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Abstract. An algorithm for identification of unknown parameters of nonlin-
ear heat conductivity equations is proposed. Solutions of equations observed
with an error are input data of the algorithm. Finite dimensional approxima-
tions of input signals and their derivatives are used. The algorithm utilizes
the idea of the direct minimization of the residual of equations written in an
appropriate variational form. The convergence of the algorithm output to the
set of all parameters compatible with the exact solution is proved. The paper
is illustrated by computer simulations related to the identification of heat con-
ductivity coefficients depending upon spatial variables and the temperature.

Introduction

This paper proposes an algorithm for identification of unknown parameters
of nonlinear heat conductivity equations on the basis of solutions measured with
an error. The main idea of the algorithm is related to the method of the direct
minimization of the defect of equations. Such methods were considered in [1] for
ordinary differential equations. In [2] a method based on the direct solution of
the original equation with respect to the unknown heat conductivity coefficient was
proposed. An approach related to direct methods and based on stabilization theory
was developed in [3].

The algorithm proposed in this paper seems to have extensions to nonlinear
problems like those considered in [4, 5, 6]. Such an opportunity is discussed in the
conclusion.
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Notation

R is the set of real numbers.
Rn is the real n-dimensional Euclidean space.
〈·, ·〉 is the scalar product in Rn.
| · | denotes either the absolute value of a scalar or the Euclidean norm

of a vector in Rn.
Ω is an open and bounded subset of Rn.
∂Ω is the boundary of Ω.
QT is the cylinder Ω× (0, T ).
(·, ·)X is the scalar product of a Hilbert space X.
‖·‖X is the norm of a Hilbert space X.
‖ · ‖ is the canonical norm of a linear operator.

Formulation of the problem

Consider the following nonlinear heat conductivity equation:

ut − div (k(x, u, α(t))∇u) = f, x ∈ Ω, t ∈ (0, T ). (1)

Here k(x, u, α) is the heat conductivity matrix defined on Ω̄ × R × A, where A is
a compact subset of a normed space (for example, of C(Ω̄)). We assume that k
is positive definite, Lipschitzian in x, u, and continuous with respect to α. The
function α(·) : [0, T ] → A is considered as the unknown parameter, which is to be
identified.

Assume the homogeneous initial and boundary conditions

u(x, 0) = 0, x ∈ Ω,
u(x, t) = 0, x ∈ ∂Ω, t ∈ (0, T ).

Define solutions of equation (1) as functions u ∈ L2((0, T ); H1
0 (Ω))∩H1((0, T ); L2(Ω))

satisfying the following variational equation:

∫ T

0

∫

Ω
(utθ + k(x, u, α(t))∇u∇θ − fθ)dx dt = 0 (2)

for all θ ∈ L2((0, T ); H1
0 (Ω)). It should be noted (see [7]) that such solutions have

the property u ∈ C([0, T ]; L2(Ω)).

Denote B1
0 = {ψ ∈ H1

0 (Ω) : ‖ψ‖H1
0 (Ω) ≤ 1}. The following proposition is a simple

consequence of the last definition (we omit the proof).

PROPOSITION 1. A function u is solution of (1) iff

∫ T

0
max
ψ∈B1

0

[∫

Ω
(utψ + k(x, u, α(t))∇u∇ψ − fψ)dx

]2

dt = 0. (3)
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Input data and approximation

Assume that values of u are measured with an error η, that is, we have a function
uη such that

‖uη − u‖L∞(QT ) ≤ η. (4)

Let τ be a time step and {0 = t0 < t1 < ... < tN+1 = T} the equidistant
partition of the interval [0, T ] with the step τ . For functions v ∈ L2(QT ), we
introduce an operator Iτ defined as follows:

(Iτv)(x, t) =
1

τ

∫ ti+1

ti
v(x, ζ)dζ, if t ∈ [ti, ti+1), i ∈ 1, N.

Note that the image of v is a piece-wise constant with respect to t function.

For δ > 0, let ωδ(x− y) be a smoothing function. For example, such a function
can be defined as follows:

ωδ(x− y) =
1

δn
ω1(|x− y|/δ),

ω1(r) =

{
1
c
e
− 1

1−r2 ; |r| < 1
0 ; |r| ≥ 1

,

where the constant c is such that
∫
Rn ωδ(z)dz = 1. The smoothing operator Jδ is

defined by the formula

(Jδv)(x, t) =
∫

Ω
ωδ(x− y)v(y, t)dy.

Let Fh be a regular triangulation of Ω̄. Consider the standard finite element
space with linear elements

Φh = {θ ∈ C(Ω̄) : θ|K is linear ∀K ∈ Fh} ∩H1
0 (Ω).

For functions w ∈ L2(Ω), we denote by Fh an operator of a local L2(Ω) projection
defined in [8] as follows: For all finite elements K ∈ Fh,

a) Fhw|K is a linear function,
b)

∫
K(Fhw − w)ldx = 0 for any linear function l.

We shall consider Fh as an operator from L2(QT ) to L2(QT ) by applying Fh to
functions v(·, t) for almost all t ∈ [0, T ].

The operators Iτ , Jδ, and Fh have the following properties:

Iτv, Jδv, Fhv → v in L2(QT ) as τ, δ, h → 0,

‖Iτ‖, ‖Jδ‖, ‖Fh‖ ≤ 1, for all τ, δ, h.

Now we define some piece-wise constant with respect to t functions which
approximate ut, u,∇u, and f . We put

uη,τ,h
1 = Fh

(
uη(·, ti+1)− uη(·, ti)

τ

)
, if t ∈ [ti, ti+1), i ∈ 1, N,
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uη,τ,h
2 = Fhu

η(·, ti), if t ∈ [ti, ti+1), i ∈ 1, N,

uη,δ,τ,h
3 = FhIτ∇Jδu

η,

f τ = Iτf.

PROPOSITION 2. Let η, δ, τ, h → 0 and η/δ, η/τ → 0. Then

a) uη,τ,h
1 → ut in L2(QT ).

b) uη,τ,h
2 → u in L2(QT ).

c) uη,δ,τ,h
3 → ∇u in Ln

2 (QT ).

d) f τ → f in L2(QT ).

The proof is given in the Appendix.

REMARK 1. If the exact solution u is sufficiently smooth with respect to x and t
(u ∈ W 1,p(QT ) with p > (n + 1)), one can use a simplified approximation of u, ut

and ∇u (see [8]). Namely, one may set

uη,τ,h
1 =

∑

k

uη(xk, ti+1)− uη(xk, ti)

τ
ωk(x),

uη,τ,h
2 =

∑

k

uη(xk, ti)ωk(x),

uη,τ,h
3 =

∑

k

uη(xk, ti)∇ωk(x)

if t ∈ [ti, ti+1) for some i ∈ 1, N . Here xk are vertices of the triangulation Fh and
ωk(x) are global form functions of Φh. Proposition 2 remains valid.

Algorithm and convergence

For brevity we denote the collection (η, δ, τ, h) by ε. We shall write uε
1, u

ε
2, u

ε
3,

and f ε instead of uη,τ,h
1 , uη,τ,h

2 , uη,δ,τ,h
3 , and f τ . We say that ε → 0 if η, δ, τ, h → 0

and η/δ, η/τ → 0.

For any t ∈ [0, T ], α ∈ A, and ε, let ψt,α,ε ∈ Φh be a function such that

(ψt,α,ε, ψ)H1
0 (Ω) =

∫

Ω
(uε

1ψ + k(x, uε
2, α)uε

3∇ψ − f εψ)dx, ∀ψ ∈ Φh. (5)

This relation can be considered as the representation of the continuous functional
defined on the Hilbert space Φh via the inner product. Recall that the functions
uε

1, u
ε
2, u

ε
3, and f ε are piece-wise constant w.r.t. t and, hence, the function t → ψt,α,ε

is constant w.r.t. t on each interval [ti, ti+1), i ∈ 1, N .
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For i ∈ 1, N and t ∈ [ti, ti+1), we set

αε(t) ≡ αi = arg min
α∈A

∫

Ω
(uε

1ψt,α,ε + k(x, uε
2, α)uε

3∇ψt,α,ε − f εψt,α,ε)dx, (6)

where ψt,α,ε is defined by (5). Note that uε
1, u

ε
2, u

ε
3 and ψt,α,ε belong to Φh. So we can

apply the technique of the finite element method to solve the optimization problem
(5),(6). The following theorem is true.

THEOREM 1. Let U be the set of all functions α(·) satisfying (1) (the set of all
parameters compatible with the exact solution u). Then for any p ≥ 1,

distLp((0,T );A)(α
ε(·),U) → 0

as ε → 0.

Denote for simplicity

`ε(t, α, ψ) =
∫

Ω
(uε

1ψ + k(x, uε
2, α)uε

3∇ψ − f εψ)dx,

`(t, α, ψ) =
∫

Ω
(utψ + k(x, u, α)∇u∇ψ − fψ)dx.

The proof of Theorem 1 is based on the following proposition.

PROPOSITION 3.

∫ T

0
max
α∈A

|`ε(t, α, ψt,α,ε)− max
ψ∈B1

0

`2(t, α, ψ)|dt → 0

as ε → 0. The proof is given in the appendix.

Consider the space M of weakly measurable functions t → µ(t|·) mapping the
interval [0, T ] into the set of all regular Borel probability measures defined on A.
Measurability of t → µ(t|·) is understood in the following sense: For any continuous
function g : A → R, the function t → ∫

A g(α)µ(t|dα) is Lebesque - measurable.
It is said that a sequence µk ∈ M converges to ν ∈ M if for any function g ∈
L1((0, T ); C(A)),

∫ T

0

∫

A
g(t, α)µk(t|dα)dt →

∫ T

0

∫

A
g(t, α)ν(t|dα)dt.

The set M endowed with the topology defined by such a convergence is compact [9].
One can consider measurable functions t → α(t) as elements of M, setting the cor-
respondence as follows: α(t) ↔ δα(t), where δα(t) is the Dirac measure concentrated
at the point α(t).

The following proposition is a simple consequence of Proposition 3 (we omit
the proof).
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PROPOSITION 4. Let µk → ν. Then

∫ T

0

∫

A
`ε(t, α, ψt,α,ε)µ

k(t|dα)dt →
∫ T

0

∫

A
max
ψ∈B1

0

`2(t, α, ψ)ν(t|dα)dt

as ε → 0, k →∞.

The next proposition immediately follows from Proposition 4. It is sufficient
to replace minima by integrals in measures concentrated for each time instant at
minimizing elements (we omit the proof).

PROPOSITION 5.

∫ T

0
min
α∈A

`ε(t, α, ψt,α,ε)dt →
∫ T

0
min
α∈A

max
ψ∈B1

0

`2(t, α, ψ)dt

as ε → 0.

PROOF OF THEOREM 1. Assume that

distLp((0,T );A)(α
ε(·),U) 6→ 0

as ε → 0. Then we can find a sequence αεk(·) such that

distLp((0,T );A)(α
εk(·),U) ≥ r > 0. (7)

We identify functions αεk(·) with elements µk ∈M. Without any loss of generality
we may assume that αεk(·) (i.e., the correspondent µk) converge in M to some
element ν. Then, using Propositions 4,5 and the definition of αεk(·) (see (6)), we
conclude that

∫ T

0

∫

A
`εk

(t, α, ψt,α,εk
)µk(t|dα)dt →

∫ T

0

∫

A
max
ψ∈B1

0

`2(t, α, ψ)ν(t|dα)dt

and ∫ T

0

∫

A
`εk

(t, α, ψt,α,εk
)µk(t|dα)dt =

∫ T

0
min
α∈A

`εk
(t, α, ψt,α,εk

)dt →

→
∫ T

0
min
α∈A

max
ψ∈B1

0

`2(t, α, ψ)dt = 0.

The equality to zero follows from (3). Therefore,

∫ T

0

∫

A
max
ψ∈B1

0

`2(t, α, ψ)ν(t|dα)dt = 0. (8)

Consider a multivalued function defined by the relation

Q(t) =

{
α ∈ A : max

ψ∈B1
0

`2(t, α, ψ) = 0

}
.
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Comparison with (3) shows that U is the set of all measurable selectors of Q(·),
i.e.

U = selQ := {q(·) : q(t) ∈ Q(t), a.e. t ∈ [0, T ], q(·) is measurable }.
Let us show that a.e. t ∈ [0, T ] the measure ν(t|·) is concentrated on Q(t), that is

ν(t|A \Q(t)) = 0, a.e. t ∈ [0, T ]. (9)

Denote P (t) = A \Q(t) and assume that ν(t|P (t)) > 0 for some t. By the definition
of P (·), we have

P (t) =

{
α ∈ A : max

ψ∈B1
0

`2(t, α, ψ) > 0

}
=

∞⋃

m=1

Pm(t),

where

Pm(t) =

{
α ∈ A : max

ψ∈B1
0

`2(t, α, ψ) > 1/m

}
.

Since ν(t|P (t)) = limm→∞ ν(t|Pm(t)), we conclude that ν(t|Pm(t)) > 0 for some m.
Hence,

∫

A
max
ψ∈B1

0

`2(t, α, ψ)ν(t|dα) ≥
∫

Pm(t)
max
ψ∈B1

0

`2(t, α, ψ)ν(t|dα) ≥ 1/mν(t|Pm(t)) > 0.

Therefore, the set of such t can not have any positive measure because of (8). So,
we have proved that ν is concentrated on Q. At this point we apply the following
result obtained in [1].

RESULT([1]). Let Q : [0, T ] → A be a multivalued measurable function. Suppose
that a measure ν is concentrated on Q (see 9). Let αk(·) be an arbitrary sequence
of functions converging to ν in M. Then, for any p ≥ 1,

distLp((0,T );A)(α
k(·), selQ) → 0

as k →∞.

So, we conclude that

distLp((0,T );A)(α
εk(·),U) → 0.

This contradiction with (7) proves Theorem 1.

Numerical examples

Consider the following one-dimensional equation:

ut − (k(x, u) ux)x = f, x ∈ (0, 1), t ∈ (0, T ).

Initial and boundary conditions are homogeneous:

u(x, 0) = 0, x ∈ (0, 1),
u(0, t) = u(1, t) = 0, t ∈ [0, T ].
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The function f is fixed throughout the examples:

f(x, t) = 2 + cos 5x.

We use the following parameterization:

k(x, u) =
m∑

l=1

αlχl(x, u),

where χl, l = 1, ..., m, is a fixed set of functions (we shall define these function more
exactly in each concrete case).

Let ωi(x), i = 1, ...q, be a system of global form-functions of the spaces of linear
finite elements corresponding to the equidistant partition 0 < x1 < x2... < xq < 1
of the interval (0, 1). We assume that the exact solution u has the appropriate
smoothness and use the approximations indicated in Remark 1. It is easily to verify
that (6) has the following form in this case:

αε(t) ≡ αi = arg min
α∈A

(Qα + Mr − g)T R−1(Qα + Mr − g), (10)

if t ∈ [ti, ti+1) for some i ∈ 1, N . Here

R =

{
ρjk =

∫ 1

0

∂ωj

∂x
(x)

∂ωk

∂x
(x)dx

}
, M =

{
mjk =

∫ 1

0
ωj(x)ωk(x)dx

}
,

Q =

{
qjl =

q∑

s=1

uη(xs, ti)
∫ 1

0
χl(x, uη(x, ti))

∂ωj

∂x
(x)

∂ωs

∂x
(x)dx

}
,

r =

{
rj =

uη(xj, ti+1)− uη(xj, ti)

τ

}
,

g =
{
gj =

∫ 1

0
f(x, ti)ωj(x)dx

}
,

where j, k ∈ 1, q and l ∈ 1,m.

It is also meaningful to add to the right-hand-side of (10) the term c(α−αi−1)2

to provide uniqueness of the minimizing element. Here c is a sufficiently small co-
efficient, whose value should be defined more precisely from numerical experiments.
This term will play a part of the regularizing component in case the set U is non-
one-element. We obtain the following equation for finding αi:

(QT R−1Q + cE)α = QT R−1(g −Mr) + cαi−1.

Let us consider concrete cases.

a) k(x, u) = k(u) = 1 + 20u2. We set q = 20, m = 11, and

{χl(u)} =
{
1, sin 2πu, cos 2πu, ..., sin 2π

m− 1

2
u, cos 2π

m− 1

2
u

}
.
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Figure 3

Figure 1 shows the recovered function k̃(u) in case of the absence of observation
errors (η = 0). The difference between k̃(u) and k(u) is less then 2 · 10−3 for all u
belonging to the range of the exact solution u(t, x). Figure 2 shows the simulation
in case of the presence of the uniformly distributed random error of the amplitude
η ≈ τ . Figure 3 depicts time evolution of the coefficients αj in the presence of such
an error and without errors.

b) k(x, u) = k(x) = 1 + 0.5 sin 20x. We put q = 20, m = 11, η = 0. The
functions χl are defined as in the previous example but with x in place of u. We do
not give a picture in this case because the difference between the exact and recovered
functions is less then 10−5 for all x ∈ (0, 1).

In the next two examples: q = 20, η = 0, and χl, l = 1, ..., 15, are polynomials
of x and u.
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c)k(x, u) = 1 + x2 + u2. Figure 4 shows the recovered function. Figure 5 depict the
difference between the exact and recovered functions.

d)k(x, u) = 1 + 0.5 sin 2x + 0.5u3. Figures 6 and 7 show the recovered function
and the difference between the exact and recovered functions.

REMARK 2. Note that the linear representation of k(x, u) is not the only way to
solve the problem. The function k(x, u) can be represented, for example, as follows:

k(x, u) = R(x, u, α1, α2, ..., αm),

where R is an interpolation operator and α1, α2, ..., αm are values of k on a given
grid.

Figures 8,9 show testruns in the case where R is the linear interpolation oper-
ator. The recovered functions are shown. Figure 8 corresponds to the following
data: k(x, u) = k(u) = 1 + 20u2, q = 20, m = 10 and η = 0. The differ-
ence between k(u) and k̃(u) is less then 5 · 10−3. Figure 9 stands for the data:
k(x, u) = k(x) = 1 + 0.5 sin 20x, q = 40, m = 40 and η = 0. The difference between
k(x) and k̃(x) is less then 2 · 10−2.
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Conclusion: Other types of equations

Now we discuss briefly the possibility to extend the method proposed to more
complicated problems. Let us look closer why this algorithm works in the case con-
sidered. The crucial point of the proof of Theorem 1 is Proposition 3. Some analysis
shows that this proposition is valid due to the following property of the variational
equation (2): The solution u, its derivatives, and test functions permit approxima-
tions such that the left-hand-side of (2) is continuous with respect to the parameter
ε of these approximations. For linear partial differential equations, such a continuity
follows from the continuity of the corresponding bilinear forms. For correctly stated
nonlinear problems where the existence of solution can be proved, solutions posses
some regularity that enables to construct approximations such that the variational
functional is continuous with respect to parameters of these approximations.

As an illustration of these speculations, we consider a model describing phase
transitions in shape memory alloys [5]. The equations of this model look in the
variational form as follows:

∫

QT

[θStξ + µutuxtξx + kθxξx + kθxtξx − λξ] + k1

∫ T

0

∫

Γ
[(θ − θΓ) + (θt − θΓ,t)]ξ = 0,

∫

QT

[utt − (σq)x + (σq)x − f ]η = 0,

∀η ∈ L2((0, T ); L2(Ω)) and ∀ξ ∈ L2((0, T ); H1(Ω)).

These equations determine the temperature θ and displacement u. Here S is the
entropy, σq and σq are quasiconservative and dissipative parts of the stress. Consider,
for example, the term θStξ. According to [5] we have

θStξ = ψ′′0(α, θ)θθtξ + ψ′′1(α, θ)θu2
xθtξ + 2ψ′1(α, θ)θuxuxtξ,

where ψ0 and ψ1 are coefficients determining the Helmholtz free energy. We as-
sume they depend on some fitting parameter α, and we are to find α on the basis of
a given solution. It is shown in [5] that θ, ux,∈ L∞(QT ) and θt, uxt ∈ L2(QT ). Hence,
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if u1 → θ, u2 → ux, u3 → θt, u4 → uxt, u5 → ξ in L2(QT ) and ‖u1‖L∞(QT ), ‖u2‖L∞(QT ) ≤
C, then

∫

QT

[ψ′′0(α, u1)u1u3u5 + ψ′′1(α, u1)u1u
2
2u3u5 + 2ψ′1(α, u1)u1u2u4u5] →

∫

QT

θStξ.

One can verify that arguments like these are valid for the other nonlinear terms.
This enables to prove a proposition like Proposition 3 and, hence, Theorem 1.
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APPENDIX

PROOF OF PROPOSITION 2.
a) Consider the function

uη,τ
1 =

uη(·, ti+1)− uη(·, ti)
τ

,

if t ∈ [ti, ti+1) for some i ∈ 1, N . One can see that

uη(·, ti+1)− uη(·, ti)
τ

=
u(·, ti+1)− u(·, ti)

τ
+

γ(·, ti)
τ

,

where

‖γ‖L∞(QT ) ≤ 2η.

Taking into account the relation

u(·, ti+1)− u(·, ti)
τ

=
1

τ

∫ ti+1

ti
ut(·, ζ)dζ,

we have

‖uη,τ
1 − ut‖2

L2(QT ) ≤ 2
N∑

i=1

∫ ti+1

ti

∥∥∥∥
1

τ

∫ ti+1

ti
[ut(·, ζ)− ut(·, t)]dζ

∥∥∥∥
2

L2(Ω)

dt + 4mes(QT )
η2

τ 2
.

Finally, we obtain

‖uη,τ
1 − ut‖2

L2(QT ) ≤ 2 max
|ζ|≤τ

∫ T

0
‖ut(·, t + ζ)− ut(·, t)]‖2

L2(Ω)dt + 4mes(QT )
η2

τ 2
→ 0

as τ → 0 and η/τ → 0. Therefore

uη,τ,h
1 = Fhu

η,τ
1 → ut, in L2(QT ).
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b) To simplify notations, we denote

uτ (x, t) = u(x, ti)

if t ∈ [ti, ti+1) for some i ∈ 1, N . With the use of (4) we have

‖uη,τ,h
2 − u‖L2(QT ) ≤ ‖Fhu

τ − u‖L2(QT ) + mes(QT )1/2η

≤ ‖Fh‖‖uτ
2 − u‖L2(QT ) + ‖Fhu− u‖L2(QT ) + mes(QT )1/2η.

Taking into account that ‖Fh‖ ≤ 1 independent from h, we obtain the proof.

c) We have

‖uη,δ,τ,h
3 −∇u‖Ln

2 (QT ) ≤ ‖FhIτ∇Jδu−∇u‖Ln
2 (QT ) + ‖FhIτ∇Jδγ‖Ln

2 (QT ),

where ‖γ‖L∞(QT ) ≤ 2η. It is easy to see that

‖FhIτ∇Jδγ‖Ln
2 (QT ) ≤ C1η/δ,

where C1 depends only on the dimension n and mes(QT ). Moreover, using integra-
tion by parts and taking into account that u|∂Ω = 0, we obtain

∇Jδu = Jδ∇u.

So,
‖uη,δ,τ,h

3 −∇u‖Ln
2 (QT ) ≤ ‖FhIτJδ∇u−∇u‖Ln

2 (QT ) + C1η/δ.

Taking into consideration that ∇u ∈ Ln
2 (QT ) and the properties of the operators

Fh, Iτ , Jδ, we obtain the proof.

d) The convergence f τ → f in L2(QT ) immediately follows from the properties of
Iτ .

PROOF OF PROPOSITION 3. Let us denote

Sh = {ψ ∈ Φh : ‖ψ‖H1
0 (Ω) ≤ 1}.

We establish first that

`ε(t, α, ψt,α,ε) = max
ψ∈Sh

`2
ε(t, α, ψ). (11)

Indeed, setting ψ = ψt,α,ε in (5), we have

`ε(t, α, ψt,α,ε,) = (ψt,α,ε,, ψt,α,ε,)H1
0 (Ω) = ‖ψt,α,ε,‖2

H1
0 (Ω). (12)

On the other hand, from (5), we have

max
ψ∈Sh

`2
ε(t, α, ψ) = max

ψ∈Sh
(ψt,α,ε,, ψ)2

H1
0 (Ω) = ‖ψt,α,ε,‖2

H1
0 (Ω). (13)

From (12) and (13), we obtain (11).
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Moreover, we have

∫ T

0
max
α∈A

|max
ϕ∈Sh

`2
ε(t, α, ϕ)− max

ψ∈B1
0

`2(t, α, ψ)|dt ≤

≤
∫ T

0
max
α∈A

(max
ψ∈B1

0

`2(t, α, ψ)−max
ϕ∈Sh

`2(t, α, ϕ))dt+ (14)

+
∫ T

0
max
α∈A

|max
ϕ∈Sh

`2
ε(t, α, ϕ)−max

ϕ∈Sh
`2(t, α, ϕ)|dt.

Consider the first term of the right-hand-side of (14). Let

gh(t) = −max
α∈A

(max
ψ∈B1

0

`2(t, α, ψ)−max
ϕ∈Sh

`2(t, α, ϕ)),

then we have

gh(t) = −max
α∈A

max
ψ∈B1

0

min
ϕ∈Sh

(`2(t, α, ψ)− `2(t, α, ϕ)) =

= −max
ψ∈B1

0

max
α∈A

min
ϕ∈Sh

(`2(t, α, ψ)− `2(t, α, ϕ)).

For any fixed t ∈ [0, T ], let ψ0
t ∈ B1

0 be a maximizing element in the last
formula. There exists an element ϕh

t ∈ Sh such that ‖ϕh
t − ψ0

t ‖H1
0 (Ω) → 0 as h → 0.

Therefore, for any fixed t ∈ [0, T ],

gh(t) = −max
α∈A

min
ϕ∈Sh

(`2(t, α, ψ0
t )− `2(t, α, ϕ)) ≥

≥ −max
α∈A

(`2(t, α, ψ0
t )− `2(t, α, ϕh

t )).

Taking into consideration that

|`2(t, α, ψ0
t )− `2(t, α, ϕh

t )| ≤

≤ |`2(t, α, ψ0
t ) + `2(t, α, ϕh

t )||`2(t, α, ψ0
t )− `2(t, α, ϕh

t )| ≤ K(t)‖ϕh
t − ψ0

t ‖H1
0 (Ω),

where K(t) is an independent from h and α constant, we obtain

0 ≥ gh(t) ≥ −K(t)‖ϕh
t − ψ0

t ‖H1
0 (Ω) → 0 as h → 0.

Therefore, by the Lebesque theorem,

∫ T

0
gh(t)dt → 0

as h → 0.

Consider the last term of (14). We have

∫ T

0
max
α∈A

|max
ψ∈Sh

`2
ε(t, α, ψ)−max

ψ∈Sh
`2(t, α, ψ)|dt ≤
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≤
∫ T

0
max
α∈A

max
ψ∈Sh

|`2
ε(t, α, ψ)− `2(t, α, ψ)|dt ≤

≤
∫ T

0
max
α∈A

max
ψ∈Sh

|`ε(t, α, ψ) + `(t, α, ψ||`ε(t, α, ψ)− `(t, α, ψ)|dt ≤

≤
(∫ T

0
max
α∈A

max
ψ∈Sh

(`ε(t, α, ψ) + `(t, α, ψ))2dt

)1/2

×

×
(∫ T

0
max
α∈A

max
ψ∈Sh

(`ε(t, α, ψ)− `(t, α, ψ))2dt

)1/2

.

It can be easily proved that

(∫ T

0
max
α∈A

max
ψ∈Sh

(`ε(t, α, ψ) + `(t, α, ψ))2dt

)1/2

≤ C2,

where C2 is a constant independent from ε.
If we prove that

∫ T

0
max
α∈A

max
ψ∈Sh

(`ε(t, α, ψ)− `(t, α, ψ))2dt → 0,

then Proposition 3 is proved.
We have

(`ε(t, α, ψ)− `(t, α, ψ))2 =

=
(∫

Ω
(uε

1 − ut)ψ + (k(x, uε
2, α)uε

3 − k(x, u, α)∇u)∇ψ + (f ε − f)ψ
)2

≤

≤ 2
∫

Ω
(uε

1 − ut)
2dx

∫

Ω
ψ2dx+

+2
∫

Ω
(k(x, uε

2, α)uε
3 − k(x, u, α)∇u)2

∫

Ω
(∇ψ)2dx+

+2
∫

Ω
(f ε − f)2

∫

Ω
ψ2dx.

Taking into account that
∫
Ω(∇ψ)2dx ≤ 1 and

∫
Ω ψ2dx ≤ C3 (Poincore theorem), we

obtain ∫ T

0
max
α∈A

max
ψ∈Sh

(`ε(t, α, ψ)− `(t, α, ψ))2dt ≤

≤ C4

∫

QT

(uε
1(x, t)− ut(x, t))2dx dt+

+C4

∫

QT

max
α∈A

(k(x, uε
2(x, t), α)uε

3 − k(x, u(x, t), α)∇u(x, t))2dx dt+

+C4

∫

QT

(f ε − f)2dx dt.
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It remains to prove that
∫

QT

max
α∈A

(k(x, uε
2(x, t), α)uε

3(x, t)− k(x, u(x, t), α)∇u(x, t))2dx dt → 0

as ε → 0. Assume the opposite. Then we can find a sequence εj such that
∫

QT

max
α∈A

(k(x, u
εj

2 (x, t), α)u
εj

3 (x, t)− k(x, u(x, t), α)∇u(x, t))2dx dt ≥ r > 0.

On the other hand, we may assume that u
εj

2 → u and u
εj

3 → ∇u for almost all
(x, t) ∈ QT . We have

max
α∈A

(k(x, u
εj

2 , α)u
εj

3 − k(x, u, α)∇u)2 =

= max
α∈A

(k(x, u
εj

2 , α)u
εj

3 − k(x, u
εj

2 , α)∇u + k(x, u
εj

2 , α)∇u− k(x, u, α)∇u)2 ≤
≤ 2 max

α∈A
|(k(x, u

εj

2 , α)− k(x, u, α))∇u|2+
+2 max

α∈A
|k(x, u

εj

2 , α)(u
εj

3 −∇u)|2.
We observe that, due to the continuity of k,

max
α∈A

|(k(x, u
εj

2 , α)− k(x, u, α))∇u|2 → 0,

for almost all (x, t) ∈ QT . Because of boundness of k, we have

max
α∈A

|(k(x, u
εj

2 , α)− k(x, u, α))∇u|2 ≤ 4M2|∇u|2

and
max
α∈A

|k(x, u
εj

2 , α)(u
εj

3 −∇u)|2 ≤ M2|uεj

3 −∇u|2. (15)

Using the Lebesque theorem, we obtain
∫

QT

max
α∈A

|(k(x, u
εj

2 , α)− k(x, u, α))∇u|2dx dt → 0.

From (15), we have
∫

QT

max
α∈A

|k(x, u
εj

2 , α)(u
εj

3 −∇u)|2dx dt ≤ M2
∫

QT

|uεj

3 −∇u|2dx dt → 0

Therefore,
∫

QT

max
α∈A

(k(x, uε
2(x, t), α)uε

3 − k(x, u(x, t), α)∇u(x, t))2dx dt → 0.

This finishes the proof of Proposition 3.
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