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Abstract The investigation of this paper is related to the design of active real-time con-
trols which provide the desired performance of flexible constructions subjected to varying
disturbances. Physical controllers are piezoelectric elements that transform applied voltages
into mechanical forces and moments. Control voltages are computed on the base of signals
measured on piezoel ectric sensors. The underlying structureisathin plate or shell. The piezo-
electric elements are either surface mounted or embedded within the structure. Conventional
averaging procedures are used to eliminate the thickness in mathematical models. A homog-
enization procedure is used to reduce structures with large number of piezoelectric elements
to the case of continuously distributed input or output signals.

1 CONCEPTION OF ACTIVE CONTROL

The idea of active real-time control is intensively developed during severa last
years. The acute interest to this method of elimination of parasitic disturbances is
caused by the rapid development of the material science, electronics, and computer
technology. Thisapproach can be characterized asan intelligent one by contrast with
routine approaches based on the reenforcement of the construction, which makes it
heavier and more expensive.

Consider a precise structure subjected to varying acoustic or thermal conditions.
Even though carefully designed, it will disturbed as a result of unpredictable ther-
mal gradients or acoustic pressures. One way to prevent thisisto build the structure
from massive components and to provide very good isolation from external influ-
ences. An alternative way is to use a set of actuators and sensors connected by a
feedback loop. In this case, we exploit the main virtue of the feedback which is
to attenuate the effect of disturbances within the bandwidth of the control system.
Active structures may be cheaper or lighter than passive structures with compara-
ble performances, or they can sufficiently improve the performance. Here, we want
to refer to the following classical example (see [1]). The telescope at ESO in La
Silla, Chili, uses adaptive optics for the compensation of atmospheric turbulences.
The primary mirror of the telescope is connected at the back to a set of hundred
actuators. The control system uses an image anayzer to evaluate the distributed am-
plitude of the perturbation. The correction is computed to minimize the effect of
the perturbation and is applied to the actuators. The computation of the correcting
forces is based on the influence matrix describing the relation between the actu-
ator forces and the wave front changes. This matrix is determined experimentally
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from the analysis of images. Note that such arelatively simple relation between the
controls and objectives is not always possible. Very often, this relation is described
by a very complicated mathematical model based on nonlinear partial differential
equations. This approach is carefully developed in the monograph [2]. The schema
of the active control design is shown on Figure 1. We study the real-time control
design with the use of piezoelectric elements as actuators and sensors. Piezoelectric
materials exhibit significant deformations in response to an applied electric field as
well as produce polarization in response to mechanical strains.
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Figure 1. Steps of the control design

The field-strain relations are nearly linear for small electric fields and defor-
mations, which is an advantage when employing piezoelectric elements in control
systems. The linear direct and converse constitutive relationships for piezoelectric
materials (see, e.g., [3] and compare with [4] concerning more general models) are
given by

03 = Cijriext — x5 Ex,
@)
Di = eyjEj + €41dya.
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Here, D and E denote the eectric displacement and field, respectively, while €,
€, and C denote the material dielectric tensor, the stress piezoelectric tensor and
the elastic stiffness tensor, respectively. As usually, the repeated subscripts indicate
summation; Latin subscripts run from 1 to 3 whereas Greek subscriptsrun from 1 to
2. To cover al possible cases of piezoelectric materials, assume that all coefficients
may be nonzero and different. Thisisreally the case for thetriclinic crystal systems
(see[3]).

Note that relations (1) are nonlinear with respect to the displacements w; =
yilx1,%x2,x3,t)—xi, 1 = 1,2, 3, because the strain tensor contains quadratic terms,
namely

! ). ni=12s @

Therefore, the energy density of a piezoel ectric medium,
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1
X = E(Gi]“c—ij —EiDy), (3)

is not quadratic and may be not convex, which may violate the uniqueness of solu-
tions.

The underlying structure is a plate or shell in our case. The piezoelectric ele-
ments are either surface mounted or embedded within the structure. Therefore, we
have to describe the coupling between two media with different elastic, electric and
piezoelectric properties. Then, we have to apply an averaging to exclude the thick-
ness and obtain a thin composite structure. Moreover, the interaction between the
piezoelectric elements and the substrate is time-dependent with various transient
effects; hence dynamic models are necessary.

We derive our models using the following variational principle: the work of
inertia forces plus the variation of the free energy must be equal to the work of
external forces. The free energy is the sum of the free energies of the piezoelectric
elements and the substrate. One advantage of this approach isthat the right interface
conditions are being obtained automatically.

The design of a control law must be done in accordance with that the actua-
tors and sensors yield unbounded input and output operators in the mathematical
problem formulation. An extension of H* theory (see [5]) to this case is developed
in[6]. A way to avoid unbounded input and output operators is related to the ho-
mogenization of model equations. If the number of actuators and sensors is large
enough, we can assume that it goes to infinity, whereas the size of each element
tends to zero. Some special procedure based on two-scale convergenceis applied to
the model equations in oder to obtain limiting equations. It is remarkable that the
limiting equations are much better than the original ones: they do not contain un-
bounded operators and discontinuous coefficients because the interface is smeared
when applying the homogenization. Numerical simulations prove that the control
law designed using the limiting equations provides some good performance of the
original controlled system; the number of actuators does not have to be to large:
30-40 elements are sufficient to provide some good consistence.

Summarizing, we can outline the frameworks of our study as follows:
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— Derivation of mathematical models of thin plates and shells with actuators and
sensorsin various configurations.

— Mathematical investigation of the model equations concerning their solubility
and correctness including nonlinear cases.

— Estimation of unknown parameters.

— Homogenization.

— Feedback control design using H* theory or the theory of differential games.

2 MATHEMATICAL MODELS OF THIN PLATES AND SHELLS WITH SURFACE
MOUNTED PIEZOELECTRIC ELEMENTS

2.1 \Variational Principle

We use avariationa principle (see[7]) for the derivation of dynamic eguations:
The work of theinertiaforces+ 6F = 0, (4

where OF is the variation of the total free energy. The total free energy F can be
computed trough the densities of the free energy for the substrate, piezoelectric
material and surrounding substance (say air). Thus,

F:J-]-'s—i—J']-'p-FJ}'A. ()

Vs Vp Va

Here, Fp, Fs and Fa arethe densities of the free energy; Vp, Vs and V4 are the
corresponding volumes. Note that each of volumes Vp, Vs and V4 can be divided
into severa parts to simplify the computation of the free energy or to account the
discontinuity of material parametersthat appear due to amulti piece structure of the
system.

2.2 Elimination of the Thickness

To obtain two-dimensional structures, we have to average along the thickness. This
can be archived using the Kirchhoff-Love-Koiter hypothesis that allow usto express
all components of the strain tensor through the displacement of points lying on
some reference surface (say middle surface). An expansion of the electric field with
respect to the deviation from the reference surface is also necessary.

Let Q be a point of the plate, M orthogona projection of Q onto the middle
surface, uq,uy longitudina displacements of M and w the transversal displace-
ment of M. According to the Kirchhoff-Love-Koiter hypothesis (see, e.g., [8]), the
components of the strain tensor at the point Q are given by

Eap = 1/2(uocx(5 + Upx, T WX(XWXg) X3 " Wxyxp)
. (6)

€30 = E€x3 = 0, €33 isfound from 033 = 0.
The assumption €3, = €43 = 0, « = 1,2, means the absence of transverse shear
strains, which implies the conservation of the normal. The component ¢33 isfound
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from the hypothesis of plain stresses. Therefore, ¢33 is material and field depen-
dent. Thefirst approximation of the electric field within athin piezoelectric element
whose longitudinal faces are covered by ametal is given by

Ey=E,=0, E3=V/h, (7)

where V is avoltage applied between the longitudinal faces, and h is the thickness
of the piezoel ectric element. Now we arein position to compute the total free energy
and exclude the thickness using (3), (5), (6) and (7). The application of (4) yields
dynamic equations. Note that the Kirchhoff-L ove-Koiter hypotheses can be replaced
by more complex assumptions permitting transverse shear strains. This demands
two additional variables describing the change of the normal. Some more accurate
approximation of the electric field can be archived through the hypothesis of linear
dependenceof E;, i =1,2,3,0nx3.

2.3 AFully Coupled Nonlinear Model

We begin with a very general fully coupled model of a plate with surface mounted
piezoelectric elements (see [9] and [10]). The inverse piezoelectric effect (i.e., the
excitation of the electric field due to strains), electric properties of the surround-
ing substance (say air), and the quadratic terms in the strain tensor are taken into
account.

Consider a plate with symmetrically mounted piezoelectric elements.

®

Figure 2. Fragment of a plate with many piezoelectric elements; ¢ and ¢ are potential func-
tions, v; and v, are applied voltages

Let OO be the region of the plate; (),,, the projection of the i-th piezoelectric
pair onto the middle plain of the plate; O, = J; Qp; Qs = Q \ Qp; uy anduy
longitudinal displacements of points laying on the middle plain; w the transversa
deflection; v; and v; voltages applied to thei-th piezoelectric pair; d the thickness of
the substrate; h the thickness of the piezoelectric patches; E; = 0¢/dx; and E; =
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0@/ 0x; theeectricfields, where ¢ and ¢ arethe potential functions. Assuming that
Ei and E; arelinear in x3 and taking into account conventional boundary conditions
for ¢ and @, we can compute quadratic polynomials f1(x3), f2(x3), f;(x3) and
f,(x3) such that the potentials within the i-th piezoelectric pair are given by

@(x1,%2,%3) = f1(x3)vi + f2(x3)P(x1,%2),

¢
©(x1,x2,%x3) = f;(x3)v; + £, (x3)p(x1,%2),

where q?(m ,x2) and ¢ (x1, x2) are unknown distributions of the electric field above
and below the plate along the {x1, x2 }-plane.

Using relations (1), (2), (3) and Kirchhoff-Love-Koiter hypothesis (6) yields the
energy density within the piezoelectric patches and the substrate:

1 1 —
VP — _ P 2 2P . .
X = ZCaBVHS“ﬁSYH + 2X3ch[3'yuwxocxﬁwxvxu el‘XBS‘XBEl

1 ——
_Eeij EiF—)’ + XSCzﬁyusaﬁwxyxu — X3€iapWxaxp Ei;

1
P _ _cP —x2cP — e
X5 = ZC“BYHSO‘BSYH—I_ 2X3ch[5yp.wxrxxﬁwxvxu euxfisocﬁgi

1
P .
—5€iiE By +X3C5 5, uSaBWxy x, — X3€iap Wxoxg EiS

2
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s _ s 2_s s .
X = ZC‘XBYHS‘XBSYH + ZX3C‘X6YHW0¢XBWXV’W +X3C0€BYLLS‘XBWXVXW

d/2+h —d/2 d/2
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Q, a/2 Q, —d/2—h Q —d/2
d/2+h —d/2
+ J J Jeogide3+ J J J €0 Eizdm.
Qs d/2 Qs —d/2—h
Here, e isthe material dielectric constant of the air, while
e e CsapCaayn
apByp apByp C’3333
with C’ being the elastic stiffness tensor of the substrate. Moreover,

o —c G330 C33yn e e C334p€i33
By T bR Cizzz =~ xb T C3333
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€ =€y + ————
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where C, e and € are the elastic stiffness tensor, piezoel ectric stress tensor and ma-
terial dielectric tensor involved in (1). Note that the old notations for e and € are
kept. Thein-plain strain tensor is given by

Sap = ]/z(u(XXB +u[3xa +Wx“ 'Wx[3)~ (8)
The application of the variational principle [7] leads to the equations

PWit + g (OapW,) + AYAW) = 052 (eyapws, (bx, + b, )+

05250 (€3ap (6 + ) — T 25 (eyap(bu, — & ))—

Xy

_ 2 _
q%(e&xﬁwxfx(\) _Y)) - Kax‘f—axﬁ(e30€f5(v +y)) =0;

PUxtt — %chﬁ + e%(eycxﬁ((bxy +9xy))+
) = .
qme:;(x[g(\)*!)zo, “:1)2)
ages (€apbry) +beazd + 050 (eyupsap)t
T%eycxﬁwx%x(g - 6&630((5“)7(5 —ge3zv = 0;
a%(eaﬁgxﬁ) + b€33$ + 6%(%“55“5)—
Tovs EyapWraxs — 050 €3apWx, — 9€33V =0
where
Oup = %Etxﬁuv(uuxv +up.xv +quwxv) (9)
is the in-plain stress tensor; p, v, ei«p, €xp aNd {xp i~ are piecewise constant dis-

continuous functions with jumps on the boundary of Q,,.
Theconstantsa, b, 0, 7, £, q, g are computed from the problem’sdata. Moreover,

!:ZYi_(t)IQp.l(x1)X2)v v:Zvi(t)IQpi (X1)X2)v

where lo,. istheindicator function of Q,,,. Introduce the notation:

U= (u,u,w), ¢=(b¢), V=),

H= (@), v= (1) « 1), o=(Hw@)

Theorem 1 (Solvability: see[9, 10]).
If(0) € V, i (0) € Hand v € H' (0, T; R?), then the system has a solution such
that:

T€Lu(0,T;V), T €Lly(0,T;H), ¢€Ly(0,T;@). O

The uniqueness can also be proved, if some additional smoothness of solutions
is assumed. Such an assumption is not realistic since the smoothness can not be
improved because of discontinuity of the coefficients.
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2.4 Smplified Models

Electrically Decoupled Nonlinear Models

Nonlinear models without the inverse piezoel ectric effect involve coupled equations
for the transversal and longitudinal displacements, whereas the equations for the
electric field vanish because the electric field is defined immediately through the
applied voltages (see (7)). It was assumed that piezoel ectric and substrate materials
are nearly isotropic, and voltages on the lower piezoelectric patches are equal to
zero. These assumptions lead to the equations:

PWit — A(yAw) — % (Go(ﬁWX[5) =
KA(Vi(t)IQpi) +G52- (Wxavi(t)lﬂpi)) (10)

PUatt — %chﬁ =Gz (vi(t)IQm), a=1,2.

Here A is the Laplace operator; K and G are constants; p and y are piecewise
constant discontinuous functions with jumps on the boundary of Q.; vi(t) is a
voltage applied to the i-th piezoelectric element.

The solvability followsfrom the previoustheorem (see also [11]) but the unique-
nessis not proved because of the discontinuous coefficients that violate the regular-
ity of solutions.

Linear Models

The simplest mathematical model is related to the case, where the nonlinear terms
in (6) and the inverse piezoelectric effect, the second eguation of (1), are omitted.
The equation for w isindependent from u;, w; and given by

plx1, x2lwie + A(y(x1,x2)Aw) =KA(wi(t) - Ta, (x1,x2)). (1)

Note that discontinuous coefficients and unbounded input operators are inherent
even in thissimple model. Taking into account the inverse piezoelectric effect yields
electrically coupled linear models that involve additional equations for w4, u, and
theelectricfield (see, e.g., [13]). Thelinear case isgood from the mathematical point
of view because the corresponding equations are uniquely solvable and solutionsare
differentiable with respect to model parameters (see [12] and [13]).

2.5 Shellswith Piezoelectric Actuators

Thetheory of usual thin shellsis summarized very good in [8]. Consider a shell with
two piezoel ectric patches mounted symmetrically with respect to the middle surface.
Let (£', &%) € Q be curvilinear coordinates of the middle surface of the shell; Q,,
the region of the piezoelectric pair; Q, = Q \ Q, the region of the uncovered
substrate; &3 the transversal coordinate along the normal; r the radius-vector of
shell points; a the metric tensor of the middle surface; b the curvature tensor of the
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middle surface; g the global metric tensor related to the shell coordinate system;
uq,uy and uz displacements of points of the middle surface; d the thickness of
the substrate; h the thickness of the piezoelectric patches; vy (t) and v, (t) voltages
applied to the piezoelectric patches. Let the vertical bar before a subscript denotes
the corresponding covariant derivative. The strain tensor of the middle surface is
given by the formula

Yap (W) =1/2(uqgp +ugja) — bapus.

In the case of the Koiter model, where the conservation of the normal is assumed,
the curvature change is given by

pmﬁ(ﬁ) = —(ug‘aﬁ — b;b)\ﬁug, + bi‘clﬁu;\ + bZ‘cuMB + b%uMa).

The strain tensor is of the form

eso(U) =0

. v _
e33(U) = 3 7,\/0.0([350([3(11).

The variation of the energy is given by the formula

KM, @ vi,va] =

a
AV/AE“FME |y o (1) Yr, () % s () o ()] a2
Yoqs Yaul® +121§3¢x(5u2§3)\u40 +
Q

d/2+h —d/2
vi(t 5 v (t =
\/a{ 1}(L ) J e3kl€k1((P)dE.3 + % J e3klsk1((p)d5,3}d5.1 dE.Z.
o, a2 —d/2—h

(12)
The bilinear form aX is defined on the space
VK(Q) = {i:w,w € H'(Q); us € H(Q); dilr, = dus/dnlr, =0}

The coefficients E*PA are discontinuous functions of &' and £2. In the case
of shells with actuators made of piezoelectric ceramics belonging to the hexagonal
class (6m m), the coefficients are of the form

ESPAEN E2), (E1,82) € Qg ve, (1,82 € Q
EoBAR — V=

ESPM(E1 £2), (£)E2) e Q ¥, (E1,87) € Qy;

E 2v
Ecxﬁ)\u _ S aA Py ap - PA S xf Ap
S 72”*-\/5) aa”" +a""a +71_2V8a a ,
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£ 29
Eocﬁ}\p. — P oA P ap - BA P xf Ap
b 72(1_'_013) aa"" +a""a —1—4]72%(1 a ,

B, =x+xy/(x+y), ¥ =y/(x+y),

d O S
(2h+d) 1+vs 2h+d 1+4v,’
_d vsEg 2h vk,
“2h+d T+vs 2h+d T+vy'

Y

fhs g1 2 ¢3 fi_hj sk,00 O™ ™ r!
€ (5,5,5)29 9)9 emnlaE’i a—((-']a—(t—.k
The subscripts s and p point out to substrate and piezoelectric materials, re-
spectively. The symbolsvg, vy, Es, E,, and e%°, | denote the Poisson ratios, Young
moduli and piezoelectric stress tensor in the Euclidean coordinate system, while
9, and £,, denote the effective Poisson ratio and Young module of the substrate-
piezoelectric structure. It is convenient to introduce the following seven parameters

_ Es _ Esvs
Py P27 v (= 2vy)
E E9,

__ 5 _
P3P T 01— 29,0

00 00 00
Ps =¢€371, Pe =¢€333, P7=2¢€773

that define all of the coefficients. Besides, theform aX islinearinp = (p1,...,p7).
According to the variational principle, the dynamic equations are given by
| vaptugaetagt + o¥ig Gl =0, GevRQL a9
Q

Theinitia and boundary conditions look like that
ljf"t:O = aoa LI’[|‘t=0 = ﬁO/a ﬁ‘ro = 0) au3/an|ro = 0

The following theorem states the existence and the uniqueness of solutions for
models of the Koiter’'s type. The proof follows from the properties of the elliptic
part, the first integral, of (12) stated in [8]. The input operator, the second integral,
issimilar to that in [11].

Theorem 2. If i® € VX(Q), % € (L2(Q))3, vi(-), v2(-) € H'(0,T), then the
system (13) is uniquely solvable. The solution i possesses the regularity:

e C([0,ThVRQ)), e C0,T(L(Q)3). O
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3 IDENTIFICATION OF PARAMETERS FOR SHELLS

We propose two procedures appropriate for the treatment of composite structures.
Thefirst oneis related to the minimization of aresidual of dynamic equations (see
[14]). The second procedure is the conventional least squares method supported by
the“strong” differentiability of solutions with respect to parameters (see [12]).

3.1 Minimization of Residual

A solution U is measured at few points that lie sufficiently dense in a subset Q.
of Q so that they form a triangulation of Q,,. Then, an approximation ¢ of the
solution and its derivatives is computed from the measured data using Finite Ele-
ments. Here ¢ denotes the error due to the approximation and measurement. The
residual on the region Q,,, isafunctional that is equal to zero on the exact solution
and positive for other functions. We use the following form of the residuum:

T, §.5) = [ Vaplfide e + o @ RE, 6 e V¥,
in

where aX| is defined in the same way that a* but with the integration over Q,,
instead of Q). The dependence of aX, on p isindicated, whereas the dependence on
vy and v, isomitted. Let TT be a set that a priory bounds the exact parameter vector

—

P. An approximation p ¢ is being found as the minimizer of the functional ¢, that is
T
¢ —agmin U 57, pdt (14)
€
0

where the auxiliary function PP satisfiesthe equation

(BHP e w) g = LTS, @,P), V& eVE teloTl.

Here, \7;< is a finite element approximation of the space VK(Q). Because of the
linearity of both £(ii¢,p, ) and |*P ¢ with respect to 5, the integral in (14) isa
quadratic form, i.e.

-
[t 7 pae=5Qp - 205+ de = Gh, (B (19
0

The matrix Q. hasthe following structure:

.
Q. :JRg(t)D;‘Re(t)dt, (16)
0

where R, is some matrix and D;‘ is a positive definite matrix.
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Proposition 3 (see[14]). If solutions of (13) possess the following additional regu-
larity: jg [Geellf, (o, < oo, then the approximation i° can be chosen such that

T (= = e
S (Huit —teellf, (o, I —uHéK(Qm)) dt - 0ase — 0.

Proposition 4. (see [14]) Let TT° be the set of the parameters that are compatible
with the exact solution. Thereisa function Z(¢) suchthat Z(¢) — 0 ase — 0, and

sup |G, (F)— GG, (F°)| < Z(e). O
perto
We assume in addition that QO,,, depends on ¢ and may shrink with ¢. Suppose
that the function G, (p) defined by (15) has the following properties:

G1. Thereisaunique minimizing element p © € TT of the function G, (-).
G2. Thereisv > 0 and a positive function X(Q,,,, ¢) such that, for any p € TT,

Go,, (P)—Go,, (FF) = X(Qm, e)[[F —p °|I".

Theorem 5 (see[14]). If Z(e)/X(Qm,e) — 0 ase — 0, then the set of all pa-
rameters compatible with the exact solution consists of a unique element  °, and
pe—plase — 0.

Remark 6. Properties G1 and G2 express the positive definiteness of the matrix Q.
(this matrix depends on the domain Q.,). Asarule, the function X decreases with
Q,, and is amost insensitive w.r.t. €. Therefore, if Q,, decreases not too quick
with ¢, the conditions of the Theorem are expected to be satisfied. Note that the
matrix under the integral in (16) is positive semi-definite for each t. The resulting
matrix Q. hasagood chance to be positive definite and well conditioned, if the zero
spaces of R.(t)D; 'R, (t) vary with t. This corresponds to the accumulation of the
information during the observation.

3.2 Last Squares Method

The formal differentiation of (13) w.r.t. the parameters yields the so-called varia-
tional equations

| Vaptis 6+ o, 6+ it i Tl =0, )
(0]

Here, the following notation is used:

o j
ﬂj:aﬂ/apj, 1]-:(0,...,1,...,0).

Theorem 7 (see[12]). Let @® = 0, ©¥ = 0, vo(-) € H3(0,T), vo(0) = 0,
v, (0) = 0, « = 1,2. Then the solution U of (13) is continuously differentiable
wr.t. p. The partial derivatives can be computed from the variational equations

17). O
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The parameters fitting can be done using a gradient descent method, where the
gradient is computed using (17). Moreover, higher derivatives exist and can be com-
puted using a sequence of variational equations similar to (17). This makes possible
the application of SQP methods.

3.3 Smulation

Toillustrate theoretical results, consider acylindric shell with a piezoelectric pair as
in Figure 3.

/L]

Figure 3. Cylindric shell; s = x/R and 0 isthe polar angle

The coordinates of the middle surface are defined through the variable s = x/R
and the polar angle 6.
The equations read:

PUttt + (aurs + buze + buz)s + (cuzs + cure)o = m(t)K(Iq, o,
puzet +(burs+auze+ausz)e+(cuzs +curg)s = m(t)K(Ig, Jo+n(t)G(la, e,

PUztt + bugs + auze + auz + A(kAuz) = n(t)GAlg, —n(t)G — m(t)K.

Here, the notation is used:
m(t) =vi(t) +va(t), nt)=vi(t)—va(t).
The coefficients p, a, b, c, k are of the form:
p(s,0) = ppla, +(1—-1a,)ps, als,0) =apla, +(1—-1Iq,)as,
b(s,0) =bpla, + (1 —1q,)bs, c(s,0) =cpla, + (1 —1Iq,)cs,

k(sae) = k]DI_O_p + (] - I.O_T, )ks»

Assume that ps and p,, are known parameters because they can be easily mea-
sured. Thus, the parameters a,,, by, ¢p, kp, as, b, ¢, ks, K, G areto estimate.
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Results

Here, the process of estimation based on the differentiability of solution w.r.t. pa-
rameters is shown. The transversal deflection is measured at 20 spatial points for
100 times with the error equal to 5%. The least squares problem is solved using a
gradient descent method. The gradient is computed from the corresponding varia-
tional equations. In Figure 4, the horizontal axes represent the number of steps of
the gradient descent method.
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Figure 4. Estimations of severa parameters. Error is equal to 5%

4 HOMOGENIZATION

Consider a von Karman plate with surface mounted numerous piezoel ectric actua-
tors that form a self similar periodic structure (see Figure 5).

E "
¥ — ’ Qy,
SN B N
,,K,},,,,,,,,,,,,J
| m mE o
| B |
=id00 BN BN

Figure5. Self similar structure. Refinement of each cell if ¢ ;== ¢/2
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The inverse piezoelectric effect and the interaction with the surrounding sub-
stance are omitted but the geometrical nonlinearities are accounted. The dynamic
equations can be written (compare with 10) as follows.

PROBLEM P..

xa T w;Awiq) is the in-plane stress ten-
sor, Lupans s 1, Y, L arel x 1-periodic piecewise-constant discontinuous functions,
V(t,x) isadistributed applied voltage. The inertia of mechanical momentsis taken
into account through the term div(u (¥) Vwg, ). The boundary and initial condi-
tions are imposed,

Here, o%p = lapan (f) (uiXn +ud

ow

/
o =0, W|t:o:W0» Wili—o = Wo,

FYo! (18)
Uslgn =0, Uali_g =Ux0, Uatli_g = Wxo-

W‘aQ =0,

A homogenization procedure based on two-scale convergence (see [15] and
[16]) yields the following limiting egquations with constant coefficients.

PROBLEM P.

Pwi — QAW+ PATW — 52 (axﬁwxﬁ)
= KIAV(t,X) + GTap 52 (Wi, VIE,X)),
Puatt — 50-0ap = Glap 5o VIEX), a=1,2.
The stress tensor contains only constant coefficients:
Bap = Lapan (Wax, + Wnxy + Wiy Wy, ) -
Boundary and initial values are the same, see (18). The coefficients are given by

p=1(ply), f=(u), P=0/0W)" T=-1/vv) "I/ v),

aNT)\n (y) aNG?\n(U))>
+ )
aye ayT

Top = <€¢xme(y) (al\ggiy) +a]\;llj(y)> +5oc[31(y)>.
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Theauxi“aryfUnCtionSN1)\n(y), N27\n (y)v U‘»ﬂ) = (] ) 1 )v (2’2)> (],2), (2) ])1
M; (y), and M5 (y) are defined by elliptic systems which are to be solved on the
unit square [0, 1] x [0, 1].

% {euvlﬁ(y) (6um6vn + agly—uvm a];y—v:n)} = O»
525 [tuvzp () (SumByn + 22 4 252 )| — 0,

395 {fuwrs(y) (%]LAV“ %’;A:) +5151(y)} =0,

ﬁ [Emzﬁ(y) (%]LAV‘ + %’;A:) + BZBI(U)} =0.

Theboundary conditions must be [0, 1] x [0, 1]-periodic, which yields the solvability
and the uniqueness up to a constant.
Thefollowing theorem (see[17]) statesthe relation between problems P, and P.

Theorem 8. If wy = 0, Wy = 0, uxo = 0, W,, = 0, V € H?(0, T;L2(Q)),
V(0,-) = 0, then problem P has a unique strong solution (w, 1) that possesses
the following regularity:

w e C([0, T HE(Q)) N CT([0, T H Q)N
W3, (0, T;Hp(Q)) N Leo (0, T;H (Q)).
uq € C([0, Tl Hp (Q)) N CT ([0, T L2 (Q))N
W, (0, T;L2(Q)) N Le (0, TH?(Q)).

The set G, of all limits of Galerkin approximations of P, shrinksto (w, u,) as
e — 0, that isall sequences (w®,us) € G, convergeto (w,uy) in

C'([0, T HE(Q)) x C'([0, T HY(Q))

ase — 0. O

>
oo
IR
SERNNN

-0.001
1

Figure 6. Snapshot of solutionsto P, and P and their difference. The number of uniformly
distributed piezoel ectric actuatorsis equal to 36
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In conclusion of this subsection, we note that the general fully coupled system
can also be homogenized. Nevertheless, the result obtained in [10] isweaker then the
claim of the previous theorem: the relation between the original and limiting equa
tionsisvery weak so that the [,-convergence holdsfor ¢, and the H' -convergence
holds for we. Another feature consist in arising new nonlinear termsin the limiting
equations. This leads to the idea to control the creations of such terms to improve
the structure of the limiting equations with respect to their controllability and ob-
servability.

5 USING HOMOGENIZATION FOR CONTROL DESIGN

For brevity, consider the control design for equation (11). Assume that the number
of piezoelectric actuatorsis controlled by the refinement parameter ¢ (see Figure 6).
Then, the equation reads

oWE, + A(yAw£> — KA (MZ(E) vi(t) - IQH). (19)
i=1

We begin with a distributed voltage V- € H'(0,T;L,(Q)) that defines voltages
applied to the piezoel ectric actuators as follows:

1 .
vi(t) = meas( 0y ) J Vit,x)dx, i=1,...,np(e). (20
Thevoltagesvi(t),i =1,...,n,(¢), define the function
V(t,X), X € QS)
Vet x)

meas(Q,, )~ [ V(t,x)dx, x € Q..
Q,,

V¢ is constant on each piezoel ectric actuator and approximates the distributed con-
trol V. Now, we can rewrite equation (19) as follows

T (3) wie +A(g (§) Aws) =KA(VI(3)), (21)

wherer(y), g(y), and I(y) are appropriate 1 x 1 periodic functions. The homoge-
nization procedure yields a limiting equation of the form
Wi + AW = KIAV. (22)

One can prove that we — w, in C([0, T;E9Y(Q)), v
C(Q) isthe Holder space. Using the notation, v(t,x) =
(22) asfollows

< 1, where £9V(Q) C
KIAV(t,x), we rewrite

Pwie + AW = v(t, x). (23)
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Note that (23) does not contain unbounded operators on the right-hand-side. Let
v(t, x) bethe optimal control for (23), then the optimal control for (22) is the solu-
tion of the Laplace equation

AV = (KD) 7" v(t,x), Vlpa = 0. (24)

Theorem 9. Let v(t,x) be the optimal control in (23), and vi(t), i =1,...,my,
are defined through (24) and (20). Then

!m W =wlle(o, ;07 (@)) =0,
where w® and w are solutions of (19) and (23), respectively. ad

The proof follows from thefact that V¢ — VinH(0, T; L(Q)) and from theresults
of [17] about the convergence rate of w® to alimiting solution.

6 STABILIZATION OF SHELLS WITH PIEZOELECTRIC ACTUATORS

A method for stabilizations of shells is described in [18]. An auxiliary open-loop
control problem is stated and the dependence of the adjoint variable on the initial
state vector of the shell equations is computed.

For a shell with two symmetrically mounted piezoel ectric patches, the variation
(12) of the total energy is of the form

—

a®[i, @;vi (1), v2(t)] = aX [, @ + v(t) - L[],

withv = (vq,v,) and [= (Ly,L,),wherel; and L, areclearly to obtain from (12).
This representation holds in the case of several pairs of actuators, if the appropriate
dimension of the vectors v and L is meant. The auxiliary functional is defined as
follows:

5 W(t))?dt.

T
¢ b
=3 J [G(T)2dE dEs + = J [ (T)2dEr dEs + %J
Q Q 0

The coupled system of the shell and adjoint equations reads:

J Vapty Gde de? + afi, ¢l = —c ' LXK - L¥ @], V¢ e VR(Q),

Q
J Vapitbde! de? + ak [, §) =0, W e VK(Q),
Q
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The optimal control v of the auxiliary problem is defined through the adjoint vari-
able asfollows

VR (60, U%) = ' XAl
An approximation of the optimal stabilizing control is given by the formula
Vo (U0, u) = V7 (0,10, u®). (25

Proof (Sketch of the proof). The following representation holds
o (.20 =0y 1 (a0, u”)
vrus,u’) =c ' BP(t,T) <ﬂt(t;ﬁo,ﬂ0/ )

where the input operator B is defined by the relation: BA = [X[A] for al 7 €
VK (Q), whileP(t, T) isthe solution of the corresponding operator Ricatti equation
(see, e.g., [6]). According to (25), we obtain

= =0 =07 -1 w°
Vstb(u uw ) =cC BP(OaT) (ﬁO/) .
It is known that the optimal stabilizing control is defined by
0 =0 1 u°
vopt(a aﬁ l) =c BP (ﬁO/) )

where P is a solution of the corresponding stationary Ricatti equation. Moreover,
P(0,T) —» P asT — oo. Thus, Vip (10, 1%) approximates vy, (1%, %) and,
therefore, stabilizes the system, whenever T is sufficiently large.

7 ACTIVE SOUND REDUCTION

The control design that we want to discuss in this section differs from that discussed
in Section 6 because the control actions must be computed in real-time from some
incomplete information about the state of the object. Thisinformation isthe history
of the signal measured on sensors up to the current time. This section is closely
related to the investigation [2] and [19].

7.1 Physical Model

The physical model is a container with a sound source within them. The problem
consists in the reduction of the sound that is radiated by the structure. The control
circuit includes piezoel ectric actuators and sensors delivering information about the
current state (see Figure 7).
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Figure 7. Physica Model

7.2 Coupled Acoustic Sructure

This system describes the interface between acoustic waves and a cylindric shell
b =c’Ap on Q,

Vorilr, =0,  ¢rlr = use.
Puitt + (augs + buze + bus)s + (cuzs + cugg)o = Kvi (t) (I, )s,
puzet + (burs + auze + auz)e + (cuazs + cug)s = Lvi(t) (I, ), (6,s) €T,
puzte + bugs + auze + aus + AkAuz = Gvi(t)Al,, — pd(t,R,0,s).

Boundary conditionsread: w; = u; = uz = uzs = 0 on lp; uy,uz,us are
periodicin 6. Here, ¢ isthe acoustic potential; wi,i =1, 2, 3, are the tangential and
transversal displacements; 0 is the polar angle; s = x/R is the specific length. The
coefficients a, b, c, k are of the form: a(s,8) = apiezlp + asubs(1 —I,), where
I, istheindicator function of the region related to the piezoelectric actuators.

7.3 Reduced Basis Method and Proper Orthogonal Decomposition

First, the coupled acoustic system is approximated very carefully to obtain a suffi-
cient number of "snapshots" of the solution or its time derivatives at various times:

uq (tj,e,S) u]t(tiaevs)
y](e)s): uZ(tj)evs) Oryi(evs): U.Zt(tj,e,s) ) j:1a"')NS

u3(t;,0,s) uz(ty, 6,s)
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where ui (t,0,s),k = 1,2, 3, isasolution of the coupled €elastic-acoustic system.
Then, the covariation matrix,

1
C = —
kl NS <Uk>yl>>

is computed along with the eigenvalues and eigenvectors,

0 k#1
. 1 2 Ns. k. l: )
M2A2> 0 AN, 20 a0 o {1/(?\kNS),k—L

New basisfunctions ®;, j =1, ..., N;, are chosen in such away:
N )
;=3 odyi, j=1,...,Ny <<N;, (Ng=100, N,~3=6).
i=1

Thus, the reduced basis yields alow dimensiona Galerkin approximation,
X(t) = Ax(t) + B Vip(t) + g(t), Vou(t) =Cx(t), xeR™MNr  (26)

of the coupled acoustic system. Here, N.. is the dimension of the reduced basis;
Vinp and Vo are the vectors of applied and measured voltages on the piezoelectric
actuators and sensors, respectively; g(t) is an unpredictable disturbance due to the
acoustic excitation.

It isknown from H* theory that the feedback control is given by the relation

Vinpl(t) = —Kxe (¢),
where x (t) isthe solution of the so called compensator equation,
Xc(t) = Acxe(t) — FVou(t),
Ac = A —FC — BK +v 20T,
K=RBT, F=[1—y 21 'AcCR".
Here, the matrices T and 1T satisfy two Riccati equations,
TTA + AT —TT [BR™'B’ —y2Q] T+ Q =0,
fIA’ + AN - [BR7'B’ —y2Q] M1+ Q =0,

related to (26) and to a quadratic functional of the form

- J:o £(Qx, %) + (RVing: Ving) — v2Ig (12} . (27)

Thus, the control circuit isimplemented as follows:
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7.4 Results of the Smulation

K.-H. Hoffmann and N. D. Botkin

T
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Ot

A + FVour

The dotted curve denotes a free multi-frequency oscillation. The solid curve repre-
sents damped oscillations. The duration is equal to 0.001s. The number of actuators
and sensorsis equal to 36
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7.5 Another Auxiliary Functional

The utilization of other auxiliary functionalsfor the feed-back control designin (26)
is possible and, maybe, preferable. For example, the functional

= | { VIR + (R Vi, Vi) —¥?I91117} 28)
0

provides a slower grows with respect to the state vector than (27). This guarantees
the existence of the value function of the control problem independently from the
disturbance g in (26) even though the observation contains arbitrary large distur-
bances. The computation of the value function is based on some stochastic proce-
dures (see [20] and [21]). Nevertheless the final formulae are pure deterministic an
can be implemented numerically. Roughly speaking, the optimal control at the state
x(t) and subject to the measured signal {Vou(T),0 < T < t} is computed through
the solution of the problem

ho — HrHiin]{(Dh, h) — (x(t),h)},

where D is a positive semidefinite matrix that is easily computed using the problem
dataand the signal {Vou(T),0 <t <t}
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