fig. 4 (usage of an H1=2 error functional) look
better then these obtained for the L2 error functional (see Fig. 3).

The aim of the present paper was to explain the idea of control
theory aided algorithms for the treatment of inverse problems. The
further work will be concentrated on the improvement of the sta-
bility and the convergence speed of such algorithms.
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