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Abstract

Families of semipermeable curves in differential games with the homicidal chauffeur dynamics are studied both from theoretical and
computational points of view. The knowledge of such families is very useful because semipermeable curves bound capture sets in games of
kind. They can also appear as barrier lines on which value functions of time-optimal differential games are discontinuous. Two examples
of differential games with the homicidal chauffeur dynamics are considered. Capture sets are constructed using semipermeable curves.
The results are verified through computation of level sets of the value functions in the related time-optimal games.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Semipermeable curves were introduced inIsaacs (1965).
For problems in the plane, a smooth semipermeable curve
is a line with the following preventing property: one of the
players forbids crossing the curve from the positive side
to the negative one, the other player forbids crossing the
curve from the negative side to the positive one. The fam-
ilies of semipermeable curves are determined from the dy-
namics of the system only (including constraints on the
controls) and do not depend on the objectives of the play-
ers in the game. The knowledge of the structure of these
families can be useful for the study of differential games
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(Isaacs, 1965; Krasovskii & Subbotin, 1988; Bardi &
Capuzzo-Dolcetta, 1997) with some performance indices
and for the computation of viability sets (Aubin, 1991). For
example, in time-optimal differential games, barrier lines on
which the value function is discontinuous are semiperme-
able curves. In games of kind (Isaacs, 1965), the boundary
of the capture set consisting of all points with finite capture
time is formed either entirely or partially by semipermeable
curves. For many problems, it is very difficult to construct
capture sets precisely without any preliminary analysis of
families of semipermeable curves. In particular, this is the
case for problems where the boundary of the capture set
cannot be obtained by the Isaacs approach that uses solely
semipermeable curves emanating from endpoints of the
usable part of the terminal set.
This paper studies families of semipermeable curves aris-

ing in differential games with the “homicidal chauffeur” dy-
namics. Such a sample variant of the dynamics introduced by
Isaacs appears in some important practical problems where
the first of two controlled objects (playerP) has a bounded
radius of turn whereas the second object (playerE) is in-
ertialess. Bernhard proposed a more complicated variant of
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this dynamics: the constraint on the velocity of playerE
depends on the distance betweenE andP.
When dealing with semipermeable curves in the plane,

we distinct smooth semipermeable curves of the first and
second type. This classification is based on the roots “−” to
“+” and “+” to “−” of the Hamiltonian. We show that there
are two families of smooth semipermeable curves of the
first type and two families of the second type for problems
with the homicidal chauffeur dynamics. The sets where these
families are defined overlap. Although differential games
with the homicidal chauffeur dynamics were studied inmany
works (see, for example,Isaacs, 1965; Merz, 1971; Lewin
& Breakwell, 1975; Lewin & Olsder, 1979; Cardaliaguet,
Quincampoix, & Saint–Pierre, 1999), the families of smooth
semipermeable curves are not described precisely for such
dynamics.
The possibility to distinct smooth semipermeable curves

of the first and second type is a specific feature of differential
games in the plane. The advantage of such a distinction was
demonstrated by the authors inPatsko (1975)and Patsko
and Turova (1995)both for the construction of nonsmooth
composite semipermeable curves and for finding capture sets
of linear and some nonlinear differential games of kind in
the plane.
We conclude this paper with two examples illustrating the

application of the families of semipermeable curves. The
statement of the first example (acoustic game) is taken from
the paperCardaliaguet et al. (1999), the formulation of the
second one (conic surveillance-evasion game) is borrowed
from Lewin and Olsder (1979). These examples demon-
strate the construction of the capture set using the families
of semipermeable curves. The structure of the capture set is
verified through the computation of level sets of the value
function in the related time-optimal game.

2. Homicidal chauffeur dynamics

PlayerPhas a fixed velocity magnitudew(1), his radius of
turn is bounded by a given valueR. PlayerE is inertialess.
The kinematic equations are:

P : ẋP = w(1) sin�, E : ẋE = v1,

ẏP = w(1) cos�, ẏE = v2.

�̇ = w(1)�/R.

Here,� is the control of playerP; v=(v1, v2)′ is the control
of playerE.
The number of equations can be reduced to two (see

Isaacs, 1965) if a coordinate system with the origin atP and
the axisx2 directed along the velocity vector ofP is used.
The axisx1 is orthogonal to the axisx2.
In the reduced coordinates, the dynamics read:

ẋ1 = −w(1)x2�/R + v1,

ẋ2 = w(1)x1�/R + v2 − w(1). (1)

The state vectorx = (x1, x2)
′ gives the relative position of

E with respect toP.
We suppose that the control� belongs to the segment

P = {� : |�|�1}. Two variants of the constraint of player
E will be considered. The first variant (classical homicidal
chauffeur dynamics) assumes thatv ∈ Q, whereQ is a circle
of radiusw(2) centered at the origin. In the second variant
(acoustic game), the constraint depends onx; the dependence
is given by the formula

Q(x)= k(x)Q, k(x)=min{|x|, s}/s, s >0.

Here,s is a parameter. We haveQ(x) = Q if |x|�s. This
variant is proposed byBernhard and Larrouturou (1989)and
described inCardaliaguet et al. (1999). One can interpret it
as follows: playerE must reduce his velocity whenever he
comes close to playerP in order not to be heard.
In the following, for uniformity of notation, let us agree

thatQ(x)=Q in the case of the classical dynamics.

3. Two types of semipermeable curves

3.1. Roots of the Hamiltonian

Consider the Hamiltonian

H(�, x)= min
�∈P

max
v∈Q(x)

�′f (x,�, v), x, � ∈ R2. (2)

Heref (x,�, v)=p(x)�+v+g, g=(0,−w(1))′ andp(x)=
(−x2, x1)′ · w(1)/R.
We study nonzero roots of the equationH(�, x)=0, where

x ∈ R2 is fixed. Since the function� → H(�, x) is positively
homogeneous, it is convenient to assume that� ∈ E, where
E is the circumference of unit radius centered at the origin.
Let �, �∗ ∈ E, � �= �∗. The notation� ≺ �∗ (� � �∗)

means that the vector� can be obtained from the vector�∗
using a counterclockwise (clockwise) rotation through an
angle smaller than�. In fact, this order relation will be used
only for vectors that are sufficiently close to each other.
Fix x ∈ R2 and consider roots of the equationH(�, x)=

0, � ∈ E. A vector�∗ is called the strict root “−” to “+” if
there exist a vector� ∈ R2 and a neighborhoodS ⊂ E of the
vector�∗ such thatH(�∗, x)=�′∗�=0 andH(�, x)��′�<0
(H(�, x)��′�>0) for vectors� ∈ S satisfying the relation
� ≺ �∗ (� � �∗). Similarly, the strict root “+” to “−” is
defined through replacing� ≺ �∗ (� � �∗) by � � �∗ (� ≺
�∗). The roots “−” to “+” and “+” to “−” are called roots
of the first and second type, respectively. In the following,
when utilizing the notation� ≺ �∗ (� � �∗) we will keep in
mind that� is from a neighborhoodS like that mentioned in
the definition of the roots.
Denote byP(�, x) the collection of all� ∈ P that provide

the minimum in (2). SinceP is a segment,P(�, x) is either
one of the endpoints ofP or P(�, x) = P. If �∗ is a strict
root of the first (second) type, take�(1)(�∗, x) (�(2)(�∗, x))
equal to argmin{�′p(x)� : � ∈ P(�∗, x)}, where� ≺ �∗
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(� � �∗). Note that the result does not depend on the choice
of �. Let

v(1)(�∗, x)= v(2)(�∗, x)= argmax{�′∗v : v ∈ Q(x)}.
SinceQ(x) is a circle,v(i)(�∗, x), i = 1,2, is a singleton.
If �∗ is a root of the first type, consider the vectograms

f (x,�(1)(�∗, x),Q(x)) andf (x,P, v(1)(�∗, x)). We have

�′f (x,�(1)(�∗, x), v)� max
v∈Q(x)

�′f (x,�(1)(�∗, x), v)

=H(�, x)��′�<0 (3)

for v ∈ Q(x) and� ≺ �∗. For � � �∗, it holds

max
v∈Q(x)

�′v��′v(1)(�∗, x)+ �′�/2

because� is orthogonal to�∗ (and hence tov(1)(�∗, x)), and
�′�>0. Thus,

H(�, x)� min
�∈P

�′f (x,�, v(1)(�∗, x))+ �′�/2.

The last inequality yields

�′f (x,�, v(1)(�∗, x))� min
�∈P

�′f (x,�, v(1)(�∗, x))

�H(�, x)− �′�/2��′�/2>0 (4)

for � ∈ P and� � �∗.
Relations (3) and (4) ensure that the vectograms

f (x,�(1)(�∗, x),Q(x)) and f (x,P, v(1)(�∗, x)) do not
contain zero and are located with respect to the direction
of the vectorf (1) = f (x,�(1)(�∗, x), v(1)(�∗, x)) as it is
shown inFig. 1(a).
Therefore, the existence of a strict root�∗ of the first

type at a pointx ensures together with taking the control
�(1)(�∗, x) (v(1)(�∗, x)) by playerP (E) that the velocity
vectorf (x,�(1)(�∗, x), v) (f (x,�, v(1)(�∗, x))) is directed
to the right (to the left) with respect to the direction of the
vectorf (1) for any controlv(�) of playerE (P). Such a dis-
position of the vectograms means that playerP (E) guaran-
tees the trajectories do not go to the left (to the right) with
respect to the direction off (1). The direction of the vector
f (1) is called the semipermeable direction of the first type.
The vectorf (1) is orthogonal to the vector�∗, its direction
can be obtained from�∗ by a clockwise rotation through the
angle�/2.
Arguing similarly, we obtain that the existence of a

strict root �∗ of the second type at a pointx ensures to-
gether with taking the control�(2)(�∗, x) (v(2)(�∗, x)) by
player P (E) that the velocity vectorf (x,�(2)(�∗, x), v)
(f (x,�, v(2)(�∗, x))) is directed to the left (to the right) with
respect to the direction of the vectorf (2)=f (x,�(2)(�∗, x),
v(2)(�∗, x)) for any control of playerE (P). This means
that playerP (E) guarantees the trajectories do not go to
the right (to the left) with respect to the direction off (2).
The direction of the vectorf (2) is called the semipermeable
direction of the second type. The vectorf (2) is orthogo-
nal to the vector�∗, its direction can be obtained from�∗

Fig. 1. (a) Semipermeable direction of the first type. (b) Semipermeable
direction of the second type.

by a counterclockwise rotation through the angle�/2 (see
Fig. 1(b)).
Thus, there is a significant difference in the location of the

vectograms for strict roots of the first and second type. The
type of roots will be utilized in the procedure for computing
semipermeable curves.

3.2. Smooth semipermeable curves

A smooth curve is called semipermeable of the first (sec-
ond) type if the direction of the tangent vector at any point
along this curve is the semipermeable direction of the first
(second) type. The side of a semipermeable curve that player
P (E) can keep is called positive (negative). The positive
(negative) side of a semipermeable curve of the first type is
on the right (on the left) when looking along the semiper-
meable direction. The opposite is valid for semipermeable
curves of the second type.
Fig. 2 illustrates the role of semipermeable curves of the

first and second type in solving a game of kind with the
classical homicidal chauffeur dynamics, the restrictionQ is
of a rather large radius. The objective of playerP is to bring
trajectories to the terminal setM which is a circle centered
at the origin, the objective of playerE is opposite. Denote
by a andb the endpoints of the usable part (Isaacs, 1965)
on the boundary ofM. The semipermeable curves of the
first and second type that are tangent to the setM and pass
through the pointsa andb, respectively, define completely
the capture setB of all points for which guaranteed time
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Fig. 2. Semipermeable curves of the first and second type and capture set.

of attainingM is finite. The curves are faced towards each
other with the positive sides.
The following property is important for the construction

of smooth semipermeable curves of the first and second type.
Let a strict root�̃ ∈ E of the first (second) type exists at a
point x̃. Then there exists a neighborhoodO(x̃) and a unique
Lipschitz functionx → �(x) defined onO(x̃) with values
in E such that�(x̃) = �̃ and �(x) is the strict root of the
first (second) type for anyx ∈ O(x̃). This property can be
derived from a nonsmooth version of the implicit function
theorem (Dem’yanov, 1995) by applying it to the relations
H(�, x)= 0, � ∈ E with the Lipschitz functionH.

4. Families of semipermeable curves

The function� → H(�, x), � ∈ R2, is composed of two
convex functions:

H(�, x)=
{ max
v∈Q(x)

�′v + �′p(x)+ �′g, �′p(x)<0,

max
v∈Q(x)

�′v − �′p(x)+ �′g, �′p(x)�0.

Due to piecewise convexity ofH, the equationH(�, x)= 0,
� ∈ E, can have at most two roots of each type for any given
x. We denote the roots of the first type by�(1),i (x) and the
roots of the second type by�(2),i (x). The indexi assumes
the value 1 or 2 and indicates whether the vector fulfils the
inequality�′p(x)<0 or�′p(x)�0. Equivalently, the indexi
determines whether�′p(x)� attains the minimum over� ∈
P at� = 1 or at� = −1.
Consider the two-dimensional differential equation

dx/dt = ��(j),i (x), (5)

where� is the matrix of rotation through the angle�/2, the
rotation being clockwise or counterclockwise ifj=1 orj=2,
respectively. The function�(j),i (·) is locally Lipschitz in the
interior of its domain due to the local Lipschitz property
mentioned in Section 3.2. Hence, solutions to (5) are unique
and can be extended up to the boundary of the domain of
the function�(j),i (·). Since the tangent vectors at points of
the trajectories defined by this equation are semipermeable
directions, the trajectories are semipermeable curves.

The computation of semipermeable curves using Eq. (5)
is being done as follows. Letj = 1, i = 1 for definiteness.
Step1: Fix an integration stepwidth� and a positive inte-

gernmax that determines the maximal number of integration
steps. Setn := 0, m := 0.
Step2: Check whether a strict root “−” to “+” of the func-

tion � → H(�, xn) exists in the set{� ∈ E : �′p(xn)<0}
or not. If it exists, go to step 3. Note that the function� →
H(�, xn) is convex on the set{� ∈ R2 : �′p(xn)<0}, there-
fore, the root is unique if exists. If it does not exist, go to
step 6.
Step3: Compute�(1),1(xn) and��(1),1(xn).
Step4: Computexn+1 = xn + ��(1),1(xn)�.
Step5: Setn := n + 1. If n>nmax then go to the next

step else go to step 2.
Step6: If m= 0, then set� := −�, m := m+ 1, n := 0

and go to step 2. Ifm �= 0, stop.
When computing the root in step 3, the setQ is approx-

imated by a polygon, which makes the functionH(�, xn)
piecewise linear. The root can be computed with any desired
accuracy if the number of the polygon vertices is sufficiently
large.
Using this algorithm, one obtains a semipermeable curve

p(1),1 passing through the pointx0. If the root�(1),1(x0) does
not exist, then no semipermeable curvep(1),1 goes through
the pointx0. The construction of the curvesp(1),2, p(2),1,
andp(2),2 passing through the pointx0 can be done in a
similar way.
The presence of two roots at some point means that two

semipermeable curves (one of the first and one of the second
type) pass through this point. Respectively, the presence of
four roots at some point means that four semipermeable
curves (two of the first and two of the second type) pass
through this point.
Below, the families of smooth semipermeable curves will

be described. To find regions where the families are defined,
some geometrical considerations will be used.

4.1. ConstraintQ does not depend on x

The peculiarity of dynamics (1) is that the phase trajec-
tories are circular for any fixed controls� �= 0 andv. The
circles are centered at the point

X(�, v)=
(

− v2R

w(1)�
+ R

�
,
v1R

w(1)�

)′

at which the right-hand side of (1) becomes zero. If�>0,
then a counterclockwise rotation occurs; if�<0, a clock-
wise rotation takes place.
For any � �= 0, the mappingv → X(�, v) defined

on Q is one-to-one. The setX(�,Q) is a circle of radius
w(2)R/(w(1)|�|) with the center atx1 = R/�, x2 = 0. The
mapping� → X(�, v) defined onP\{0} is also one-to-one
for any v �= (0, w(1))′. The setX(P\{0}, v) is the collec-
tion of rotation centers for every givenv. It is composed of
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Fig. 3. Explanation to the separation property.

two raysX([−1,0), v) andX((0,1], v) which are located
on the linex2(w(1) − v2)= v1x1.
Consider the sets

A∗ =X(−1,Q), B∗ =X(1,Q). (6)

Let C∗ = A∗ ∩ B∗.
The setsA∗ andB∗ are collections of the rotation centers

for � = −1 and 1, respectively.
Let us explain the setC∗. It follows from the definition

of the setA∗ (B∗) that for anyx ∈ A∗ (x ∈ B∗), there exists
a uniquev ∈ Q such thatf (x,−1, v)= 0 (f (x,1, v)= 0).
Therefore, for anyx ∈ C∗ =A∗ ∩B∗ and any� ∈ P, there
existsv ∈ Q such thatf (x,�, v)=0. The ensuring value is
v = ((1− �)v̄ + (1+ �)ṽ)/2, wherev̄ (ṽ) is the control of
playerE that provides zero velocity for�=−1 (�=1). Thus,
in the regionC∗, playerE can counter any control of player
P, so the state remains immovable all the time. Regions of
such points are called the superiority sets of playerE.

4.1.1. CaseC∗ = ∅
We have the following simple property: the direction of

the velocity vectorf (x,�, v) of system (1) can be obtained
by a rotation through the angle�/2 of the vector directed
from x to the rotation centerX(�, v); the rotation being
counterclockwise or clockwise, if�=−1 or 1, respectively.
This enables to replace the analysis of the separation of the
vectograms by an analysis of the separation of the convex
setsA∗ andX([−1,0), v) with the line passing through the
points x andX(−1, v) and separation of the setsB∗ and
X([1,0), v) with the line passing through the pointsx and
X(1, v). We will utilize that when constructing domains of
the functions�(j),i (·).
Find those pointsx∗ on the boundary ofA∗ for which

a support line toA∗ separates the setA∗ and the half-line
X([−1,0), v∗) with v∗ such thatX(−1, v∗)= x∗. In Fig. 3,
two half-linesX([−1,0), ṽ∗) andX([−1,0), v̄∗) are shown
for two pointsx̃∗ andx̄∗. The property of separation is valid
for x̃∗ and is not valid forx̄∗. The separation property is
fulfilled for the points of the closed arca1a2a3 (Fig. 4) and
is not fulfilled for the points of the open arca1a4a3. Closed
arcs include their endpoints, open arcs do not include them.
The pointsa1 anda3 are located on the lines passing tangent
to the setA∗ through the origin.
Similarly, one can find a closed arcb1b2b3 (Fig. 4) on the

boundary ofB∗ consisting of pointsx∗ for which a support
line to the setB∗ separatesB∗ and the half-lineX((0,1], v∗)

Fig. 4. Explanation to the construction of the domains of roots�(j),i (x).

with v∗ such thatX(1, v∗)= x∗. The arcb1b2b3 is sym-
metric to the arca1a2a3 with respect to the origin.
Take a pointx∗ from the open arca1a2a3 (b1b2b3). Pass-

ing throughx∗, the support line to the setA∗ (B∗) is di-
vided into two half-lines by this point. Denote the half-lines
by F (2),2(x∗) andF (1),2(x∗) (F (1),1(x∗) andF (2),1(x∗)). In
Fig. 4, a reduced notation for the half-lines is used.
Consider a pointx ∈ F (2),2(x∗), x �= x∗. The vector

f (x,−1, v∗) is the velocity of system (1) for� = −1 and
v = v∗. Therefore, it is the vector of a clockwise rotation
around the pointx∗.When looking atx∗ from the pointx, the
setA∗ remains to the left, and the half-lineX([−1,0), v∗)
remains to the right. The half-lineX((0,1], v∗) is on the left
but the direction of the rotation for� ∈ (0,1] is opposite to
the direction of the rotation for� ∈ [−1,0). Such a location
of the rotation centers yields the separation of the vectograms
like that in Fig. 1(b) (with f (2) = f (x,−1, v∗)), which
means thatf (x,−1, v∗) is the semipermeable direction of
the second type. In addition, the root�(2),2(x) of “+” to
“−” is directed along the half-lineF (2),2(x∗) towards the
point x∗.
With similar arguments, one can obtain that the vector

f (x,1, v∗) is the semipermeable direction of the first type
for any pointx ∈ F (1),1, x �= x∗. The root�(1),1(x) of “−”
to “+” is directed along the half-lineF (1),1(x∗) towards the
point x∗.
For any pointx �= x∗ on F (1),2(x∗) (F (2),1(x∗)), the di-

rection of the vectorf (x,�, v) for �=−1 (�=1) andv=v∗
is a semipermeable direction of the first (second) type. The
root �(1),2(x) (�(2),1(x)) of “−” to “+” (“+” to “−”) is di-
rected along the half-lineF (1),2(x∗) (F (2),1(x∗)) backward
from the pointx∗.
The interior of the domain of the root�(2),2 (�(1),2) is the

set covered by the half-lineF (2),2(x∗) (F (1),2(x∗)) when the
point x∗ runs over the open arca1a2a3. Similarly, consid-
ering the half-linesF (1),1(x∗) (F (2),1(x∗)) for x∗ ∈ b1b2b3,
the domain of�(1),1 (�(2),1) is obtained.
LetD be the preimage of the closed arca1a2a3 under the

mappingv → X(−1, v), v ∈ Q. The setD is an arc on the
boundary of the setQ. Furthermore, due to the symmetry
of the arcsa1a2a3 andb1b2b3 with respect to the origin,D



2064 V.S. Patsko, V.L. Turova / Automatica 40 (2004) 2059–2068

Fig. 5. SetQ does not depend onx; C∗ = ∅. (a) Domains of�(j),i (·).
(b) Family�(1),1 of semipermeable curves.

is the preimage of the closed arcb1b2b3 under the mapping
v → X(1, v), v ∈ Q. Let

A=X([−1,0),D), B =X((0,1],D). (7)

Fig. 5(a) presents the setsA, B, and the domains of the
functions�(j),i (·), j = 1,2, i = 1,2. The boundaries ofA
andBare drawn with thick lines. There exist two roots of the
first type and two roots of the second type at each internal
point of the setsA andB. For any point in the exterior ofA
andB, there exist one root of the first type and one root of
the second type.
The family�(1),1 of smooth semipermeable curves com-

puted using Eq. (5) in the domain of the root�(1),1 for
w(1)=2,w(2)=0.8 is depicted inFig. 5(b). The arrows show
the motion in direct time. The initial points for the curves are
located on the straight line going through the fourth quad-
rant and bounding the domain of�(1),1 from below.
The picture of the family�(2),2 can be obtained from

Fig. 5(b) by the reflection in thex2-axis. The family�(2),1

(�(1),2) is obtained from the family�(1),1 (�(2),2) by the
reflection in thex1-axis and reversion of the direction of
motion.
If the radiusw(2) of the circleQ decreases, the cones,

which have the apex in the origin and contain the setsA and
B, become smaller. Ifw(2) = 0, the setsA andB degenerate
into half-lines. In this case, the points where more than one
strict root of the first (second) type exist, disappear.

Fig. 6. Explanation to the construction of domains of functions�(j),i (·)
whenQ depends onx: (a) w(2)(r)�w(1); (b) w(2)(r)>w(1).

4.1.2. CaseC∗ �= ∅
As an immediate consequence of the superiority property,

we haveH(�, x)�0 for any� ∈ E andx ∈ C∗. Hence, the
function � → H(�, x) does not possess any roots “−” to
“+” and “+” to “−” for x ∈ C∗. There exists a root�(2),2(x)
(�(1),1(x)) and a root�(1),2(x) (�(2),1(x)) for any x /∈A∗
(x /∈B∗). Therefore, there exist two roots of the first type
and two roots of the second type for anyx ∈ R2\(A∗ ∪B∗).
In the caseC∗ �= ∅, the arcD is the whole boundary of the
circle Q. The setsA andB defined by formula (7) are the
closures of the setsR2\A∗ andR2\B∗, respectively.

4.2. ConstraintQ depends on x

Let us describe how one can construct the domains of
�(j),i (·) for the caseQ(x) = k(x)Q using the form of the
domains from Section 4.1. The idea of this construction is
explained inFig. 6.
First note thatk(x)=const for the pointsx of any circum-

ference�(r) of radiusr�s with the center at(0,0).Wehave
k(x)=1 outside the circle of radiuss. Leth(r)=min{r, s}/s,
s >0, andG(r)= h(r)Q. It holdsQ(x)=G(|x|).
Form setsA∗(r) andB∗(r) substituting the setG(r) in-

stead ofQ in formula (6). LetC∗(r)=A∗(r)∩B∗(r). Using
A∗(r) andB∗(r), construct the setsA(r) andB(r), then the
domains of�(j),i (·) as it is described in 4.1.1 and 4.1.2. Put
the circumference�(r) onto the constructed domains. As a
result, a division of�(r) into arcs is obtained. The division
points separate the arcs whose points have the same num-
ber and the same type of roots. This technique is applied for



V.S. Patsko, V.L. Turova / Automatica 40 (2004) 2059–2068 2065

every r ∈ [0, s], identical division points are connected.
Thus, the circle of radiuss is divided into parts according
to the kind of roots. Outside this circle, the dividing lines
coincide with the lines related to the case whenQ does not
depend onx.
SinceQ is a circle of radiusw(2), the setG(r) is a circle

of radiusw(2)(r)=h(r)w(2). The conditionC∗(r)=∅means
w(2)(r)<w(1), whereas the conditionC∗(r) �= ∅ is equiva-
lent to the relationw(2)(r)�w(1). If w(2)(r)<w(1), we put
the circumference�(r) onto the domains of the functions
�(j),i (·) (seeFig. 5(a)) constructed forw(2) = w(2)(r). In
Fig. 6(a), the division pointsa, b, c, d, and the symmetric
ones located in the left half-plane, are shown. The set�(r)
is drawn with the dotted line. Otherwise, ifw(2)(r)�w(1),
we put the circumference�(r) onto the domains of the func-
tions �(j),i (·) from Section 4.1.2. InFig. 6(b), the division
pointse, f and those symmetric to them are depicted.
Using this technique, domains of�(j),i (·) and families

of semipermeable curves can be computed for any set of
parameters of the problem.Fig. 7(a) (Fig. 8(a)) is drawn
in this way forw(1) = 1, R = 0.8, s = 0.75, andw(2) =
0.8 (w(2) = 1.9). In Fig. 7(a), the domains of the functions
�(j),i (·) are shown; the sets that are analogous toA andB in
Fig. 5(a) are marked. InFig. 8(a), two symmetric superiority
sets of playerE arise, the upper set being denoted byCU,
the lower set byCL. The digits 0,2,4 mean the number of
roots of the equationH(�, x)= 0. The arcs which separate
the domains of the functions�(j),i (they would be similar
to the arcs in the central part ofFig. 7(a)) are not included.
If we increasew(2), the setsCU andCL expand and form a
doubly connected region.
In Figs. 7(b) and8(b), the family�(1),1 of semipermeable

curves for the values of parameters ofFigs. 7(a) and8(a) is
shown. The computation is done using Eq. (5). The initial
points for the semipermeable curves inFig. 7(b) are located
on the boundary of the setB in the fourth quadrant. The initial
points for emitting the semipermeable curves inFig. 8(b)
are uniformly distributed over the circumference of radius 4
with the center at the origin.

5. Two examples

The construction of capture sets using semipermeable
curves is an important question when solving differential
games of kind. The authors do not possess a receipt how to
do that in general case. However, such a construction might
be not very difficult for some particular problems with dy-
namics (1). We will demonstrate this using two examples.
The first example deals with the acoustic game. The ob-

jective of playerP is to bring the state vector to a terminal set
M. PlayerE strives to avoid this. The values of the parame-
ters are:w(1)=1, R=0.8, w(2)=1.9 ands=0.75. The setM
is the rectangle{x ∈ R2 : −3.5�x1�3.5, −0.2�x2�0}.
The boundary of the capture setB can be obtained

(Fig. 9) using Eq. (5) by the computation in reverse time of

Fig. 7. Set Q depends onx; w(2) = 0.8. (a) Domains of �(j),i (·).
(b) Family�(1),1 of semipermeable curves.

the semipermeable curvesp(1),1 andp(2),1 from the points
a andb, the curvesp(1),2 andp(2),2 from the pointsc and
d, the curvep(1),2 from the pointd, and symmetric to them
with respect tox2-axis semipermeable curves emanating
from the pointsa′, b′, c′, d ′. Remember thatp(j),i denotes
a curve of the family�(j),i .
The usable part ofM through which the penetration inM

is possible consists of three segments: the first one iscc′, the
second and third segments are symmetric to each other and
belong tobb′. Let us consider the one of these two segments
that lies on the right from the origin. The right endpoint of
this segment isb, the left endpoint isg (it does not plotted
in Fig. 9) with g1 =w(2)R/w(1) +R = 2.32. The pointg is
on the right from the pointa that belongs to the intersection
of the segmentbb′ with the boundary of the domain of the
family �(1),1. The pointa′ symmetric toa belongs to the
intersection of the segmentbb′ with the boundary of the
domain of the family�(2),2. Therefore, the semipermeable
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Fig. 8. SetQ depends onx; w(2) = 1.9. (a) Superiority setsCU andCL
of playerE. (b) Family�(1),1 of semipermeable curves.

curvesp(1),1 andp(2),2 located in the lower part ofFig. 9
emanate from the points on the boundary ofM which are
not endpoints of the usable part.
It might seem that, according to the Isaacs approach, one

should continue the curvesp(1),2 andp(2),1 emanated from
the pointsc and c′ up to their intersection. However, the
set bounded by such curves and by the segmentcc′ would
contain the superiority setCU for which the capture time is
infinite. Hence, one can assume that some additional points
of emanation for semipermeable curves should exist and try
to find them based on an analysis of families of semiperme-
able curves. In the example considered, these points ared
andd ′ lying on the boundary ofCU.
Removing the parts of mentioned semipermeable curves

of the first and second type beyond the intersection points

Fig. 9. Capture set of the acoustic game.

yields the boundary ofB. The positive sides of semiperme-
able curves forming the boundary are oriented to the interior
of B.
Note that, forx1�0,x2�0 (x1�0,x2�0), all of the three

semipermeable curves on the boundary ofB correspond to
the control�=−1 (�=1). Both of the two semipermeable
curves in the right (left) lower part correspond to� = 1
(�=−1). This enables to define the following simple control
law �(x) of playerP that guarantees the attainment of the
setM from the inside of the setB: if x1�0,x2>0 orx1<0,
x2<0, put�(x) = −1; if x1�0, x2>0 or x1>0, x2<0,
put�(x)= 1. The controlv(x) of playerE that ensures the
evasion from the setM for initial points outside the closure
of the setB can be defined using semipermeable curves that
are located in a small neighborhood of the setB and are
similar to those lying on the boundary ofB. The initial points
from the boundary ofB should be considered specifically.
Thus, we have outlined an idea of the control construction,
the precise proof is not trivial.
To verify the correctness of the constructed capture set,

level sets of the value functionx → V (x) of the related
time-optimal differential game are presented inFig. 10. The
level setWc of the value functionV is the set of all pointsx
such thatV (x)�c. The front is the collection of all points
on the boundary ofWc whereV (x) = c. The capture set
B of the game of kind can be equivalently defined as the
set which is filled out with fronts of the time-optimal game.
Numerical computation of level sets of the value function
is done using an algorithm fromPatsko and Turova (2001)
for the backward construction in time. The step	 of the
backward procedure is 0.01. The upper and lower fronts are
computed until
 = 8.42 and
 = 1.6, respectively. Here
 is
the reverse time of the backward procedure. Every 5th front
is drawn. The semipermeable curves fromFig. 9 are also
plotted. The lines fromFig. 8(b) that define the domains
of the families�(j),i of smooth semipermeable curves are
depicted. The part of the plane filled out with the fronts
forms the capture setB as
 → ∞.
The second example is the conic surveillance–evasion

game with the classical homicidal chauffeur dynamics. We
takew(1)=1.7. The terminal setM is the complement of an
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Fig. 10. Level sets in the acoustic game.

Fig. 11. Capture set of the surveillance–evasion game.

open detection cone around the axisx2 with the apex at the
origin (seeFig. 11). The objective of playerE is to bring the
state vector to the setM. PlayerP has the opposite objec-
tive. The setQ is a regular hexagon inscribed into the unit
circle with the center at the origin. The detection cone is
nonsymmetric with respect to the axisx2 so that the setM
is nonsymmetric too.

First find endpointsa andb of the usable part ofM. Com-
pute the curvep(1),2 backward in time from the pointa up
to the boundary of the domain�(1),2 (d is the endpoint of
the curve). Moving along the curvep(1),2 from d towarda,
look for a sewing point from which a semipermeable curve
p(1),1 of the family�(1),1 emanates such that the composite
curve formed by the initial part ofp(1),2 and the curvep(1),1

would possess the semipermeability property at the sewing
point. One can establish that such a sewing point can only lie
on the boundary of the domain of�(1),1. Denote this point
by c. We obtain piecewisesmooth composite semipermeable
curve acf of the first type. Then compute the semiperme-
able curvep(2),1 from the pointb up to the boundary of the
domain of the family�(2),1 (until the pointe). The curve
p(2),1 is joined smoothly with the curvep(2),2 of the family
�(2),2. As a result, smooth composite semipermeable curve
bekof the second type is obtained. The intersection of the
curvesacf andbekdefines the capture setB. The negative
sides of these curves are oriented to the inside ofB.
Level sets of the value function in the time-optimal prob-

lem are presented inFig. 12. The step	 is 0.01. The com-
putation is done until
 = 3.8. Every 10th front is drawn.
The value function is discontinuous on the barrier linecd.
The fronts approach the curvep(1),1 as
 → ∞.

6. Conclusions

The paper describes the construction of families of smooth
semipermeable curves for differential games with the homi-
cidal chauffeur dynamics. The construction is based on the
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Fig. 12. Level sets in the surveillance–evasion game.

computation of roots “−” to “+” and “+” to “−” of the as-
sociated Hamiltonians. The Hamiltonian for the “homicidal
chauffeur” dynamics is a positively homogeneous function
composed of two convex pieces. This implies the presence
of two families of semipermeable curves of the first type re-
lated to roots “−” to “+” and two families of semipermeable
curves of the second type related to roots “+” to “−”. The
paper describes the domains of these families, gives an algo-
rithm for numerical construction of semipermeable curves,
and presents results of computation of the families.
The families of smooth semipermeable curves are com-

pletely determined by the dynamics and can be useful for
game problems with various performance indices. In par-
ticular, they form the boundary of the capture set in dif-
ferential games of kind. In time-optimal game problems,
the value function can be discontinuous on semipermeable
curves only.
The existence of smooth semipermeable curves of the first

and second type is the speciality of two-dimensional prob-
lems, which can be used for constructing piecewise smooth
semipermeable curves and finding solutions to differential
games of kind.

Acknowledgements

This research was supported in part by the Russian Foun-
dation for Basic Researches under Grants No. 03-01-00415
and No. 04-01-96099.
The authors would like to thank anonymous reviewers

whose helpful comments contributed to the improvement of
the paper.

References

Aubin, J.-P. (1991).Viability theory. Boston: Birkhäuser.
Bardi, M., & Capuzzo-Dolcetta, I. (1997).Optimal control and viscosity

solutions of Hamilton–Jacobi–Bellman equations. Systems & control:
foundations and applications. Boston: Birkhäuser.

Bernhard, P., & Larrouturou, B. (1989).Etude de la barriere pour un
probleme de fuite optimale dans le plan. Rapport de Recherche, INRIA,
Sophia-Antipolis, France.

Cardaliaguet, P., Quincampoix, M., & Saint–Pierre, P. (1999). Set-valued
numerical analysis for optimal control and differential games. In
M. Bardi, T. E. S. Raghavan, & T. Parthasarathy (Eds.),Stochastic
and differential games: theory and numerical methods, annals of the
international society of dynamic games(Vol. 4) pp. 177–247. Boston:
Birkhäuser.

Dem’yanov, V. F. (1995). Fixed point theorem in nonsmooth analysis
and its applications.Numerical Functional Analysis and Optimization,
16(1/2), 53–109.

Isaacs, R. (1965).Differential games. New York: Wiley.
Krasovskii, N. N., & Subbotin, A. I. (1988).Game-theoretical control

problems. New York: Springer.
Lewin, J., & Breakwell, J. V. (1975). The surveillance-evasion game

of degree.Journal of Optimization Theory and Applications, 16(3/4),
339–353.

Lewin, J., & Olsder, G. J. (1979). Conic surveillance evasion.Journal of
Optimization Theory and Applications, 27(1), 107–125.

Merz, A. W. (1971).The homicidal chauffeur—a differential game.Ph.D.
thesis, Stanford University.

Patsko, V. S. (1975). The problem of quality in second order linear
differential games. In A. B. Kurzhanskii (Ed.),Differential games and
control problems(pp. 167–227). Sverdlovsk: Institute of Mathematics
and Mechanics (in Russian).

Patsko, V. S., & Turova, V. L. (1995).Numerical solution of two-
dimensional differential games.Preprint, Institute of Mathematics and
Mechanics, Ekaterinburg, Russia.

Patsko, V. S., & Turova, V. L. (2001). Level sets of the value function in
differential games with the homicidal chauffeur dynamics.International
Game Theory Review, 3(1), 67–112.

Valery Patsko received the Ph. D. degree
in mathematics from the Ural State Uni-
versity, Ekaterinburg, Russia in 1974. He is
currently the head of a group in the Depart-
ment of Dynamic Systems at the Institute of
Mathematics and Mechanics, Ural Branch
of Russian Academy of Sciences, Ekaterin-
burg. His fields of interest are control theory,
differential games, and applied problems of
control.

Varvara Turova received the university
degree in mechanics from the Ural State
University, Ekaterinburg, Russia in 1979
and Ph.D. degree in mathematics from
the Institute of Mathematics and Mechan-
ics, Ural Branch of Russian Academy of
Sciences, Ekaterinburg in 1989. She was
with the Department of Dynamic Sys-
tems at the Institute of Mathematics and
Mechanics from 1979 to 1994 and with
the Chair of Applied Mathematics of Mu-
nich Technical University from 1997 to

1998. In 1999, she joined the Modeling group of the Center of Advanced
European Studies and Research, Bonn where she is involved in projects
related to mathematical modeling of biosensor devices. Her research
interests include optimal control theory and differential games with the
emphasis on numerical methods and applications.


	Families of semipermeable curves in differential games with the homicidal chauffeur dynamics62626262
	Introduction
	Homicidal chauffeur dynamics
	Two types of semipermeable curves
	Roots of the Hamiltonian
	Smooth semipermeable curves

	Families of semipermeable curves
	Constraint QQQQ does not depend on =x
	Case C*=2pt=
	Case C*=2pt=

	Constraint QQQQ depends on =x

	Two examples
	Conclusions
	Acknowledgements
	References


