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SUMMARY

This paper is an advanced extension of the work reported]in Altransport equation that
describes the propagation of a substance in a moving fluig®iggconsidered. The equation
contains the transient, convection, and diffusion ternte firoblem is formulated in a bounded
domain provided with an inlet and an outlet for the fluid or flag.. The crucial point of the
problem setting is a hysteresis type condition posed on @veggart of the boundary. This
condition reflects the nondecreasing accumulation withration of the transported substance
at each point of the active boundary part. We prove the exéstand uniqueness of solutions to
this problem, study regularity properties of solutionsg g@erform numerical simulations that
clarify the behavior of the model. Comparing with results[Df, the advance of this work
consist in accounting for the motion of the fluid or gas andmmplet and outlet boundary
conditions.
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1 INTRODUCTION

The objective of this paper is to extend results obtained jn Remember that the problem under
consideration is motivated by the development of biosextat serve for the quantitative detection
of proteins in solutions. An important part of such sensera wet cell, say a tiny box, provided
with an inlet and an outlet for the solution containing a photto be detected. Special molecules
called aptamers are immobilized on the bottom of the wet ddie aptamers can selectively bind
the desired protein from the solution. The change of theaserass loading can be analyzed using
acoustic waves propagating along the aptamer layer. Thas;dncentration of the protein in the
solution can be estimated. This paper extends the modeidsoed in [1] for the propagation of
the protein in the wet cell and its adhering to the aptames dissumed now that the propagation
of the injected protein is governed by a transport equatiah ¢ontains the transition, convection,
and diffusion terms. The problem is considered in a boundedain provided with an inlet and an
outlet for the fluid. As in [1], a boundary condition of hysgsrs type is posed on the bottom of the
wet cell. This condition provides the monotone growth waltusation of the surface concentration
of the deposited protein. The monotonicity reflects the detachment of already adhered protein
molecules, whereas the saturation corresponds to the sxtraof free aptamer molecules.

We prove the existence and the uniqueness of solutionsggtbblem, study their regularity, and
present numerical simulations.

*Correspondence to: T. G. Amler, Chair of Mathematical Mbdg] Department of Mathematics,
Technische Universitat Minchen, 85748 Garching bei Minc@&rmany
TE-mail: thomas.amler@mytum.de
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1.1 MODEL SETTING

Let @ = (0,1)3 be the open unit cube iiR? (the wet cell); 9 the boundary of;
I' = {x € 90| z3 = 0} an active part 02 that can absorb the proteifi{” C 9Q andI*** C 90
are the inlet and outlet areas for the solution containiegpttotein, respectively.

Let ¢ be the volume fraction of the protein (is of the orded 6f), p, its proper density, an¥ the
velocity of the fluid. Then the mass conservation law reads:

(pp?)
ot

whereq is the diffusion coefficient. Assume (see Fig. 1) that thegiromolecules adhered to the
aptamer are small roods of the heighttz 10~%m) immobilized in the layer

= —divj, with j=—-aV(p,0)+ (p,0)V, (1)

F5:{$ER3‘ —0<x3<0, (.Tl,l’g,O)EF}.

Let ¢ be the volume fraction of the protein Ity, andgy,., its maximal value ¢p,.. ~ 0.1). Define
the surface density of the protein as

1 0 _
= 6¢max [5 ¢d$3

and scale the volume fractiahas follows:

1
B 6¢max

Note that the mass of the proteinlip per surface unit is given by the formula:

. (2)

u

O —
K =D, /6 ¢ dzg = (6Pmax) pp1- 3)

On the other hand, taking into account that the compongtisdj, of j disappear in’s because the
protein molecules are immediately immobilized after adiggto the aptamer, the mass conservation
law says:

/T
=V on T. 4)
Combining (4), (3), (2), and (1) yields:
on
5 = aVu-v on T, (5)

whenevelV - v = 0 onI'. See Figure 1 for an illustration.

In order to close the model, a relation betweeandu must be specified, which plays the role of
a constitutive relation that takes into account adhesiopgnties of the aptamer. First of all, the
adhered protein molecules are not being released any moseedVer, there exist two thresholds
uo andw; such that the aptamer can not bind protein molecules bothl;-if< w, (insufficient
concentration for the activation) and,«fr > u; (exhaustion of free aptamer molecules). The
constitutive relation looks as follows:

n(z,t) = A(u(z,-))(t), zeTl,te(0,T), (6)
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Figure 1: The adhered protein molecules in the ldyer
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Figure 2: Schematic representation of the operator

where A is a hysteresis operator defined bt (0, T") by the relation:
A(€)(t) = esssup{H (&(7)) : 7 <1}, €€ L™(0,T), )

where the functiorf{ is defined as in Fig. 2a. The action of the operadds schematically shown
in Fig. 2b.

Remarkl.1

A simplified notationn = A(u) will be used instead of (6), i.e. the arguments will be onditte
whenever this does not lead to a confusion. Moreover, natettie surface concentration of the
proteinn assumes values from the inter{@l 1], whereas the rescaled protein volume fractics

of the orderl but can exceed.

In order to reduce the diffusion coefficienttprescale the time variable by multiplying it lay(see
formula (1)). In the new variables (the old notation is keptthe rescaled time and fluid velocity),
our problem is rewritten as follows:

Qx[0,7T]: u=Au—div(uV), (8)

OQ\T x [0,T] : S—Z:O, (9)
ou

L'x[0,T]: n= 5 1= A(u), (10)

t=0: u:uo, 772770, (11)

where A is defined by (7), see also (6) and remark 1.1. Assume thatdlaeity V' is suf-
ficiently smooth, bounded, i.e|V (z,t)] < C, and satisfies the conditions: di¥ = 0 and
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V - Vo (rinurenty = 0. Suppose for simplicity thak” is time independent ofi"* andI"*.
Problem (8)-(11) is calle@roblem A

1.2 MAIN RESULT

Definition1.2
A pair of functions
UEHI(QT), T]GLOO(FT)

with u|,—o = u® is called a generalized solution Bvoblem A if
n(x,t) = A(u(z, -))(t) foralmostall (x,t) € T'r, (12)

and the following integral identity

T
//utz/hLVuV@b—uVV@b dmdt+//gw (V.v dsdt+//u¢ (V -v) dsdt
0 0 Tin 0 Tout
T
— / / iy dsdt — / "y’ ds =0 (13)
0 T T

holds for every smooth function such that)|,—r = 0.

HereQr = Q x [0,7], Tr = T x [0,T], ¥° = v|=0, ds denotes the 2-dimensional Lebesgue
measurey is a weak initial condition for).

The following Theorem is the main result of this paper.

Theoreml.3
Letuw’ € HY(Q) N L>®(Q), v’ > 0, g € L> ("), andn® is a measurable function such that
n°(x) = H(u’(z)) for & € I'. Then there exists a unique generalized solutioRrttblem Asuch
that
uy, Au € L*(Qr), up, € L=(0,T; L*(Q)), o=1,2,3,
0<u< maX{||uO||Loo(Q ||g||Loo(1"zn)}
m € L*(Tp), ne H(Ir).
Remarkl.4

The conditionn® = H(u’) has a physical sense and, besides that, simplifies some nretthal
calculations. Nevertheless, is not important and can laeeell.

Remarkl.5

The integral ..., g (V - v)ds in (13) represents the mass flux of the protein at the inldedday
dpmax according to (2). It is observed in [2, 7.6] that the equality= ¢ holds onI"" for any
t > 0, if it holds att = 0. A physical explanation of this effect is that the reasoaabhge of the
diffusion coefficient is aboutl0~° to 10~7, whereas the magnitude of the velocifyon the inlet
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is of the order ofl0~2 to 1, andV is nearly parallel tas, except for a very small region near the
relative boundary of*. Therefore the diffusion mass fluxaV(p,¢) - v is strongly dominated
by the transport ternip,¢)V - v near the inlet unless the gradient assumes nonphysicajg la
values. Thus, ify is the trace of.” onI'" at¢ = 0, then the trace of; stays very close tg for

t > 0. Numerous numerical experiments confirm this effect. Tioeeg using the assumption that
divV = 0, the integral identity (13) can be replaced by the followamg:

T

T

// (utzﬁ +Vu-Viy+V - -Vu w) dxdt — / /mﬂt dsdt + /nowo ds = 0. (14)

0 Q 0T r
1.3 BIBLIOGRAPHICAL REMARKS

Problems with hysteresis have been considered in numertlgations. We refer to the books
[3], [4], [5], and [6] for surveys in this area. The commontiga of investigations cited there is
the regularizing termmou /0t added to the boundary condition (10) to improve the regiylaifi |-
with respect ta. Thus, the boundary condition adhwould be transformed to

ou, _on
Eat = ov’

A technique proposed in this paper allows us to handle thguan case witlz = 0.

n = A(u).

2 PROOF OF THE MAIN RESULT

The proof of Theorem 1.3 is rather complicated technicallyg demands many estimations, auxil-
iary results, and accounting for fine properties of soligitmparabolic PDEs stated, e.g., in [7].
2.1 CONSTRUCTION OF APPROXIMATE SOLUTIONS

Use the implicit time discretization scheme to approxinRieblem (8)—(11). Fix arbitraryy € N
and setr = T'/N. Define functions.”, n € {1,2,..., N} as solutions of the following problem:

u" —u" =AU — TV - V", T e, (15)
77” - 77”_1 =T Ou ’ LS F? (16)
v
ou”
5 O x € IQ\T, (17)
where
n o k
n"(x) = ke{?ﬁ.}f,n}ﬂw (z)), xzel. (18)
Note that
n n—1 n n—1 +
p(@) =" @)+ (H' (@) - @), wel (19)

where, as usuallyf™ := max(0, f).

Lemma2.1
If 7 is sufficiently small, the problem (15)-(17) is uniquelysble with respect ta™.
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Proof
Define operatod (u,v) : H'(2) x H'(Q2) — (H*(£2))" as follows:

(A(u,v),0) = [ vod Voo d Hv) — ) pd V- Vugdz,
u, v /v iB—I—TQ/U :B+F/<v n ) S+TQ/ uQ ax

Q

where¢ € H'(Q) is an arbitrary function, angl, -) denotes the duality product betwegit'(©2))’
and H'(Q). It is easy to prove that the operatéfu, v) satisfies all conditions of Definition 2.2 of
[8] so that the operatoA(u) = A(u,w) is a variational one in the sense of this definition. Let a
functional f € (H'(9)) is defined by

(f.6) = /Q ede, 6 e H'(Q).

According to Corollary 2.1 of [8], the equatiofiu) = f has at least one solution. Prove now the
uniqueness of such a solution. Assume, there are two softioandu,. Denoteu := u; — us.
Then

(A(u) — Alus), wy — us) = / (@)?da + T / (Va)? da+

Q Q
+ +
/ [(H(ul) — 77"_1> — (H(Ug) — 77"_1> } [ug — us) ds +7‘/V -Vuude = 0.
T Q
Taking into account that the integral oMérs nonnegative yields for any> 0:
/(a)de +r/(Vu)2dm < e CQ/(Va)Zd:c 4+ /(ﬂ)2dw.
€
Q Q Q Q

Choosing: < 1/C? and assuming that < e implies thatu = 0. O

Lemma2.2
Let V' be a smooth vector function satisfying the following cormis: |V (z,t)| < C, divV = 0,

and ,
V.r<0 onlI"

V.-vr>0 onl,
V.-vr=0 else

Then, for all functiong, v € H'(€2), the following relations hold:

/V Ve do = / YV v ds—/V Vi € de,

I‘znul"uut

/vagdm_— / (V- v)ds > - /gVu

anur‘out

—/V-fodm§§/§2|V-u|ds.
Q in
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The proof is obvious becaudé - v > 0 onI'*“ andV - v < 0 onIT"". O

Lemma2.3
Let f : R — R be aC" function such thaf’ does not decrease. Then

fla) = f(B) < fl(a)(e =)
forall o, 5 € R.

Proof

Really, ifo > 3, thenf(a) — f(3) = f'()(a — B) < f'(a)(a — B), whereg € [3,a]. If o < 5,
thenf(3) — f(a) = f'(&)(B — a) = f'(a)(B — a), whereg, € [a, 5]. =
Lemma2.4

Let u°, n° and g be nonnegative and bounded. Then, forral= 1,2,..., N and for almost all

x € (), the following estimate holds:

0 < u™(x) < max {[|u’| L), |gllzemin}-

Proof
Denoteb = max {[|u’|| .=(q) , ||g]/r=n)} and introduce the function

&2, ¢ <0,
f(§) =<0, 0<E<D,
(5_6)27 be

It is not difficult to see that this function satisfies the citioths of Lemma 2.3. Multiply (15) by
f'(u™) and integrate oveR to obtain that

/ (f’(u") un%un—l + ()| Vu)? + V- Vu"f’(u")) dx =
Q

8u n"t—n""

n <

o / u")ds <0 (20)
r

T

because the functiopy™ — n"~!) f/(u™) is nonnegative off.

Really, if u"(x) > 0, then f'(u"(x)) > 0. Then the obvious inequality® > n™~! implies that
(n"(x) — ")) f(u(z)) > 0. If u*(x) < 0, theny™(z) = " *(x) (see (19) and take
into account that ally’ are nonnegative becausé is nonnegative). Explicit computations yield
Vu' f'(u”) = V f'(u”) f'(u™). Therefore,[, V - Vu" f'(u") dx > 1/2 [, f'(u")*(V - v)ds due
to Lemma 2.2. Using (20), Lemma 2.3, and the convexity of timefion f yields:

/f(u”)dwg/f(u"‘l)dm—rf|f’(u")\2(V-u)ds.

The choice ob and the relation™|ri» = g imply that f'(u™)|rn = 0. Therefore, taking again into
account the choice dfimplies that|,, f(u") dz = 0, which proves the Lemma. O

Definel|gl|Zz i (v as) = Jrim IV - | ds < C||g]|7 e (pinymeAST™).
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Lemma2.5
The following estimate holds:

1 . = 1 T
5/\u \2dw+TZ/Wuk|2dw < §/|u0‘2dw+§||g“%2(ﬂ";V-uds)'
Q k‘:lQ o)

Proof
Multiplying (15) by «™ yields

/ <(u" — " " 4 7| VU + TVVu"u") de = — /(H(u”) — "t ds.

Q r
Obviously
n n—1\, n 1 n|2 1 n—1|2 1 n n—1|2
(u" —u""u dw:§ \u\dm—§ lu \dm+§ |u™ —u" | de.
Q Q Q Q

Taking into account that2 [,V - Vu"u" < [... ¢*|V - v|ds (Lemma 2.2) and
(H(u") — n" HTu™ > 0 (Lemma 2.4) yields

1 . = 1 T
§/|u |2dw+TZ/Wuk|2dw < §/|U0|2d$+§||9“%2(rm;V.uds)-
2 k=19 o

Definition2.6
Define

C? C?T
Bim [IVafde+ 5 [1a0Pde + S gl varan
Q Q
With € = |V || 1 (0

Lemma2.7
The following estimate holds:

1 — uf — k1
> [
k=1 ¢

T

2

1 B

dx + 5/\Vu"|2d:c <5
0

Proof
Multiplying (15) by v — v~ yields:

g

Q

112

u” —u"
T

dz + / Vu (Vu™ — Vu" ') dx =

r

- /(H(u") Y — ) ds — T/v Y (M) da.

(21)

(22)
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If u™(z) < u"(z ),thenH( "(z)
(H(u™) — n™ YT (u™ —um~1) > 0 for all € T'. Taking into account the identity

) < "~ Y(x) and, therefore( H (u"(x)) — " '(x)) " = 0. Thus,

1 1 1
/Vu —Vu"_l)dm: 5/|Vun|2dm_§/|Vun_1|2d$+§/|Vu”—Vu”_1|2d;p7
Q Q Q
the estimate
n _ ,n—l1 2 n_ .m—1|2
/V-Vu" R dmgc—/|Vu"|2dm+E/u Y| de
T 26 2 T
Q Q Q

with e = 1, and Lemma (2.5) we obtain from (22):

Further, equation (15), Lemma 2.5, and Lemma 2.7 imply:

ZT/|Auk|2dm < ZT/ [Q‘M‘2+2CZ|Vuk|2}dm <

u_ukl

2
1 B
dx + 5/\Vu"|2da: <5

<2 [ |VaPde+20° [ |uPde+ 20T gl sy

Q

Obtain some other estimates. Define

n e k
"(x) = ke{?ﬁ?ﬁ,n}ﬂ(u (z)), x € Q.

Note that another equivalent definition of this functionhs following:
+

(") =" m) + (H(u”(w)) — C”_l(a:)> , x € Q.

It is obvious that™ € H'(Q2) and
n" = 7¢"
The following Lemma gives uniform estimates fgrandn”.

Lemma2.8
Foralln =1,2,..., N, the following estimates hold:

/|vg"|2da: < 2B,

Ck 1
7'/ dw<cOB

Co
d<—B
(Y e

wherecy = max (dH (s)/ds).

(23)

(24)

(25)

(26)

(27)

(28)

(29)



10 T.G.AMLER, N.D.BOTKIN, K.-H. HOFFMANN, A. M. MEIRMANQOV,V. N. STAROVOITOV

Proof
Denote

n k
= € Q.
@) ke{%,llé?in}u (@), *

It is not difficult to see that™ = H(£"). Let G™ be the subset db whereu™ > ¢,
Multiplying (15) by ¢ — ¢7~! yields:

/ ((u" —u"Y) (=Y TV V(E =Y TV V(€T — 5"_1)> dx+

Q

/(77" — " =) ds = 0.

T

First, note thafu™ — u"~1)(£" — 5" 1) > (& — ¢"~1)2 almost everywhere if. Really, ifx € G*,
thend™(z) = u"(x) andu”(z) — u"H(z) > u"(x) — " H(x) = ¢"(w) — " H(z). f o & G",
theng™ () = ¢"~*(z) and(u"(z) —u" ! (2))(§"(®) —&"(x)) = (£ (@) —&"~'(x))* = 0. Thus,

@ e dat [~ e ds o [Vur V(e - e da
/ / /
02 2
i / \WP% JIGEE R CY
Q Q

It is clear thatV(¢" — ¢"~!) = 0 almost everywhere if2 \ G". On the other handy™ = £ and
Vu™ = VE™ almost everywhere i6'™. Therefore,

/Vu" V(E = da = /vu" V("= de =

Q Gn

— [ve v - da = [ Ve Ve - ¢ da
Q

Gn
1 1 1
= §/|V§"|2dw— §/|V§"‘1|2dw+ §/|V§" — Ve de.
Q Q Q
Estimate (30) together with the last relation and Lemma &hig:
_Z/ kl dw—i— Z/n_n 1 k gk—l)d8+/‘vé—n|2dw§
k=1 Q k=1 T Q

C? C?T
[1verde+ S [ 1Pde+ S gl vatan:
Q

Note that¢* — ¢*=! = H(&¥) — H(EFY) < ¢o(€F — €571), wherecy = max (dH(s)/ds) > 0
Therefore, multiplying the last estimate bjyields:
—Z/ — MY dee +—Z/77 -k d8+co/|V§"|2dw<c(2)B
k=1 Q k=1 r

The assertion of the Lemma follows immediately from thigjnality together withv (™ = H'(¢")VE™.
]
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2.2 PASSAGE TO THE LIMIT

For everyN € N, define two kinds of time interpolations ¢t }, {n"} and{¢"}. Letuy, ny, and
(n be piecewise linear interpolations, whereas 77, and( ,, piecewise constant ones. That is,

uy(x,t) = u"(:v)(l —n+ ;) —|—u"_1(ar:)<n - ;), if telln—17,nr], n=1,..N,
un(x,t) =u"(x), if te((n—1U7,n7], n=1,..,N.

The functions)y, (v, Ty, and¢, are defined in the same way.

Lemma2.9
(uy —ay) =0, (Cv—Cy) =0 in L*Qr);  (gv—7y) =0  in L*(Tp)
asN — oo.

Proof
Due to estimate (21), the following is true:

nTt

/HuN )||L2(Q dt = ZHU —u 1||L2 / (;—n) dt =

(n—1)1
N 2
T 102 B
g z:: —u HL2(Q) =30
which proves the first assertion of the Lemma because 7'/N. The other two claims can be
proved using the same arguments and estimates (28) and (29). O

Estimates (21),(23),(27), (28), and (29) imply:

2

8uN 2 - 9

ot NVunlz0r2200) » IVEN 500, 7:2200)) < B,

L2(Qr)
87]N 2 < Co B’
Ot 2y — 2 (31)
8CN 2 2 9
7||VCN||L°OOT~L2Q < ¢, B,
Ot |l 200 (0,T5L2(<)) ()

||AUN||2L2(QT) < 2| Vil |72y + 2C% 160 2@ + 2C° T [|glZ2pin . (v as)-
Equations (15)-(18), under accounting for estimates (@&)d:

8uN

= Aty — V - Vay in  L*(Qr), (32)
Ony _ Odun : 2 172

= in 120, T: HV(T)), (33)
%L_j _o in 120, T: H- 200\ T)), (34)

y(x,t) = A(uy(x, -) fora.a. (x,t) € I'r, (35)
() = Auy(z, ) (1) fora.a. (z,t) € Q. (36)

~—

~
<~

~—
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Additionally, relation (26) implies:
Ty =2Cy  in L¥(0, T3 H'*(I)). (37)

Due to estimates (31) and Lemma 2.9, there exist a sequgnce> oo and functionsu, n and(
such that

uy,, — U * —weakly in  H'(0,7T; L*()) N L>(0,T; H'(Q)),
Uy, — U * —weakly in  L>(0,T; H'()),

Cn, — C x —weakly in  H'(0,7; L*()) N L™(0,T; H'(Q)),
Cn,, — ¢ * —weakly in  L>(0,T; H*(Q)),

nN,, — 1 weakly in  H*(0,T; L*(T")),

Tin, — 1 « —weakly in L0, T; H'/*(T)).

As a corollary, the limiting functions possess the projstti

w € HY(0,T; L*(Q)) N L>®(0,T; H'(Q)), Au € L*(Qg),
¢ € HY0,T; L*(Q)) N L>®(0,T; H(Q)),
ne HY0,T; L*T)) N L>=(0,T; H/*(I)).

Moreover, the functions, n and( are bounded due to Lemma 2.4, and the estimate holds:
0 <wu(x,t) < max{”u | Lo () 5 ||g||Loo(1"L7L)}

The passage to the limit with respect to the subsequenc8g)x(34), and (37) yields:

5 Au—-V -Vu in  L*(Qr), (38)
on _ Ou . 2 C—1/2

5 = o in L0, T; H"*(I")), (39)
g’_:j _ in L30,T; H 200\ T)), (40)
1= o€ in  L®(0,T; H'*(I)). (41)

In order to prove the existence of a solutionRmblem A it is necessary to establish (12). First,
prove that

C(x,t) = A(u(z,-))(t) foralmostall (x,t) € Qr. (42)
This can be done almost in the same way as in [4, IX.1]. Notg fbaeverys € (0,1/2) the
following embeddings are true:

H'(Qr) € H*(Q H'7*(0,T)) € L*(Q;C[0,T]),

wherea < 1/2—s. Moreover, the lastimbedding is compact. Therefasg, — win L*(Q; C*[0, T)
anduy,, (x,-) — u(x,-) in C*[0,T] for almost allx € 2. Fix an arbitraryt € [0,7] and set
7:=T/N,,. For everyN € N, there exist» € {1,..., N,,} such that € ((n — 1)7, n7]. Thus,

A(un,, (,-))(t) = esssup H(un,, (@, 5)) = esssup H (uy,, (x, s)) =
s€(0,t] s€(0,n7]

= max H(un,, (x,s)) = max H(uy,, (x,s)) + R(T,un,,, 1),
s€[0,n7] s€[0,t]
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where|R(7, uy,,, t)] < C7* with a constanC which is independent otV,, and¢. The passage to
the limit in (36) yields then (42).
In view of (41) and (42), it only remains to prove that

YoA(u)(t) = A(you)(t) for almostall ¢ € 0,77, (43)

wherew is the limit of {uy,, }. In order to do that, it is necessary to establish some axhditi
regularity properties of the function

Lemma2.10 B
For everys > 0, there exists € (0, 1) such that: € C*/2(Q), whereQ is an arbitrary domain in
Q7 such that) C Qr anddist(Q, {(z,t) € R3¢ =0}) > 6.

Proof

The assertion of the Lemma follows (not quite immediatetghf techniques of [7, 111.10]. To
apply them, the a.e. boundedness of solutions should begrdwet us take an arbitrary number
k > ||g| o (riny and multiply (38) by(u — k) ™. After integration ovef) and taking into account that
-2 [,V - Vu(u—k)* < [.((g—k)")?|V - v|ds becaus&u(u — k)" = V(u — k)" (u— k)*
a.e. inQ2, we obtain

53 [ (k) i [ 90—t -

Q

1
—/nt(u—k)+ds+§/((g—k)+)2|V-V|ds§O
r Tin

because, is a non-decreasing function trand the integral over*® is equal to zero. This implies
then the a.e. boundednessuoih €2 because of the a.e. boundednesspfFinally, the assertion
of the Lemma follows from Theorem 111.10.1 of [7]. O

For everys > 0, introduce the following operator

0, t <o,
As(v)(t) = esssup H(v(s)), t >,

0<s<t
wherev € L>(0,T). Sinceu is continuous i x [, 71, it holds:
YoAs(u)(t) = As(you)(t) forall te0,7]. (44)

Note thatA(v)(t) = |[v|lz=(, for every nonnegative function ¢ L>(0,7"), and As(v)(t) =
x50 Lo(0,), Wherexs : R — {0, 1} is the characteristic function of the interv@l 7'). It is clear
that.A(v)(t) > As(v)(t). On the other hand, due to theweak semi-continuity of the norm in>,
A)(t) < li%riiglf As(v)(t). This means that

A(v)(t) = lim As(v) (1) (45)
for almost allt € [0, 7] and for every nonnegative functionc L>(0, 7).

Since the function: is bounded, relation (45) enables us to conclude that

As(u) — A(u) in  LP(Qr), p < oo,

As(you) = Alyow) —in - LP(Tp), p < oo. (46)
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Lemma2.11
There exists a constaqt, such that

| As(w) Lo 0,711 (02)) < C

for everyd > 0.

Proof
Let us introduce a functiog defined ormS2 such thaty = 7, onT" andg = 0 on9%2 \ I'. Note that
g > 0. Consider the problem

o

vw=Av—-V . Vv (QX(5,T)), B

= —q (0{2), v(x,0) = u(x,0). (47)

The solution of this problem is unique so that « in Q x (§,7). Approximate problem (47) by
the following scheme. For every € N, setr = (T — §) /N and consider the problem

vt — " =7 AV — TV - VO, x €,
o™ —% (n(é—l—m') —n(5+(n—1)7')>, xel,
v 0, z € 0O\ T,

V(x) = u(zx,d).

SinceVu(-,d) € L*(Q) for almost alld € (0, T, this problem is absolutely similar to that given by
(15)-(17). Therefore, the functian, (x, t) anduy (x, t), the piecewise linear and piecewise constant
time interpolations ofv™(x)}, satisfy the same estimateswas(x, t) anduy (x, t). Application of
Lemmas 2.5 and 2.7 yields:

||A6(17N)||%w(o,T;H1(Q)) < max {||H(u0)||%oo(9) ) ||H(g)||%°°(Fi”;\V~u\ds)} + CgB = C2,
and the passage to the limit As— oo implies the estimate

| As ()| oo (0,111 () < Cs

for almost allo € (0,7") and, consequently, for all because the definition ofl; utilizes the
essential supremum. The equalidy(v) = As(u) proves the Lemma. O

Lemma 2.11 implies that every sequeng¢hat tends to zero ds— oo has a subsequence (denoted
again byd;) such that4;, (u) converges weakly iL?(0,7T; H'(€2)). Due to the first relation of
(46), the limit is equal te4(u). The uniqueness of the limit for all subsequenggs(u) implies
that As(u) — A(u) weakly in L2(0, T; H'(2)) asd — 0. Thereforeyy.As(u) — v0.A(u) weakly

in L*(I'7). Finally, due to (44) and the second relation of (46), we tahethat

Yo As(u) — Yo A(u) in L*(I'p). (48)

The required relation (43) follows now from (44), (46), ad@). Thus, the solvability oProblem
A'is proved.
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2.3 UNIQUENESS OF THE SOLUTION

Let {ug,m}, k = 1,2, be two solutions oProblem A Denoteu = u; — ug, 7 = 11 — 12. Due to
Hilpert’s inequality (see [4, Theorem 111.2.6)), it holds:

< x. -
lt —_ lt q( ) )7

a.e.in (0,7) (49)

for almost allz € I" and for every measurable functigfi, -) € H.(u(x,-)), where

0, s <0,
H.(s)=<1[0,1], s=0,
1, s> 0.

Multiply (8) by ¢,,(x,t) = H*(u(x,t)), where

0, s <0,
H"(s)=qms, 0<s<1/m,
1, s>1/m.

Since
/va Vg dx = /(H;“)’(a) Vil de > 0
and .
VH(u(,t)) - a(®,t) = — VH(u(a,1)) - H" (@, 1)),

Lemma 2.2 yields

1
/V-Vﬂ-H;”(ﬁ) dx = / a H™(@)(V - v) ds——/V-VH;”(ﬁ)-H;”(ﬁ) dz
Q Tinout
1
/ H™ (i [ﬂ—Q—Hm( )] (V- v)ds.
Tinyrout

Note thatH(a)[a — H(@)/2m] > 0. Infact: if & > 0, thena > H(@)/m and H" (@) > 0;
if 4 <0, thenH!"(a) = 0. Thus, the relation

o0t

ath( ) d +/a H™ () ds < — /Hm [a——Hm( )}(V-u)ds:o

1"L7L

holds for almost alt € (0, T'), sinceu; = uy, onI'™ and
H™(u) |u L Ha)| (V-v)ds<0
- u)|u—— u . S
Tout € 2m € o
due to our assumptions dni. The passage to the limit as — 0 yields:

ot
ot

Q

qdm+/8qu<0 a.e.in (0,7,
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whereq € H.(a) is a function such that/*(a) — ¢ almost everywhere if'y. Using inequality

(49) implies:
%(/a+dm+/ﬁ+ds) <0.

Q r

This means that* = 0 and7™ = 0. By changing indices 1 and 2, we conclude that 0 and
7 = 0. The Theorem is proved.

3 NUMERICAL COMPUTATIONS

This section describes an approximatiorPedblem Aand presents some numerical results. Note
that system (8) - (11) is nonlinear with respectitandrn because of conditions (6) and (10). There-
fore, fixed-point iteration techniques have to be applie@8jc (11). Henceforth, equations are
formulated in a weak form in space, which assumes numereatrhent of them with the Finite
Element Method.

3.1 TIME DISCRETIZATION

Consider the same time discretization of (13) as in sectibnQuppose that the functions—*, "1,
andV are already known at the time instants,; = (n — 1)7 andt,, = nr, respectively. To com-
puteu™ andn™, use (19) to expresg® in terms ofu™ andn”~! and solve the following weak-form
problem:

upde+1 | [Vu" —u"V]Vide + [ |V -v|ds+ [ (Hu") - 7]"_1)+ pds
[roseer] / /

Tout T

:/u”_lqu:c—T/gzMV-u\ ds. (50)

(9] Tin

Since the ternm{H (u") — n"~')" is nonlinear inu”, equation (50) cannot be solved directly, and,
therefore, fixed-point iteration techniques should be ud. First, note that

(H@") = ") =h") - (H@") =n""), (51)

where

{0, it H(u")(z) < 5" (),
1, if H(u")(z)>n""!(x).

To obtain a fixed-point iteration scheme for findiaty choose a small > 0, and write (51) as

+
n
u'+c n—l)

(1) =) = (S
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Lemma 2.4 shows that® > 0 a.e. inQ. Therefore(u™+¢)~! is well defined. Substituting equation
(52) into (50) yields:

/u”¢dw+7/Vu"V¢da:+ / WYV v ds+/wu”wds

u™ +c
Q Q Tout I
= /u”_liﬂdw—T/gzMV-u\ ds
(9] Tin
H n
+/unvw da:—l—/h(u") (n"—l _cHu )) bds. (53)

u™ +c

Q T

Compute functiong” for & € N with @° = «"~! using the following equation:

_ _ . h(@*—"H @)
wpde +1 | VirVdx + | @Fp|V -v| ds+ a1 ds

ukl+ ¢
Tout
= /un_l’(/)dCB—T/g’(/)|V-V| ds
~k—1 ~k—1 , cH@
Q T

Note that equation (54) is obtained from equation (53) wlezreh appearance af* is replaced
either bya* or by @*~! so that resulting equation (54) becomes linear with resjoet. Equation
(54) generates a sequenfg”};” ; that stops when|a™ — @™ !| =) is less then a specified
tolerance. Setting™ = @™ completes the treatment of theh time step when solving (50).

3.2 NUMERICAL RESULTS

The region() is chosen as the cul§e, 0.1)3 with I'” laying in the planer; = 0; I'“* in the plane
r; = 0.1; andT’ = QN {z3 = 0}. The time step length is equal t00.003, the number in the
subsequent figures defines the time instants (7). The initial concentration® of particles is a
discontinuous function that assumes constant values iretijgsoids and is equal to zero outside
of them. Three different combinations of the choice of thessftuxg and the velocityy” are con-
sidered.

Figure 3 demonstrates numerical results for a closed sewbich means tha¥V = 0 in 2 and

g = 0 onT". Since the initial distribution of the particles consistswo ellipsoids, the surface
concentration shows two peaks. They grow until the satumatalue ofy equal tol is reached.
Simultaneously, the particles spread out dveso that the trace|r grows. This causes the rise of
the surface concentration around the peaks. The rise stogs the trace | goes down because of
further spreading out the particles.

Figure 4 shows results for an open sensor With= (2,0,0) onT"* U I'*** and no incoming parti-
cles y = 0 onI""). Again, two peaks occur because of the initial conditiddse to the transport
of particles, they are translatedin-direction towards the outlet so that the surface conceaitra
around the peaks increases with
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Figure 5 presents simulation results for an open sensorWith (2,0,0) on " U I'*“* and with
incoming particles{ = 10 onT'™*). The development of the surface concentration is simildnat
in the case where = 0 on the inlet. The difference is that the injection of paggthrough the
inlet results in the uniform saturation of the surface comi@ion, when time is sufficiently large.

(a) n=15 (b) n=45 (c) n=345 (d) n=3500

Figure 3: Time snapshots of the surface concentratimnthe caséd/ = 0 andg = 0.

(a) n=15 (b) n=45 (c) n=345 (d) n=3500

Figure 4: Time snapshots of the surface concentrationthe casd” = (2,0,0) andg = 0.

(a) n=140 (b) n=170 (c) n=245 (d) n=345

Figure 5: Time snapshots of the surface concentrationthe caséd = (0.5,0,0) andg = 10.
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