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ABSTRACT: In this paper we consider the problem of homogenization of equations
describing linear thin plates excited by actuators made of piezoelectric ceramics (see
e.g. [1]). It is assumed that the number of actuators goes to infinity whereas their
dimension tends to zero. The procedure of homogenization is based on the theory of
two-scale convergence studied in [2]. The specific of the problem considered is the
time dependence and the appearance of the forth spatial derivatives in the equation.
A result of [3] about two-scale convergence of the second derivatives of subsequences
of sequences bounded in Ly(0,T; H2(S)) enables us to handle this case. The paper
is illustrated by computer simulations that demonstrate a good approximation of
solutions of the original equation by solutions of the homogenized equation if the
number of piezoelectric patches is sufficiently large.
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1. NOTATION

R is the set of real numbers.

R is the real n-dimensional Euclidean space.

S C R? is the domain occupied by the plate.

Sp, C S is the domain occupied by the ith piezopatch.
Sp=U", Sp, is the domain occupied by all piezopatches.
Sp = S\Sp is the domain occupied by the base material.
Y =10, 1]x]0, 1] is the unit square.

(g) = f [9(y)dy is the mean value of a function.

Hi(Y) C H*(Y)  is the subspace of all periodic functions.
HL(Y)/R is the quotient space.
;EO(Y) C COO( ) is the subspace of all periodic functions.

=(0,7) x

CO'%O (Q) C C’OO(Q) is the subspace of all functions which vanish on S and at t = T
along with all derivatives.
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CO'&OT (Q;CX(Y))  is the space of infinitely differentiable functions from @ into C'(Y')

which vanish on 05, at t = 0, and t = T along with all derivatives.
H2(0,T; Ly(S)) is the subspace of all functions from H?(0,T'; Ly(S)) which vanish

at t =T along with the first derivatives.

2. PROBLEM SETTING

Consider a linear equation describing oscillations of a thin plate excited by patches
made of a piezoelectric ceramic. For simplicity assume that the plate occupies a
rectangular domain S and the piezoelectric patches occupy rectangular domains Sp, C
S (see Figure 1). It is assumed that the patches form a periodic structure of the period
e so that the object is completely defined by €. Denote Sp := U™ | Sp. and Sg = S\ Sp.

o Sp,
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Figure 1. The plate S excited by piezoelectric patches Sp..

The equation describing the model reads:
(1) P& + A(’YAf) = ; U’i(t)AISpi'

Here ¢ is the vertical displacement of the plate, A is the Laplace operator, v;(t) is
the voltage applied to the ith piezoelectric patch Sp, , Ig, is the indicator function

of the ith patch. The coefficients p and 7 are piecewise constant functions defined as

follows :
PP, xESPm P, xeSPw
p= =
PB, xESB7 VB, ‘/EESB

It is assumed that pp >0, pp >0, ~p >0, ~p>0,and v(-) € HY(0,T).
Assume that the controls v;(-) are being chosen as follows. A distribution
K(t,z) € H*(0,T; Ly(S)) of the voltage over the whole plate S is prescribed and we

; v (t) = meas(Spi)’l//K(t,x)da:.

The right-hand-side of (1) can be represented in the form: A (K.(¢,z)Is,), where
K(t, x), x € Sp,

meas(Sp, )" [ [ K(t,z)dx, = € Sp.
S,

K.(t,x) =



It is obvious that K. — K in H*(0,T; Lo(S)).

One can rewrite (1) as follows:

2 p(2) 60 3(r ()89 = A(K(1 (2).

where the coefficients p,~, and I are 1 x 1 periodic functions (the same nota-
tion for p and 7 is held). Obviously, 0 < min(pp, pg) < p(y) < max(pp, ps),
0 < min(vp, v5) < ¥(y) < max(yp,v5), and 0 < I(y) < 1 for all y € R%

Boundary and initial conditions are:

(3) 5’85 = 07 85/6ﬁ|85 = 07 5’1&:0 = 50: gt’t:() = 56

Note that (2) should be supplied with the following interface conditions:

@ d-0 |5|=0 pag=o |gaae -0

that hold on the boundary between Sp and Sp because of the integration by parts
when deriving (2) from a weak formulation. Here [-] denotes the jump of a function on
the boundary between Sp and Sg. We do not pay any attention to these conditions
because we go back to the weak formulation.

We say that a function £ € Ly(0,T; H2(S)) is a solution of the problem (2)-(4) if the
following equality:

T

(5) / / / ) Eu+7(2) AFAp — Ko(t, )1 (2) Ap)dudt+

+// 5090 (0,2) — &ope(0,2))dz =0

holds for all ¢ € H%(0,T; Ly(S)) N Ly(0,T; HZ(S)).
PROPOSITION 1. If & € HZ(S), & € La(S), and K € H*(0,T; Lo(S)), then, for
any € > 0, the equation (5) has a unique solution £° such that
(6°,&) € C([0,T]; H3(S)) x C([0,T7]; L2(S)) and
||§€||%}([O,T};H§(S)) + 111 0.17:2008)) <
¢ (||§0||12Hg(5) + ||§6||%2(5) + ||K||2C([0,T};L2(5)) + HKtH%z(O,T;Lg(S)) + W(5)> )

with C' independent from ¢ and w(e) — 0 as ¢ — 0.

The proof of this proposition can be found in [4]. B



3. HOMOGENIZATION

Thus, [[£°|1 07 mz(s) < € with C independent from e. Therefore, any sequence
&% contains a weak-* converging subsequence in Ly, (0,7; HZ(S)). Now we derive an
equation that defines limit functions of such subsequences (the effective equation).
We will show that this equation has a unique solution and that the coefficients of the
equation are independent from the choice of the subsequence £%. This yields that the
sequence &° of solutions of (5) converges weak-x in Lo, (0,T; H3(S)) to the solution
of the effective equation. The similar arguments show that & converges weak-* in
Loo(0,T; Ly(S)) to the time derivative of the solution of the effective equation. Then,
using Corollary 4 of Simon [5] and Theorem 16.1 of Lions [6], we conclude that &°
converges strongly in C([0,T]; H3%(S)) for any positive real . In particular, &
converges uniformly on [0, 7] x S.

Let us reproduce the definition of two-scale convergence of functions depending on

additional parameters (Definition 6.8 of Haller [3]): Let u. € Lo(Q), wup € L2(QXY).

It is said that u. 2-scqle ug, if

hm///uat$ (t,z,x/e)dxdt = /////uotxy (t, z,y)dydzdt

S Y

for all ¢ €Cgg (Q; CF(Y)).

It is proved (Theorem 6.15 of Haller [3]) that all properties of two-scale convergence
hold, if the test functions in the above definition are replaced by more general test
functions of the form: ¥ (t,z,y) = a(t,z)B(y)o(t,x,y), where o € Loo(Q), B(y) €
Loy (Y), and 0 € C%(Q; CF(Y)) (not necessary vanishes).

To obtain the effective equation, set
p(t,x) =n(t, o) + (¢, 2, 7),
where 7(t, x) Eé’%o (Q) and (¢, z,y) E(:E'gf’T (Q;C¥(Y)). Substituting this function

into (5) yields
T

/// E e (t, ) + %y (t, x, )]+

7 (2) A An(ta) + By(t.2,7) + ()]
(6) K(t,:l:)[( >[A?7(t z) + Ay(t, z, )_|_€ (. )+

(K (t,2) = Ko(t, )] (2) [An(t @) + Aygp(t, 7, 2) + (. )] )dadt+

// % (&mn(0, ) — & (0, 2))dx = 0.



The symbol (...) denotes terms with the multipliers 1 and 1/e. Due to Theorem 6.12
of Haller [3], there exist: ¢;, &(t,2) € Lo(0,T; H§(S)), and u(t, z,y) € Ly(Q; HL(Y))
such that

§€j two—_sc)ale é

I

AgE I NE LA u,

Considering p(y), v(v), 7(y) Ay (t, z,y), I(y), and I(y)A)(t, x,y) as test functions,

one can pass to the two-scale limit in (6). Under the observation that £(. . .) twozsgele )

and [K(t, x) —Kg(t,:c)]l( ) [An(t )+ Ayt x, 2)+e2(.. )] o562 ) one obtains:

[11] Jlomentens

YWIAE + Ayu][An(t, z) + Ayp(t, . y)|—
K (t,2)I(y)[An(t,z) + Ayo(t, o, y)]) dydadt+

[ [ ] [ otw)eno.2) om0, x)dyiz = o.

Because of the arbitrary choice of the functions n and v the following two equations
must hold:

(7) /T/ / // gntt + ’7( )[Af + Ayu]An - K(t, x)](y)An>dydxdt+
0 S Y
/ / / / p()(Em(0, ) — &y (0, z))dydx = 0,
S Y

(8) /T / / / / YIAE + A ul A0 — K(t,2)I(y)A, ) dydadt = 0.

S

The second equation enables us to find the auxiliary function u. The first one be-
comes the effective equation after substituting wu.

Because of the superposition principle and the symmetry of 7, one can seek u in the
form (one auxiliary function N is sufficient):

(9) u(t, z,y) = N(y) AL + M(y)K(t, x),

where N(y) and M (y) are unknown functions. Substitution of (9) into (8) gives

/T////My)(l + A, N)AE + K (t,0) (v () A, M — I(y)| A vodydadt = 0.

Y



Because of the superposition principle, one can find M and N separately solving the
following two equations:

(10) /T / / / / 1) (L + A, NYAEA wpdydadt = 0,
08" Ty
(11) / [ ][ Kto6m)a,M = 1)Audydedt = 0.
0 "s" Ty
Consider (10). Taking ¢ of the form (¢, z,y) = 11(t, z)12(y), one obtains
(12) 7//AMMMt//Wwﬂ+AMW%%@=0
0 "s Y

If the first multiplier in (12) is equal to zero for any admissible v, then A = 0 and
(10) is satisfied by any N. Hence one can ignore this multiplier to find N from the
equation

(13) [ [ 1)1+ AN Ayndy =0, Vi € HE(Y).

Consider (11). Taking ¢ of the form (¢, z,y) = 1 (¢, x)2(y), one obtains

T

19 [ [ [ Kot [ |68, = 10)A0dy =0,

0o S

If the first multiplier in (14) is equal to zero for any admissible ¢y, then K = 0 and
(11) is satisfied by any M. Hence one can ignore this multiplier to find M from the
equation

(15) [ [Gwan — 1w)a,edy =0, v, € HYY).

The following simple facts will be used.

PROPOSITION 2. For any f € Hi(Y), holds:

| [ Aty =o.
%
PROOF. Applying the Gauss formula, we get:
1 1 1 1
//Ayf(y)dy = _/fy2<y170)dyl+/ fun (1, 1>dyl_/fy1<07y2>dy2+/ fin (L, y2)dy2 =0
Y 0 0 0 0

because of periodicity of the first derivatives of f.H

PROPOSITION 3. Let f € Ly(Y) and [ [ fdy = 0. Then the equation
Y

Ay =f, forae yeY



has a unique solution v € HZ(Y)/R.
PROOQOF. Consider the equation:

(16) —//Vvvndy = //f??dy, Vi € Hy(Y),

where f € Ly(Y) and [ [ fdy = 0. The left-hand-side of (16) is a scalar product of
Y

H}(Y)/R and the right-hand-side is a continuous w.r.t. this scalar product linear
functional on H(Y')/R. Therefore, there is a function v € Hj(Y') satisfying (16).
With arguments like to those of Mikhailov [7], one can prove that v € H*(Y): Con-
sider n = 0,7, i = 1,2, where 6* , is the finite-difference fraction in y;, i = 1,2, with
the step —h, and 1) € Hy(Y) is an arbitrary function. One obtains from (16):

/ / V8 oViidy = — / / ol yidy, Vi€ HL(Y), i=1,2,
Y Y

Using that |67 2,vy < G|Vl Loy, where G does not depend from h, and taking
7 = 6,v, we obtain: '
Vool < Gl llarys @ = 1,2

Therefore, v € H*(Y) by Theorem 3 of § 3 of Chapter 3 of Mikhailov [7]. The
application of the Gauss formula to (16) gives:

1
// AU— ndy+/vy2 y17 ylao)dyl /Uy2(y171) (yh )dyl
0

1
+/vy1(0 y2)n(0, yo)dys — /vyl (L,yo)n(1,y2)dys =0, Vn € H! (Y)
0 0

Since H4(Y) is dense in Ly(Y'), one concludes that
Av=f, forae yeY
and

Uyy (07 y2) = Uy1<17 y2>7 Vysq (ylv 0) = Uyz(yh 1)7 for a.e. Y1,Y2 € [07 1]
because of the periodicity of 7. Therefore, v € HZ(Y).H

PROPOSITION 4. The equation (13) is equivalent to the following one:
(17) Y(y)(1+ A,N) = (1/9)7", forae yey.
The equation (17) has a unique solution N € HZ(Y)/R.

PROOF. The last claim of the proposition follows from Proposition 3. Moreover, if
(17) is true, then (13) holds due to Proposition 2. Now assume (13) holds. Hence,
for any constant C', we have due to Proposition 2:

(18) | )+ 8,N) = Claady = 0, Vs € HE(Y).



Let C' = (y(y)(1 + A,N)). Then the equation

(19) Ay =v(y)(1+A,N) = C, forae. yey,

has a solution 1, € Hi(Y) due to Proposition 3. Substituting such a )y into (18),
we conclude that

Yy)(L+A,N)=C, forae yeY.

Dividing this equation over ¥(y) and integrating over Y, we obtain using Proposi-
tion 2 that C' = (1/7)"'. &

PROPOSITION 5. The equation (15) is equivalent to the following one:
(20) YWAM —I(y) = —(1/7)"(I/7y), forae yeYy.

The equation (20) has a unique solution M € HZ(Y)/R.

The proof of this proposition is identical to the one of Proposition 4.1

Now we can state the effective equation. To this end, we substitute (9) into (7) to
obtain

1) [ [ [(0)me+ (U + AN)AEAY + (9A,M ~ D (t,7)An) dadt-+
0o S

| [to)in0,2) = &m(0,2))dz = 0
S
Since N and M are solutions of (17) and (20), respectively, we conclude that

(V1 +AyN)) = (1/3)7,
(YAM = 1) = —(1/%)"(I/7).
Finally, we have

T

02) [ [ [(0)me+ (1) AAR — (1/2) T/ (¢, ) A ) dadt+

0 S

+ [ [4o)€n(0, ) — &m0, ))dz = 0.
S
The classical form of the effective equation reads

(23) (P)&u + (1/7) T A% = (1)) (I /) AK(t,x)

with boundary and initial conditions (3) and without any interface conditions.

4. SIMULATION



The simulation was done with the following parameters: .S is the unit square, Sp, is
the £/2-edge square centered w.r.t. the corresponding structural cell (see Figure 1).
The other values are:

pp=15 pp=1, ~p =005 ~5=0.03, c=1/6,
K(t,x1,x5) = sin bt cos 5(z1 + z2).
The initial values were equal to zero. The Bogner-Fox-Schmit finite elements (see
Ciarlet [8]) were applied. The number of finite elements was equal to 24x24. Each
structural cell (see Figure 1) occupies 4x4 elements Each piezopatch occupies 2x2

elements. Each of the figures below shows the solution of (2), the solution of the
effective equation (23), and their difference at the time indicated.
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