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Abstract. A model describing a linear thin plate exited by a piezoelectric
patch is considered. The application of the method of least squares to the es-
timation of unknown parameters of the model is discussed. The main purpose
of the paper is to prove the existence of derivatives of solutions with respect
to parameters. Such a differentiability is proved for an appropriate space, which
enables us to handle pointwise measurements of data. It is shown that the deriva-
tives can be computed via the corresponding variational equations. The paper is
illustrated by computer simulations.
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1. Problem setting

We consider a linear system describing oscillations of a thin plate excited by a patch made of
a piezoelectric ceramic. Assume that the plate occupies a domain S, where S is a bounded
simple connected open set in R? with the piecewise infinitely differentiable boundary 9.5.
The patch occupies a domain Sp C S with the same properties as S. Denote S = S\ Sp.
The equation describing the model reads:

(1) plu+ A(YAE) — pAg =v()KA(Is,), z €S

Here ¢ is the vertical displacement of the plate, A is the Laplace operator, v(t) is the voltage
applied to the piezoelectric patch Sp (see Figure 1), Ig, is the indicator function of the patch.
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The coefficients p and K are constant; p and « are piecewise constant functions defined as
follows :

p= pp, (v1,72) € Sp, | e, (x1,22) € Sp,
pp, (x1,22) € Sp, VB, (x1,22) € Sp.
Sg

Figure 1. The plate S with the patch Sp, Sp:= S5\ Sp.

Indices P and B point out to the piezoelectric—basis—mixed and basis materials, respectively.
It is assumed that (vp,vp, i, K) € P, where

(2) P = {(vp, 8,1, K) € R : yp > 0,75 > 0,11 > 0},

Boundary and initial conditions are:

(3) §|65 =0, ag/aﬁbs =0, €|t:0 = 5(0)7 €t|t:0 = ft(())

The model (1) is well known and was in details investigated in [1]. It is convenient to de-
rive (1) using the technique described in [2] and the theory of electro-elasticity developed in
[3, 4, 5]. Note that the system (1) should be supplied with some interface conditions that
hold on the boundary between Sp and Sp because of the integration by parts when deriving
(1) from a weak formulation. We do not write down these conditions because we shall go
back to the weak formulation.

2. Differentiability

Assume we apply the method of least squares to estimate the vector of parameters
™ = (g, v, 1, K°) €P

on the basis of observations

Yn(tm) = Gn(E%(tm, 11, 23), E(tm, 22, 22, o E (b, 2, 25)) + €, n =1, N, m =1, M.

Here £° is a solution of (1) with the set 7° = (7%, 4%, ©°, K°) of parameters, g,(o1,...,0L), n =
1, N, are known functions, t,, € (0,7), m = 1, M, and (2%, 2%) € int S, ¢ = 1, L, are known
times and points, |€,,,| < 7 is an observation error. According to the method of least squares,
we form the functional

) = 32 3 (9aEltms 2, 03), 6t 03, 03), o €ty ¥, ) = ()’

m=1n=1
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where £ is a solution of (1) corresponding to a set m = (vp, v, i, K) € P of parameters.
An approximation 7 of the system’s parameters (an estimation of 7°) is being found as a
minimizing point of J(r), i.e.

T = inJ ().

T = argmin (m)

The minimization problem can be solved using a gradient descent method, if one can compute
derivatives of J. The formal differentiation of J w.r.t. the components 7, of the vector = € P
yields:

L L IGn , 7, %3 i
aT = Z gn (t )) Z 80' ( ( ))a’ﬂ' (tm7$17'r2)7 a = 17273747
e ,] I

m=1n=1

3

where £(tn) = (&(tm, 21, 23), §(tm, 23, 23), .., §(tm, 2%, 2%) and 2 (t,, 27, 23) is the partial
derivative of the function 7 — &(t,, z, 23).

PROPOSITION 1. Assume that ¢ € C([0,T]; H3(S)) and the map

(4) m— & R — C([0,T]; Hy(S))
is differentiable. Then all of the functions @ — &(t,,, 2, 23) are differentiable. M

The proof of this proposition immediately follows from the continuous embedding

C([0,T]; H5(S)) € C([0,T] x S) which implies that || - [|corjxs) < const - || - |l oqo.ym2(5)-
Thus, the differentiability with respect to the norm of C'([0,T]; H2(S)) implies the differen-
tiability with respect to the norm of C([0,7] x S) and, therefore, the differentiability of the
functions © — &(tp, 2, 73).

Now we prove the differentiability of the map (4) and show that the partial derivatives can be
computed via the corresponding variational equations. The proof is based on the possibility
to differentiate the equation (1) w.r.t. ¢ under some compatibility conditions (see [6]). In
such a way, one can improve the usual smoothness of solutions of (1) and establish necessary
estimates on the difference between the increment of the map (4) and its differential formed

by solutions of variational equations.

The weak formulation of (1) is given by the equality

(5) / / pp&up + 1PAEAY + / / pBéup + YBAE AP+

Sp
+///N€Nso // ) KAp

for all p € HZ(S). Consider the following generalization of the last equation:

(6) / / pr&up +1PAEAY + / / pBéup + TBA AP+
Sr Sk

+//HV§VS@ = //gAso,
S S
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which is obtained by generalizing the right-hand-side.

Further, an arbitrary point of P will be chosen and the differentiability at this point will be
investigated. Therefore, we may restrict our considerations to the system’s parameters lying
in a neighborhood 2 C P such that

(7) QcP.

PROPOSITION 2. If £(0) € HF(S), &(0) € Ly(S), g € HY(0,T; La(S)), then the equa-
tion (6) has a unique solution ¢ such that (£,&) € C([0,T]; H2(S)) x C([0,T]; Lx(S)) and

1€ o7 1m2(s) t 1€l E 0 17:L0(5)) <

C(Q) (Hf(O)H%Ig(S) + Hfft(O)H%Q(S) + HQHQC([O,T];LQ(S)) + HgtH%Q(O,T;LQ(S))) ;
with C'(2) bounded for any (2 satisfying (7). W

PROOF OF PROPOSITION 2. The proof of the proposition is similar to that given in
Chapter 8 of [7]. Let w;, i = 1,2..., be a basis of H2(S). We define approximations £™(t) as
follows

m

= 2 rit(t)w

For each m, the unknown functions r"(t), ¢« = 1, ..., m satisfy the corresponding linear system
of ordmary differential equations Wlth initial condltlons chosen such that: >, r™(0)w; =

S d/dtr™(0)w; = ™, where a™ — £(0) and b™ — &(0) in H3(S) and Ly(S), respec-
tively. One can easily obtain the following energy estimate:

Hme%m(o,T;Hg(S)) + HS?H%OO(QT;LQ(S)) + M||Vfln”2L2(o,T;L2(5)) <

C() (lla™ ) + 10" 1Eas) + N91E0:112005m + 19 Eatorizacs)
with C'(2) bounded for any  satisfying (7). Note that g € C([0,T]; L2(S5)) (see e.g. [8]).

There exists a subsequence ™ and a function £ such that ™ — £ and &™ — &, * weakly
in Lo (0,T;H2(S)) and L (0,T; Ly(S)), respectively. Besides, V&™ — V¢ weakly in
Ly(0,T5 La(5)), if p # 0. One proves that £ is a unique solution of (6) which, obviously,
satisfies

HS“%OO(O,T;H(%(S)) + ||€t||%oo(0,T;L2(S)) + M||v£t”%2(0,T;L2(S)) <

C () <||f(0)||§zg(5) + 1€ O) 1L (5) + 191 &0 11210050 + ||gtH%2(O,T;L2(S))) :

Then one establishes the additional regularity of £ with respect to ¢. To this end, one uses
the energy equality:

//pp(gt)2+//p3(§t)2+//7P(A£>2+//WB(A€)2 _
//pp(£t<0))2+//p3<& +//VP Ag(0 +//vB AE(0 —2//g<0)A§(0>+
Sp o i
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of fore-af | fune-2] [ fuver

Note that the function ¢ — [ [g(t)A&(t) is continuous due to Lemma 8.2 of [7]. Since
s
£(0) € HZ(S) and &(0) € Ly(S), all terms on the right-hand-side are well defined and the

function
t= [ [orter+ [ [oster?+ [ [0+ [ [1p(20)2

is continuous on [0,T]. Then, using the same arguments as in the proof of Theorem 8.2 of
7], one shows that £ € C([0,T]; H2(S)) and & € C([0,T]; Ly(S)). &

PROPOSITION 3. Let v € H3*(0,7T), v(0) = v'(0) = 0, and £(0) = &(0) = 0, then the
solution of (5) has the form

§(t,) = [ ar [ &0, o,
where ¢ satisfies the equation

(8) / / ppéup + 1PAEAY + / / peéup + VBAEAY+
sr Sn

+//MV$}:V<,0 = //v”(t)KAsD
s Sp

with the initial conditions £(0) = &(0) = 0.1

PROOF OF PROPOSITION 3. We have

//ppfttsoJr//pB&tsa://ppfsoJr//pBéso:
Sp S Sp Sp
//PP (/th/Tgtth)@+//PB (/th/TgttCW) ¥ =
Sp 0 0 SB 0 0
/th/Tde (//pPétt90+//pBétt90) =
0 0 Sp Sp

O/thU/TdQ (/S/v”(e)KA¢/S/7pAéA¢/SB/VBAéA@/S/WgtW) _
//v(t)KAgo—//VpAngp—//fyBAgA@_//uvgtv%
Sp Sp Sp S

that is € is the solution of (5).
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COROLLARY 1. If conditions of Proposition 3 hold, then (5) has a unique solution &
satisfying: (€,&) € C2([0, T); HA(S)) x C2([0,T]; Ly(S))

This follows from Proposition 2 applied to (8) and Proposition 3.

Let u =& — £° where ¢ and £° are solutions of (5) corresponding to parameter sets 7 and

79, respectively. It is easy to see that u satisfies the equation:

/ / PR + Y pAulp + (vp — 7p) AEAp+
Sp

(9) / / pHune + VAUl + (V5 — Y5 AEAp+

//routVsoJr p—p)VEVp = // )(K — K%)Ap,

with the initial conditions u(0) = 0, u;(0) = 0.

PROPOSITION 4. Let conditions of Proposition 3 hold. Then the solution of (9) has the
form

¢
ult,) = [ a(h,)do,
0
where 1 satisfies the equation

//P%@ttw + VP AUAP + (vp — Vp)AE A+
(10) / / PhUne + VEAUAp + (75 — V) A& A+

//MOWN%L 1= p0)VéuVp = // (K — K°)Agp.

PROOF OF PROPOSITION 4. The proof of this proposition is similar to that of

Proposition 3, if one takes into account that

(11) //Vfttv@: //ﬁttA@
s s

for all p € HZ(S).
COROLLARY 2. If conditions of Proposition 3 hold, then (9) has a unique solution u
satisfying: (u,us) € CY([0,T]; HZ(S)) x C*([0,T]; L»(S)) and the following estimate holds

HUH%’l([O,T];Hg(S)) + uellEn o a(s)) <
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C) [(p = 7)* + (vp = AB)* + (0 = )% + (K — K°)?]
with C'(2) bounded for any 2 satisfying (7). W

PROOF OF COROLLARY 2. Note that A&, & € C1(0,T; Ly(S)) due to Corollary 1. Thus,
taking into account (11) , one can apply Proposition 2 to (10) and use Proposition 4. B

The variational equations that formally define the derivatives

23 23 2 23
1 9§ 2 _ 0§ 3_ 9S 3_ 9S
0 - Ovp’ 0 ovp’ 0 ou’ 0 0K
at the point 70 = (7%, 7%, u°, K°) have the form:
(12) / / Phoke + 1A A + ALY + / / ki +h A0 A+
—l—//,uOV(Sthgp =0,
S
(13) / / Ppony +1pAT*Ap + / / Ppoip + VA8 Ap + AL Ap+
+//¢W&v¢=u
S
(14) / / Ppone +1pAS° Ap + / / PR + A8 Ap+
+//¢W$v¢+v$v¢=a
S
(15) | | oo+ apastde+ [ [ oo +15A5 A+
SP SB

+//¢W&v¢://¢@A¢
s Sp

PROPOSITION 5. If conditions of Proposition 3 hold, then each of the equations (12) —
(15) has a unique solution satisfying (8%, 6) € C([0,T]; H3(S)) x CY([0,T]; Lo(S)),i = 1,4.
All (6%,67),1 = 1,4, are Lipschitzian with respect to v%, %, % K° in C*([0,T]; H3(S)) %
([0, 7] L(5)). m

PROOF OF PROPOSITION 5. Let us prove the proposition for (12). The other equa-
tions can be handled in a similar way. First, apply Proposition 2 to (12) to establish the
existence and uniqueness of a solution. Then prove that the solution is of the form
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t

5Y(t, ) = /5’1(9, )db,

0

where 8! satisfies the equation

(16) / / PRoLe + 1RA Ap + AL Ap + / / POk + 1R AS Apt
Sp S

—l—//uOVSthgo = 0.
S

Then apply Proposition 2 to (16) to prove the first claim of Proposition 5.

To prove the second claim, note that the difference z = 0! — 4}, where §' and 6" are solutions
of (12) with parameter sets 7° = (7%, 7%, 1%, K°) and 7 = (vp, VB, i, K), respectively,
satisfies the equation:

(17) //p?»zttso +pAzAp + (vp — 7B AS; Ap + AuyAp+
Sp

//p%zttgo +v5AzAp + (v — YR)AS Ap+
Sp

//,qutho 4 (= 108 Ap = 0.
S

Applying Proposition 2 to (17) and taking into account Corollary 2 yields

HZHQC([O,T};Hg(S)) + zellEo.ya(sy) <
C(Q) [(vp =98 + (15 — 4%+ (1 — 1°)?] |

where C'(2) is bounded for any (2 satisfying (7). This proves the second part of the propo-
sition. A

Keep the notation v = £ — £% and estimate the function

w=u—68(p—%) = (s —p) — 8 —p°) — §(K — K°).

One can check that the function w satisfies the following equation:

/ / Prwne + vpAwAe + (vp — 7p) Aulp+
Sp

(18) / / PEWue + VpAwAP + (vp — V) Audp+
Sp

/ / 1OVWw Vi + (11— 10) Vi, Vg = 0.
S
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PROPOSITION 6. Let conditions of Proposition 3 hold. Then (w,w;) € C([0,T]; H3(S)) x
C([0,T]; Ly(S)) and

lwlleqommzcsy +Hlwdlomryzasy < CQ) [(vp = 18)% + (15 = 9%)* + (1 — 1°)* + (K — K°)?],

where C'(Q2) is bounded for any 2 satisfying (7). B

PROOF OF PROPOSITION 6. Note that

/S / Vi,V — /s / N

for all o € H(S). Let g = [(vp —v2) Isp + (vB — V%) Isy )] Au+ (1 — pu°)u,. Using Corollary 2,
one can verify that g satisfies conditions of Proposition 2. Applying Proposition 2 to (18)
yields

”wH%’([O,T];Hg(S)) + [[wellZ o 11:20(5)) <
CHQ) [(vp =98 + (18 = 8)°] B oy mzcsyy + Col (1 = 1O uall 0,10y <
2
CQ) [(vp =127 + (v5 = 4%)* + (n— 1°)? + (K — K°)?]
due to Corollary 2. B
THEOREM 1. Let v € H*(0,7T), v(0) = v'(0) = 0, and £(0) = &(0) = 0. Then the map
(v, vBy 1, K) — (£,&) : P — C([0,T]; HX(S)) x C([0,T7]; Ly(S)) is continuously differen-

tiable at each point of P. Partial derivatives of this map satisfy equations (12) — (15). B
The proof immediately follows from Propositions 5 and 6.

The next theorem state the existence of derivatives of the high order.

THEOREM 2. Let v € H**2(0,T), v(0) = v(0) = ... = v®(0) = 0, and £(0) = &(0) =
0. Then the map (v, 71, K) = (§,&) : P = C(0,T); H5(5)) x C(10, T}; La(S)) is k
times continuously differentiable at each point of P. Partial derivatives of this map satisfy
equations that are obtain by the formal differentiation of (5) w.r.t. the parameters. B

This theorem can be proved using the induction technique. We give a sketch of the proof.
Let

w’ = &(m),
wt = w’ — &(mp),
w? = w! — oM (7'('0)(71‘ — 7T0),

whtl =k — %CI)('“) (7o) (7 — o),

where ®*) (7o) (m — mp) is the kth formal derivative of the map = — &(7) (k-linear form of
m — o) which is obtained via the formal differentiation of (5) with respect to 7. One can
verify that w**! satisfies the equation:
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(19) / / prwitto + AW T Ap + (75 — vE) Aw* Ap+

//rowf“VsoJr (n— 1) ViV =0,

if & > 1 (wy and w; satisfy equations identical with (5) and (9), respectively). If v €
H**2(0,T), one can successive “differentiate” the equations (19) with respect to ¢ and apply
Proposition 2. Finally one obtains that

HwkHHé([o,T];HS(S)) + waJrlHQC([O,T];Lz(S)) =

b

C() [(vp =13 + (v = 13)* + (0 — 1) + (K — K]

which proves the theorem.

3. Numerical simulation

The exact values of parameters to be estimated were chosen as follows:
7% =01, =001, p=0 K=5.
The other parameters are:
S =10,1] x [0,1], Sp=1[0.4,0.6] x [0.2,0.5], pp=15 pg=1, v(t)=2sin®5t.

Solution values at five points (z7,z%5) = (n-0.1,0.1), n =1,..,5, are observed for the times
tm =m-0.01, m=1,..,10. Thus, y,(tm) = E(tm, 2, 25), n=1,...,5, m =1,..,10, and

Z Z( m,CL’l,CL’Q yn(tm))Q‘

m=1n=1

The gradient descent method is applied to the minimization of J, where the gradients are
computed using the variational equations (12)-(15): The variation of the functional is

A 2
(20) J(m+m) Z Z < my TY, X)) + Zél(tm,m?,:ﬂg)&rl — yn(tm)> .

m=1n=1 =1

Here §', | = 1,..,4 are solutions of (12)-(15) with the parameter set . The descent direction
o7 is found as a minimizing point of the right-hand-side of (20) which is a quadratic form.
Then we put 7 := m + Ao, where ) is a step length, and repeat the procedure.

Figure 2 demonstrate the convergence of the method. The integers under horizontal axis
indicate the number of steps of the gradient descent method.
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