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1 Introduction

We study a mechanical system consisting of a fluid and a rapidly oscillating elastic fine structure
interacting with the fluid. The goal is to obtain averaged equations which effectively describe the
behavior of the system.

This investigation is motivated by modeling a surface acoustic wave sensor based on the genera-
tion and detection of horizontally polarized shear waves (see [1]). Acoustic shear waves are excited
through an alternate voltage applied to electrodes deposited on a quartz crystal substrate. The waves
are transmitted into a thin isotropic guiding layer covered by a thin gold film that contacts a liquid
containing a protein to be detected. The protein adheres to a specific receptor, aptamer, immobilized
on the surface of the gold film. The arising mass loading causes a phase shift in the electric signal
to be measured by an electronic circuit.

One can impress the aptamer-protein layer as a periodic bristle or pin structure on the top of
the gold film contacting with the liquid (see Figure 1). The thickness of the aptamer-protein layer
is about4 nm, and the number of bristles per surface unit is enormous large. Therefore, the direct
numerical modeling of such a structure using fluid-solid interface conditions is impossible. Proper
models can be derived using the homogenization technique from [2], [3], [4], and [5] along with the
strict treatment of the solid-fluid interface (see e.g. [6]).

2 Mathematical model

The coupled mechanical system under consideration is shown in Figure 1. The solid part consist of a
substrate and pins located on its top. The pin structure is assumed to be periodic in thie plane

and independent aof;. The domain of the coupled system is denoteddy R3. For simplicity,

we suppose thdt is the cube{z € R? |z, € (—1;+1), k£ = 1,2,3}. The domains occupied by

the fluid and elastic continua are denoted(hyand(},, respectively; the boundary separating the
continua byl" . Thus,2 = Q, UT U Q.. Let(99), = 902 N Q, and(9N), = 90 N Q. Then the

sets[' U (012), andI’ U (09), are the boundaries of the domains and(2,, respectively.

2.1 Governing equations

Assume that the fluid is weakly compressible, which is physically correct because the operation
frequency of the coupled structure lies in the acoustic range and the displacements of the fluid
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Figure 1:Coupled systenm2 = 2, UT' U (..

particles are small. This is a typical acoustic approximation which additionally utilizes linearized
Navier-Stokes equations (see [8]). The solid part of the system will be described using the linear
elasticity approach. This linear setting is supplemented by the assumption that the damaints

(2, remain unchangeable. Therefore, the coupled mechanical system is described by the following
equations

pptty = —Vp+divPug + p,. f in Q. (2.1)
vpr = —diva in Q. (2.2)
PVt = div G'Um + pSf in QS‘ (23)

Let n be the normal vector to the fluid-solid interfaCe No-slip and stress equilibrium conditions
onI read

vy =u on T, (2.4)
va-n:(—pI—l—Pum)-n on I (2.5)

Boundary and initial conditions are prescribed

u=0 on (09),., (2.6)
v=0 on (09),, (2.7)
wli—o = u°, pli—g = p" in Q. (2.8)
Vlimo = °, vy|i—g = v'° in Q.. (2.9)

Here, p, andp, are the constant densities of the fluid and the solid parts, respective$/the
velocity field of the fluidp is the pressure in the fluia, is the displacement field of the solid paft,

is an external force like the gravity. The coefficientharacterizes the compressibility of the fluid.
The fourth-rank tensor® = { P;;;, } is defined through the relation

Pu, = AdivuZ + puD(u). (2.10)

The unit tensorl has the components; = J,;, whered;; is the Kronecker symbol. The strain
velocity tensorD(u) has, as usually, the componefd®s;(u) = 1/2(du;/0x; + Ou;/0x;). The
symbolsA andu denote positive balk and dynamic viscosity coefficients of the fluid, respectively.
As usually, the summation over repeating indices is assumed. The compohgnts the elastic
stiffness tensoé: can be arbitrary up to base restrictions so that arbitaargotropic solidsan be
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considered.

The no-slip condition (2.4) is the main obstacle for the mathematical treatment of the model
(2.1)-(2.9). The method from [9] is used to overcome this difficulty by utilizing the velocity instead
of the displacement in equation (2.3). This is being done by introducing the following integral
operator

t
Jiw = / w(s)ds
0
that enables to rewrite equation (2.3) in the form
ps; = divG Jug, +divg® + p. f, (2.11)

whereu = v;, G* = GvY in Q. Similary, the pressurg can be expressed from equation (2.3) as
follows
p=—ydivZu+p® in Q. (2.12)

Let x be the characteristic function of the dom&ip. Then equations (2.1), (2.2), and (2.3) can
be written in the whole domaift as one equation with discontinues coefficients

pu, = divMiu, + divN® + pf, (2.13)

where
M'! = yP + (XW’II QI+ (1- X)G) Tt

p=px+ps(1—x), N°=—xp"T+(1-x)G"

The interface condition (2.4) is equivalent to the “continuity”«fon I" but the condition (2.5)
assumes now the form

(Gjtum + go) n = (7‘1divjt ul — p°I + Pum) -n on [ (2.14)
accounting (2.12). The boundary and initial data are

u=0 on (092),, (2.15)
uf—g = u’ in Q, (2.16)

where the fluid initial conditions” is extended t@, by lettingu’(xz) = v'%(x), = € (..
A weak formulation of equation (2.13)-(2.16) will be stated.

Remark 2.1 One can forget the initial distributiom® of the displacement when considering equa-
tion (2.13). It is sufficient to prescribe the initial velocity fiald in ©, the initial stressG° in O,
(this replaces the information about), and initial pressure’ in €2,.. The functiong/® andp® yield

the functionV’ involved in equation (2.13).

Remark 2.2 For mechanical reasons, the tensdrs;; andG;;;,; have the following properties
Zijki = Zijik = Zhiij = Zjikl,  ZijkiVij Vi 2 0,
Z,»jle,»ijl =0 ifand onIy if Vi + Vi, =0 for all ]C,l =1,2,3.
Here, Z, i, stands forP;;; or Gijx.



2.2 Refinement of the original structure

Let us redefine the indicator functionso that it becomes dependent on a refinement parameter
Assume that thézx,, z,)-projection of the base cell of the pin structure is a square and scale this
square to the unit squake= [0, 1] x [0, 1]. Denote the scale factor by. The(z;, x2)-projection of

the solid part of the base cell will be transformed into a subset 3. Assume that the boundary

of ¥, is smooth, simply connected and does not meet the boundary@énote the domaik \ X,

by ¥,.. The domairx along with the subdomairs, and, is called structural cell.

)
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Figure 2:Structural cellX = [0, 1] x [0, 1].

Letz = (z1,29) and (&) be theX-periodic extention of the indicator function of the domain
¥ to all R%. We define the modified functiop as follows

1, T3 > (5,
0, r3 < —0.

Remember that is the thickness of the pin layer.

Definition 2.3 (Problem $) Equation (2.13), interface condition (2.14), and initial conditions
(2.15) and (2.16) form Problem.S Thereby, the functiory defined by (2.17) is assumed to be
involved into the relations (2.13)-(2.16). Thus, the problem is actually dependent on

Note that the Problem_Swith ¢, = 1/L describes the original coupled structures K- 0, the
pin structure becomes finer and finer laterally, whereas its hight remains constant. The other part of
the original structure remains unchangeable.

Definition 2.4 A functionu is called a weak solution to Problem B
w € L0, T; L*(Q) N L*(0,T; H'(%,.)), T € L=(0,T; Hy(S2)) (2.18)
and the integral identity

T
// ( —pu-+Mu, o, + N, — pf - cp)da:dt = /puo - dx (2.19)
0 Q Q
holds for every smooth functign such thatp|,—7 = ¢|sq = 0.

In this definition and furthef" is an arbitrary positive number; the colon denotes the convolution of
tensors so thd¥ : V = U;;V;; for all second-rank tensoté and)’; and the notatiorf® meansf ;.
Remark that the second inclusion of (2.18) prevents jumpsai I’ providing its above mentioned
“continuity”.



2.3 Solvability of Problem S

It is not difficult to prove existence of a weak solution to ProblemThis question was investigated
in [9, sec 9.1], and the following result was established.

Theorem 2.5 Letu® € L?(Q2), N € L?(Q) and f € L*([0,T] x ). Then there exists a unique
weak solution to Problem.Sand the energy estimate holds

T
%wm%@ﬂom@m;@+wxpam@mw)+4 ID@()|aq , dt < C, (2.20)

whereC' is a constant which depends dm°||;2(q), [|N°|12(q), and || f|lr2(orxa) but does not
depend orz.

Due to the Korn inequality we have the following result.

Corollary 2.6 Under the conditions of Theorem 2.5 there exists an independentafistantC'
such that
ess SuP;e 0.1y || Jew(t) | 1) < C. (2.21)

Generally speaking, the estimates (2.20) and (2.21) are sufficient to fulfill the homogenization of
Problem S due to Proposition 3.3 which will be given below. However, some technical difficulties
should be overcome in this case. To avoid that, a stronger estimatevidi be obtained under
some compatibility conditions. The next theorem states such a result.

Theorem 2.7 Letu® € H'(Q), N° € L*(Q), f, f € L*([0,T] x Q), and
div (xPul, + N°) € L*(Q). (2.22)
Then the weak solution to Problem $atisfies the estimate
ess sup;e o7y (1w (t) | 22) + [|wa(t) | 2(0)) < C, (2.23)
whereC' is an independent af constant.
Proof. Let us introduce a functiomw as a solution of the problem

pw; = divM'w, + div(yy ' I divu’ + (1 — x)Gul) + pf:,
pw|_, = pwo = div (Pug, + N?) + pf°,
wl,, =0.

The energy estimate for this problem looks as follows

T
<ﬁwmmm@w@%mﬁW$DWWﬁ%)+A\W@WM@@yﬁ<Q

which gives also
ess Supte[()’T]HthwHHl(Q) <C.

The assertion of the theorem is an immediate consequence of these estimates because the functiol
defined as

u(x,t) = /w(w, s)ds +u’(z) = Jaw(z, t) + u’(x)
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is the solution of Problem Sandu; = w.

According to the definition of:”, the requirement.” € H'(Q2) expresses the no-slip condition
on I' at the initial time instant = 0. The requirement (2.22) expresses the stress equilibrium
condition onl" at¢ = 0. From the mechanical point of view, such conditions hold for any time
instant including the initial one. Therefore, the requirements of the theorem are feasible.

3 Homogenization of the structure

3.1 Two-scale convergence

Let us denote by:. the solution of Problem S In order to emphasize the dependencg @ ¢,

we denote it byy©. Our goal is to perform the passage to the limit in Problenas — 0. To do

this, we use the two-scale convergence method introduced by G. Nguetseng and developed by other
mathematicians (see [11, 2, 3, 10]). Let us formulate main results of this approach adopted to our
situation.

Theorem 3.1 Let w. be a bounded sequencefid([0, 7] x Q). There exists a subsequence, still
denoted byw,, and a functionw(t, z, £) € L?([0, 7] x Q x %) such that

lilr[l)/OTQ/wE(t,az)gb(t,m,?) dx = /OTQ/Z/E(t,a:,é)qb(t,m,é) dédmdt

for every smooth functiog(z,

x, ) which is S—periodic in€. Such a sequence. is said to be
two-scale converge tw (¢, , £).

Recall the notatior: = (z1, z5) and€ = (&, ).

Theorem 3.2 Let a sequence. converges weakly to a limit in L2 (0, T, Hl(Q)). Thenw. two—
scale converges te and there exists a functio@(t, x, £) in L2([0,T] x ©; H},(X)/R) such that
Vw. two-scale converges 0, w(t, ) + V w(t, x, £) up to a subsequence.

Here H (%) is the space ob—periodic functions which belong to the spake(X). Since all
functions under consideration do not depend grthe notatiorV, = (9, , 9s,,0) " is used below.

As a simple application of the theorems stated above, we formulate (without proof) the following
result concerning the convergence of solutions of Problem S

Proposition 3.3 Letu. be the sequence of solutions to ProblemThen there exist a subsequence
(still denoted byu.) and a functionu(t, ) such that

1. u. two-scale converges 0, andu. — u weakly inL*([0,7] x Q);

2. Jyu. two-scale converges tGu, and Ju. — Ju in L*([0,T] x Q);

3. VJiu. two—scale converges G, 7,u + V¢, where((t, az,é) is a function fromLZ([O,T] X

Q; Hy(X)/R).



3.2 Passage to the limit in Problem S

Let the initial data of Problem Ssatisfy the conditions of Theorem 2.7. A solutiap of Problem
S. satisfies the following integral identity

T
/ / (= Fue ot MMy < o, + N 2o — - o) dadt = / Fu® - odz, (3.1)
0 Q Q

wherep®, M#, and\*° are defined as in (2.13) but withreplaced by*. Let us take

~

p(t,x) = ¢(t,x) + €$<t, T, g),

where¢ and¢ are arbitrary functions that vanish faerc 0 and att = 7. Theorem 3.2 enables
the passage to the limitin (3.1) as— 0. The limiting equations look as follows:

T
///<_pu'¢t+Mt(ux+ﬁ£):¢$+N03¢z—pf-¢)dédmdt:
0 Q%

:Q/E/puo-d)odé dz, (3.2)

/ (Mt(um + ) e+ N 55) dé =0 in L2([0,T] x Q). (3.3)

%

These equations hold for all functiogsc H'([0,T] x Q) and¢ € H, (%) such thatp vanish on
oSt and att = T'. The coefficient, M, and N are defined as in (2.13) with(x) replaced by
x(x, &). The functiony(x, £) is defined as in Subsection 2.2:

1, x3 > 0,
X(xvg) = X(€)7 _5 < €3 < 57
0, Ty < —90.

Equation (3.3) is calledell equation

Equations (3.2) and (3.3) are coupled through the auxiliary fun@iiobhe next step consists in
findingw from the cell equation (3.3) and substituting the obtained expression into equation (3.2).

4 Explicit solving the cell equation

4.1 Operator form of the cell equation in a Hilbert space

It is appropriate to rewrite (3.3) as an equation in the Hilbert sgace H#(E)/R with the inner

product
aui a’l]i >
u,v) = d§.
(o) = [ G g e
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The norm inH is denoted by - ||. Let the operatorsl and B be defined as follows

ou 0v; 2 1
gUr 9Y% 4 _ - 1— N
96 €, £, (Bu,v) / (X7 0ii0k + (1 — x) ngkl)

3

ouy Ov;  »
Au, :/ P —_—d
(Au, v) J XL ijkl 9¢, 95, '3

for all functionsu,v € H. Due to the Riesz representation theorem, there existi,; andby,,
k,l =1,2,3, such that

. v 2
<n07'U> = /NO : ,Uﬁ dé, <a/kl7lv> = /Xpwkl%dg’
J

n %

0 Vi .2

(b, v) = / <X7_15ij5kl +(1—x) Gz‘jkl) €, 3

3

forallv € H. Let
8uk

a— — Ny.
4]
Remark that4, B, a, b, andn, depend on the variable parametrically just in the same way as

the functiony does that, but the dependencetas absent. The function can depend ohandzx
fully arbitrary. Now, the problem (3.3) transforms to the following equation in the space

g =—(aw+bud)

Au + BJ = g. (4.1)

Since the operatord andB are trivial whenever:; ¢ [—¢, 0], we consider (4.1) for; € [0, J],
which corresponds to the treatment of the pin layer. In this case, the opedatord5 are degen-
erated, therefore, some difficulties appear when solving equation (4.1).

The next section is devoted to the study of the data of (4.1) to prepare tools for its explicit
solving.

4.2 Properties of4, Band g

Proposition 4.1 The operatot4 has the following properties:

1. Ais a bounded self-adjoint operator d;

2. (Au,u) > 0forall u € H;

3. The null-spaceV(A) = {u € H : wu isconstantinX, }, andN(A)t C {u € H: Au =
0inX.};

4. There exist positive constantand C' such that

cllull* < (Au, u) < C'Jul® (4.2)

forall uw € N(A)*;
5. TherangeR(A) is closed ind, R(A) = N(A)*, andA~! is defined and bounded as an operator
onR(A).

Proof. Assertions 1 and 2 are obvious (see Remark 2.2). The third assertion consists of two
parts. In order to prove the first one we have only to establish that

N(A) Cc {u € H: uisconstantort,}
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because the opposite inclusion is clearly true. Due to the positiveness of the op&rasonull—
space consists of functiaawhich satisfy the conditiofAu, u) = 0. Thus,u € N(A) implies

. aUk 8"&1 o
<AU,U> = E/Xpwkl afl ag] d£ =0.

ConsequentlyD(u) = 0 in X, and, henceuy is constant ir,, because of its periodicity.

Letu € N(A)*. By definition, this means that

Oy, Ivg

& 9§
>

S 8ukavk c
dﬁ‘z o5, o5, =0

S

for any functionv € C*°(X) such thatw is constant ortS,.. Consequentlyu is harmonic in%,,
which proves the third assertion.

To validate assertion 3, we need only to prove the left inequality since the right one is obvious.
Due to the Korn inequality (see e.g. [12]), there exists a positive constaoth that

L/M%PdéécMAunw
EF

for everyu € H. If u € N(A)*, thenu is harmonic inX,, and there exist positive constants
andc; such that

o [ lucl? € < Nl < o [ ful? €

Xg Xp

That is,(Au, u) > c||u||* for some constant

When proving assertion 5, denote Bly, the restriction of4 to N(A)L. Due to the estimate
(4.2), R(A,) is closed inH. SinceR(A) = R(A,), we conclude thai?(.A) is also a closed
subspace off. This implies thatV(A)* = R(A) = R(A), and (4.2) is true for € R(A). Thus,
A~! exists and is bounded, A is considered being restricted £.A). The proposition is proved.

Proposition 4.2 The operatoi3 has the following properties:

1. B is a bounded self-adjoint operator dif;

2. (Bu,u) > 0forallu € H;

3. The null-spaceV(B) = {u € H: D(u) = 0in X, and dive = 0 in X, }, and N(B)* C
{fue H: Au=Vqin X, for some ¢ € L*(%)};

4. There exist positive constantand C' such that

cllull* < (Bu,u) < C|lull* (4.3)

forall u € N(B)*;
5. the rangeR(B) is closed inH, R(B) = N(B)* and B~ is defined and bounded as an operator
on R(B).



Proof. The first two assertions are obvious. To prove the third one, note that

ou: Ou ~ ou; Ou 2
- 15 B i k —1 R 2 e _k
<Bu’u> = / (X’y (5”(Skl—f—(1 X)kal) 85] afl dE Y /(leu) dg‘l'/Gz]kl afj 851 dg

b = B¢

for everyu € H. Therefore{Bu,u) = 0 ifand only if divu = 0 in X, andD(u) = 0in X..
If u € N(B)*, then the equalities

0= (u,v) = /ugvg dé = /D(u) : D(v) d€ = /D(u) - D(v) dE. (4.4)

by

hold for everyv € N(B). Letu* € N(B)* be a sequence of smooth functions that converges to
in H. Such a sequence exists becaisgY.) is dense inV(B)*. Relation (4.4) is also valid for all
u®. If v is an arbitrary smooth function such thkt v = 0 andsuppv C 3, thenv € N(B), and

0= /D v)dé = /div(D(uk)) v dE.

g

Consequently, there exist functios € L*(X) such thatliv(D(u") = V¢* for all k. Passing to
the limit yieldsdiv(D(u) = Vq. That isAu = Vq, whereq = ¢ — divu. This proves the third
assertion.

The right inequality of the fourth assertion is obvious. Let us prove the left one. According to
the classical theory of the Stokes equations (see [7, Ch. 4]), the following estimate holds for all
u € N(B)*:

/ ael? € < ey (vl s, + ot P, )
whereu,. is the trace oh onJX,. On the other hand,

a0, e < 2 [ el 6

Xg

Thus, there exists a positive constansuch that

Jull < o [ fuel dé + v ul,s,.) (4.5)

Xg

for everyu € N(B)*. In order to obtain (4.3), it is sufficient to prove that there exists a positive
constant, such that

/|u5|2 d€ < cy(Bu, u) (4.6)

for u € N(B)*. This can be done using standard contradiction arguments. Assume the converse,
i.e., there exists a sequenge € N (B)*, n € N, such thatf;, |u?|*d§ = 1and(Bu”,u") — 0as

S
n — 0. The estimate (4.5) implies that the sequefra@} is bounded i too. Thus, there exists
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its subsequence (still denoted by }) that converges weakly i and H*(X,)/R but strongly in
L*(¥) to a functionu. Note thatu € N(B)* sinceN(B)~ is weakly closed in. Using the Korn
inequality yields

/|u2 — el df < C ((B(u" —u),u” —u) + [[u" — ufz).

Xg

The passage to the limit in this inequality implies th&t, v) = 0 andu™ — w in H. This means

thatu € N(B)"NN(B)andu = 0in H. Onthe other handl, |u¢|*d§ = lim [ |u?|* d€ = 1.
S n—oo S

This contradiction proves (4.6) and, consequently, (4.3).

The proof of the fifth assertion is the same as for the operétorProposition 4.1.
Proposition 4.3 The following is true:
ai, by, ng € R(A) ﬂR(B), k.l=1,23.

Consequentlyy € R(A) N R(B) for almost allt andx, whereg is the right-hand-side of the cell
equation (4.1).

Proof. Due to Propositions 4.1 and 4@, € R(A) N R(B) iff (w,v) =0forallv € N(A)U
N(B). Let us verify this condition foa,;. The function®y;, andn, can be treated in the same way.
Let v be an arbitrary function fromV (A). That isv is a constant irt,. because of Proposition 4.1.
Thus,

ov; -
(g, v) :E/Pijkla_zj d§ = 0.

'F

If v € N(B) thenD(v) = 0 in X, according to Proposition 4.2, and
ov; ov; ov; . » .
(a1, v) = / e 6 = / e 6 / g = E/ Py (0) d€ = 0.
S

We used here the periodicity efin > and the symmetry of the tenséY (see Remark 2.1). This
proves the proposition.

Proposition 4.4
N(A)Nn N(B) = {0}.

Proof. If u € N(A) N N(B), thenD(u) = 0in ¥ due to Propositions 4.1 and 4.2. Thatusis
constant in because of its periodicity. This means that 0 in H.

The result of Proposition 4.4 implies that the operatgr + B is invertible for everyA > 0.
Besides that, it is not difficult to see that the operatod + B) ! is bounded in/f. Let us introduce
the following closed subspaces &t

= (M +B)'R(A),
E, = (M +B)"'R(B),
E=E,NE,=MA+B)"'(R(A)NR(B)).
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Note that the spacek, £, and £, do not depend or\. More precisely, iij = (A +
B)"'R(A) thenE» = E* forall A > 0 andy > 0. This follows from simple arguments like those.
If x € B, then(AA + B)x € R(A) andBx € R(A). ConsequentlyiuA + B)x € R(A) and
x € EY. That is,Ej C E*. Inthe same way we can obtain thiat C Ej

Lemma4.5 .
The operatotd maps the spac&’, into R(B).
The operatoi3 maps the spacg, into R(A).

Proof. The first part is true due to the following implications: € £, — (MM + B)x €
R(B) = Ax € R(B). The second part is being proved analogously.

Lemma 4.6 If X is a closed subspace &f then A(X) and B(X) are closed inH.

Proof. Let us verify this assertion for the operatdr Let us take an arbitrary sequeneg € A(X)
which converges to a functiomin H. There exists a corresponding sequengce R(.A) N X such
thatu,, = A(v,). Due to Proposition 4.1, the operatdr! is bounded ori?(.A). This implies that
the sequencéw,, } converges ind to a functionv which is in X becauseX is closed. In the limit,
we haveu = A(v). Thatis,u € A(X), which proves the lemma.

Proposition 4.7
BE, = AE, = R(A) N R(B).

That is, for everywp € R(A) N R(B), there existy,, € £, andvy, € E, such thaty = Ay, =
By,.

Proof. Let us prove the first claim. Due to Lemma 4%, C R(A)N R(B). Besides that, Lemma
4.6 implies thatBE , is a closed subspace fi. Suppose thaBE, # R(A) N R(B). Then there
existsz € R(A)N R(B) such thatzx,y) = 0 for everyy € BE . Thatis,(x, B(AA+ B) ' Az) =
Oforallz € H,and

(AM+B) 'Bx,z) =0 forallzc H.

Consequently(AA + B)"'Bx € N(A) and, henceBz € (M + B)N(A) = BN(A). That
is, there existyy € N(A) such thatBx = By and, thereforeB(xz — y) = 0. This implies
thatw = ¢ —y € N(B). Thus,z = y + w, wherey € N(A), andw € N(B). That is,
x € N(A)® N(B). Consequentlyr = 0 becausé N (A) ® N(B)) N (R(A)NR(B)) = {0}. The
proposition is proved.

Let us introduce the restriction$, andB,, of the operatorsA ands to the spacev.

Theorem 4.8

1. The operatorsd,, and B, mapE onto R(A) N R(B);

2. The operatorsA,, B, : E — R(A) N R(B) are one-to-one;
3. There exist bounded operato#s ', B ' : R(A) N R(B) — E.

Proof. Let us prove these assertions for the operafponly. The operatoB, can be treated in the
same way.
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1. SinceE C E,, Proposition 4.7 and Lemma 4.6 imply thdt c R(A) N R(B), and AE
is a closed subspace ii. Suppose thatdE # R(A) N R(B). This means that there exists
x € R(A) N R(B) such thatx, y) = 0 for everyy € AE. Thatis,

(MM+B) Az, 2) = (2, ANV +B)'2) =0
forall z € R(A) N R(B). Thus, due to Proposition 4.7,
(M+B) ' Ax,Bz) =0 forallzc E,. (4.7)

Since(AM + B) ' Az € E,, we can takez = (M + B) "' Az. Then the relation (4.7) implies
that (A + B) ' Az € N(B), thatis, Az € AN(B). Consequently (see the end of the proof of
Proposition 4.7)x¢ = 0, which proves the first assertion of the theorem.

2. We have to prove thaV(A) N £ = {0}. Letx € F andAx = 0. ThenBz = (A + B)x €
R(A)NR(B), thatis,Bx € R(A). Butz € N(A) = R(A)* and, consequentlyBz, z) = 0. Since
B is a positive operator, the last relation implies that N (B). Thus,x € N(A) N N(B) = {0},
which proves the second assertion of the theorem.

3. This assertion is the consequence of 1. and 2.. The theorem is proved.

4.3 Solving the cell equation

Now we are in position to find an explicit representation of solutions to the cell equation (4.1). With
a new unknown functiod = 7w, the problem (4.1) assumes the form

AC, + B¢ =g, ¢(0) = 0. (4.8)

As it follows from Theorem 4.8, the operatot, (A restricted toF) is invertible, the operator
A_'B, bounded, and!{_'g € E. Therefore, the problem

(G +AB.C=Alg, ¢(0)=0. (4.9)

is uniquely solvable on the subspa€gand the solution is of the form

t

) = / ¢4 Be A 1g(s) ds. (4.10)

0

Theorem 4.9 The equations (4.8) and (4.9) are equivalent.

Proof. Obviously, if¢ is a solution to (4.9), theq satisfies (4.8). If is a solution to (4.8), then
the functionn = e=*¢ solves the problem

A, + (M +Bm=eMg,  7(0)=0. (4.11)
Since the operatox.A + B is hon-degenerate for any> 0, we can rewrite (4.11) as follows

MN+B) AR, + =M AA+B) g, m(0)=0. (4.12)
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Due to Proposition 4.3; € R(A), and, hencg(t) must belong ta7, for all t. Therefore((t) € E,
for all . On the other hand, equation (4.8) can be rewritten as follows

(M + B)¢, — B, + ABC = Ag.

That is,
Ci=(OA+B) B, — X))+ AN +B)!

Accounting_thaf(t) and(,(t) € E, for all ¢, we establish using Proposition 4.7 tigatt) € E for
all t. Since¢(0) = 0, we conclude thag(t) € E for all t. Therefore( is a solution of (4.9). The
theorem is proved.

Thus, the unique solution of the problem (4.8) is given by formula (4.10). Obviously, a unique
solutionw of the problem (4.1) is given by the formula

t
u(t) =¢,(t) = AJ'g(t) — A'B, / e~ =945 Bs A-1g () ds. (4.13)
0

5 Homogenized structure

5.1 Limiting equations

Substitution of the expression fgrinto (4.13) gives

ﬂ(t) = —e_tA}:?lBE.Ailno - .Afla kl aUk /mkl t— S 8Uk( ) ds y (51)
B B ﬁxl 8xl

auk )
8a:l

%ﬁ(t) = (eit'A;JlBE —I)B;lno — B;lb /aUk ds — /mkl t— S ds, (52)

where .
my(t) = —A'Be s Pr (A ay — B, 'by) € E,
my; (t) = eitAEIBE (A;la,kl — B;lbkl) e k.
The integration by parts and the formula

d - _
%ef(tfs)AElgE _ A;llgEef(tfs)AElBE

are applied when derivating (5.1) and (5.2). Now we are in position to compute the principal term

Ot - _ _
/ijkza_g d€ = {a;;, w) + (bij, i)
b
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appearing in the limiting (homogenized) equation (3.2). Utilizing (5.1) and (5.2) and computing
other terms of (3.2), we obtain the following limiting equation

T

Ouy, 0¢;
//( Peuz (QR]kl Oéz‘jkz)ai;aj-i-
J

0

t ou 0 i
/ (97_ 050k + (1 — 0)Giji — Biji + wijr(t — )) 8; ds &f) dxdt =
j

9¢i

O

) wdt+/p9u0-¢0dw, (5.3)

Q

T
// p9fz¢z - Vz] 9P 61] + (1 - )g%)
0 Q

where

e<w>:/xdé, po = Op, + (1 6) ..
>

vij = —(a, €_tA1518EA;1n0> + (byj, (e_tAb:lBE —I)B.'ny),
ijr = (@ij, A_"a),

Bijin = (bij, B by),

wigkt(t) = —(@ij, mu) — (bij, M)

Let us denote by, G andS° the tensors with components
Fz‘jkl = 0P, — ciju, aijkl = 97_15ij5kl + (1 = 0)Gijrr — Bijkis

SZOJ =V — Hpoéij + (1 — Q)QZOJ
Let us divide the domaif into three parts:

QA ={xecQlas >0}, P ={xcQlas< -6}, A ={xcQ|d<r3< -5}

Let I’} be the boundary betwegd and", I'; the boundary betweef?* andQ". That isQ =
QIUTFUQMUT; UQS. Note that)(x) = 1if z € O/, 0(z) = 0if x € Q°, andd is a constant from
the interval(0, 1) for x € Q". As for a;jx1, Bijui, vi; @ndw;;x, they are constants far € Q" and
equal to zero, ifc € O/ U Q°. So that, the integral identity (5.3) delivers the following equations
which should be understand in the distributional sense:

ppty — div Pu, — v~ 'Vdiv Jiu = —Vp® + p,. f, xecQl, (5.4)
psu; — div J,Gu, = divG® + p, f, x e’ (5.5

t
pouy — div Puy, — div7,Gu, — div/ Wt —8)uy(s)ds +divS® = pgf, Q" (5.6)
0

The natural interfacial boundary conditionslgt andI'; can be derived from the integral identity

(5.3). Equations (5.4) and (5.5) coincide with (2.1) and (2.11) respectively. That is, the governing
equations for the pure fractions do not change after the homogenization, which have been expected.
What we have new is an integral-differential equation (5.6) which can not be reduced to a pure
differential equation by differentiating or by a substitution like= J,u. The operators involved

in the equation have to be investigated to confirm the parabolic type of its principal part.
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5.2 Investigation of P and G

The main objective of this subsection is to prove the strong positiveness of the fersut the
non-negativeness @f. The null-space of; will be also described.

Proposition 5.1 For every second-rank tensdéf, the following is valid:
PijnZiiZn > 0, GijmZii 2 = 0.

Proof. Let us prove the assertion f@. Denotez = a;jZ;;. Due to Proposition 4.3z €
R(A)N R(B) and, as it follows from Theorem 4.8, there exists a unigue E such thatd, y = z.

This means that S 5
Yi OV Vk
P d ,U) = P Zii—
X jklaéj 8& 5 <Z U> /X ikl Zij 8&

P P
forall v € H. On the other hand, the definition yields

dé (5.7)

ik Zij 2 = <am l]uA aklel> (2, A Z> (A YY)

From the last relation and (5.7) with= vy, we obtain

_ Oy, O .
Pijklzz’jzkl = GPijklZijZkl - <AEy7 y) = / (Xpijklz 2 — XPzgkl 8? 8?2“k> d§ =
J

= Z/Xpijkl (Zij ggj)(zkz g?;) €. (5.8)

%

The right-hand side of the last relation is clearly positive, and the required assertion is proved for
the tensor”. Positiveness of the tensGfcan be verified in the same way.
The next theorem states the strong positiveness of the téhsor

Theorem 5.2 There exists a positive constatitsuch that
PiynZijZn > C|Z2)?
for every second-rank tens@. Here|Z|* = Z,;Z,;.

Proof. Due to the symmetry oP, it is sufficient to consider symmetric tensafsonly. Assume

that the assertion of the theorem is false. Then there exists a segughfesuch that Z"| = 1
and?ijklz .Z" — 0 asn — oo. The sequencéZ"} is compact inR?* x R? and, therefore, it
has a subsequence denoted agaif By} which converges to a matri€® such that Z°| = 1.

This means that the corresponding sequerceandy” defined as" = a;; Z]; andy" A;lz"
converge inH to z° andy?, respectively. We use here the notations mtroduced in the proof of the
previous proposition. Thus, the relation

dy; OYR\ ¢
szklZ Zkl = epwklz Zkl (AEZIO>ZIO> = /XPijkl (Zj ¢ ) (Zlgl - 3_&) d§ =0

by

holds due to (5.8). That is,

X Pijri (ZZ-OJ- — gg) <Z,Sl — g—?f) =0 in ¥,
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and, consequentlp(y°) = Z%in 3,.. This implies thaD(y° — Z°¢) = 0in X,.. Thereforey®(¢)
is a linear function of for £ € ¥,. The only linear function satisfying the periodicity boundary
conditions oYY is a constant, which implies tha&® = 0. This is impossible becau$&’| = 1.
This contradiction proves the theorem.

Remark that the arguments like those in the proof of Theorem 5.2 do not lead to a contradiction
in the case of the tens6f. The next theorem shows that the tenSois degenerated and describes
its null-space.

Theorem 5.3 The tensolG is degenerate an@;;1; Z;; 25, = 0 if and only if Z1; + 2 = 0 and
233 = 0.

Proof. Similarly to the previous theorem, it is sufficient to consider symmetric terisamly. Let
us denotez = b;; Z;;. Due to Proposition 4.3 and Theorem 428¢ R(A) N R(B), and there exist
unique elementg? € £ andy® € R(B) such that

By* = z, Byt = z. (5.9)
It follows thaty™ = y» — y” € N(B). Besides thatl3_'By® = y*. Therefore,
(z,B'z) = (By”,y") = (By",y" +y~) = (By",y").
The second equation in (5.9) implies that
R (%k c%k
K K; Z; d 5.10
/ ]kl( ag] aél S / ]kl ]85 S ( )

by

forallv € H, where
K (X) = X7 05500 + (1 = X) G-
As a consequence of this equation, we find

GijmZii 20 = Kin(0) 221 — (=2, B_1Z> = Kiju(0)Z:; 2 — (By®, y=) =
dyf Wi\ 2 _
/Kz]kl z] afj > <Zkl - a_é-l> d£ -

= /yl(trZ — div yR)2 dé + /Gijkl(ZM — Dz‘j (yR)) (Zkl — Dkl (yR)) dé
EF ZS

Remark that (5.10) is the Euler—Lagrange equation for the functional
ayz ayk o
/Kz]k:l Zj a§]> <Zkl - a_é-l> d£

Due to Proposition 4.2 (assertion 4), this functional is strictly conveR8), andy* is its unique
minimizer there. That is,

_i' le :Fz R) = 1 Fz .

G;kl 2kl (y ) yg}%(ﬂB) (y)
Thus,@jklzijzkl = 0 if and only if there existyy® € R(B) such thatF,(y®) = 0. Itis not
difficult to see thatF,(y) = F.(y + w) for everyw € N(B). SinceR(B) ® N(B) = H, the
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existence oly” € R(B) with F,(y#®) = 0 is equivalent to the existence of a functigre H which
satisjes the conditio,(y) = 0. Due to the positiveness of the functiorfal, we can conclude
thatG, ;1 2 2 = 0 if and only if there existy) € H such that

divy = tr Z, if £ex (5.11)
D(y) = Z, if £ex,. (5.12)

Suppose that the both last conditions are satisfied. Since functiongfrdanot depend o0&,
(5.12) implies thatZs; = 0. Moreover, due to (5.12)livy = tr Z in ¥,. Thatisdivy = tr Z
in X. Integrating this equality ovet. we find thattr Z = 0 becausey is periodic. Thus, we have
proved the assertion of the theorem in one direction (the necessity).

Let us suppose thaf;; + Z92 = 0 and Z33 = 0. In order to complete the proof of the theorem,
we have to prove that there exists a functipe H satisfying (5.11) and (5.12). Equation (5.12) is
easy to solve. Namely, its solution looks as follows

y(€) =26+ Q€ +yp, £€X,

whereQ is a skew-symmetric matrix, ang is a constant which can be dropped because functions
from the spacd{ are defined up to a constant. Let us deribte- Z + Q. Since functions from
H do not depend o#s, we find thatZ;s = 0 (i = 1,2,3) andys = 731&1 + 7328 foré € X,. We
extendys to the whole domaitX in such a way that it would be a periodic function (assuming equal
values on the opposite edgesdf

In order to determing; andy, in ¥, we have to solve the problem

ayl 3y2 N
Yo T2 s,
o6 " o6, ¢

~

y(&) =T¢, £ oy,

yp and yo are periodic in .

This problem is clearly solvable, and the theorem is completely proved.

As one can see from equation (5.6), the terGatescribes elastic stresses in the homogenized
continuum. Theorem 5.3 says that the homogenized material has rather strange properties. Namely,
it does not resist to the deformation, if the first invariant and the component (3,3) of the correspond-
ing strain tensor are equal to zero. In other words, such deformations do not produce any stresses.
The described class of deformations is sufficiently large. It contains all deformations which do not
change volume.

6 Dispersion Relations

Dispersion relations express the dependence of the wave velocity on the excitation frequency. Such a
dependence is typical when stydying the propagation of acoustic waves in multi-layered anisotropic
structures like the biosensor described in the introduction. The computation of dispersion relations
is based on the construction of traveling wave solutions that exponentially decrease tewards
and+z3 in the substrate and the fluid, respectively. Proper mechanical interface conditions between
the layers as well as the interaction with the fluid have to be accounted.
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Figure 3: A sample structure. An anisotropic layer lies on an anisotropic half-space substrate. Here,
p, p, andC;;i, Cyj are the densities and the elastic stiffness tensors, respectively.

For simplicity, consider a simplified structure shown in Figure 3 whose upper layer is free of
liquid.
The elasticity equations for the substrate and the upper layer read:

ConZ 0 i=1.2.3 (6.1)
/Ul - 1] a_ 4o ) 1= ) 7 Y -
PUitt jklaxjaxk

- 02,
0yt — Ciji=——=— =0, 1=1,2,3, 6.2
PU;i tt Gkl &’L’j@a:k ? ( )

wherev; andd;, i = 1,2, 3, are components of the displacement vectors. A plain wave propagating
in the structure inz,-direction is of the form:

vi (1, 23) = a;(x3) cos(kxy — wt)+
bi(x3) sin(kx; — wt), (6.3)

@i(azl,ac;;) = d2(1’3> COS(kl’l - wt)+

bi(x3) sin(kx; — wt). (6.4)

Here,k is the wave number, the circuit frequency. The substitution of (6.3) and (6.4) into (6.1)
and (6.2), respectively, yields

2
. : W
—Cigzr dp — (Cinsy + Cisu) by + Canag — Pz i = 0,

2
. . w
—Cisz1 b+ (Cinzi + Cisu) @ + Cian by — P b, =0,

and
. R R R R w?
— Cissiay — (Ciagr + Cisu) by + Ci @y — ﬁﬁ a; =0,
SRS R R ) A w2
— Cissi by + (Ciagr + Cisu) ay + Cin by — ﬁﬁ b; =0,

i=1,2,3.

Here, the dot denotes the differentiation with respect to the varigbie kx3. With the state vectors

A N Y o 12
D= <a17a27a37b17b27b37a17a27a’37b17b27b3) SR )
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AAAAAAA;;LLLLT 12
p:(a17a27a3ab17b27b3aa17a27a37blab2ab3) eER )

the above systems can be rewritten in the normal form as follows:
p=Ap, p=Ap, (6.5)

whereA and A are the corresponding matrices. Lgt \o, ..., A\;o andhy, ho, ..., hi> (respectively
Ay A2, ...; Ao @andhy, ko, ..., ko) be eigenvalues and eigenvectors/frespectively4). One can
verify that exactly/ linear independent eigenvectors can be found for éachiltiple eigenvalue.
Therefore, solutions of (6.5) are of the forpiizs) = 312, Dihie s, p(xg) = S22, Dihyeths,
whereD; and D; are arbitrary constants. Selecting decreasing solutions in the substrate yields:

N
p(l’g) = Z Djhije)\ijkx3, Re)\ij > 0.
7j=1

Note thatNV < 6 due to the up-down symmetry of the substrate. Solutions in the upper layer have
to be of the oscillatory type:

L
ﬁ([[‘g) = Z Djibije)\ijkx3, Re); = 0.
=1

Thus,

N N
_ ) Xi kxs _ (+3) Ai ka3
@l—szhije it bl—ZDjhij et
j=1

Jj=1

L L
i =3 Dtk = 37 D ke,
j=1 Jj=1
wherel runs froml to 3. Therefore, the displacementsandd;, see (6.3) and (6.4), depend linearly
onD;,j=1,N,andD,, | =1, L, respectively.
For all z; andt, the following interface conditions must hold:

v; = 0, atzs = 0, continuity;
Cuan 2% = €1, 2% atary = 0, equilibrium
Oy O of pressures;
A 0V
Cijkl% =0, atzs; = h, free of forces
k boundary.

The last system yields$8 linear equations fotV + L < 18 coefficientsD; and D,. Note that

N + L < 18 as arule. Let/ = w/k be the unknown wave velocity ar@(V') the 18 x (N +
L)-matrix of the above system. Feasible wave velocities are determined from the condition of
nontrivial solvability for the systen®(V)D = 0, whereD = (D, ...Dy, Dy,...D)". Thus, the
conditionrank G(V') < N+ L holds for the feasible velocities, which is equivalent to the following
condition: det|G”(V)G(V)| = 0, G being the adjoint matrix. The last equation can be easily
solved because the computation of the left-hand-side runs very quickly even on a simple computer.
Usually, three roots are being found, which corresponds to three wave types that propagate with
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Figure 4: Velocity profile typical for structures with anisotropic substrates possessing rotation sym-
metries.
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Figure 5: Comparison of numerically computed and experimentally measured sensitivities. Depen-
dence on the thickness of the guiding (upper) layer is shown.

different velocities. The selection of the desired wave type is quite obvious because the relation
between their velocities is known.

Figure 4 shows the velocity profile for Love shear waves in the structure shown in Figure 3. The
substrate is an ST-cut ef-quartz. The upper layer consists of amorphous quartz. The blank parts
of the curve correspond to the absence of Love shear waves for these directions.

Figure 5 represents a verification of the dispersion relations method. The sensitivity of a Love
wave sensor based on the structure shown in Figure 3 is being compuégd-as. )/ Am, wherew,
andw, are resonance frequencies for the loaded and unloaded sensor, respectively. The resonance
frequency is defined by the equatiafw,) = 40um. Here A\(w) = 27V (w)/w is the wave length,
and 40um is the period of the input electrodes. The loading is modeled through the adding of
a 0.5nm gold layer. The computation results show good agreement with physical experiments
described in [13].

Note that with this method an arbitrary number of anisotropic layers can be accounted. The
limiting material describing by formula (5.6) can also be treated because the integral term in (5.6)
is negligible due to very strong time decay of the function
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7 Numerical simulation

Using the derived model, we simulate a surface acoustic wave sensor (compare with the intro-
duction) based on the multi-layered structure shown in Figure 6. The molecular layer adhering
to the surface of the auxiliary gold layer is being modeled through the homogenization technique
developed in this paper. The molecular layer is expected being well described as a new material
associated with equation (5.6). Equations (5.4) and (5.5) describe then the overlying fluid and the
underlying gold layer. Such a model allows us to compute the dispersal relation and the sensitivity
(see the previous section).

Figure 7 presents computed graphs of the sensitivity versus the guiding layer thickness. The
loading is modeled through doubling the thickness of the homogenized layer. The thickness of the
gold layer is being varied from.5 nm to 300 nm. The best sensitivity is achieved2al) nm. Above
this value, decreasing the sensitivity is observed. The light curve in Figure 7 corresponds to the
gold layer thickness 0300 nm. The computation results are consistent with physical experiments
described in [13]. The sensitivity is greater in our case because the additional mass loading is being
modeled through a bristle layer whose resistance is greater than the one of the gold layer used in
[13] as the mass loading.

SO, guiding layer
Quartz crystal substrate

Figure 6: Multi-layered structure.
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Figure 7: Comparison of numerically computed and experimentally measured sensitivities.

22



The next simulation (Figure 8) shows the sensitivity of the sensor regarding an additional ho-
mogenized protein layer adhering to the aptamer layer (compare with Figure 6). The dependence on
the aptamer packing density is presented. Thereby, the protein packing density is changing so that
their ratio remains constant. The packing density is defind®@as (|>s| + |Xr|), see Figure 2.

The thicknesses of the aptamer and protein layer@Bkeand43A, respectively.

Figure 9 represents the time performance of the etching process. In this ¢ase, eopper
layer was used instead of the molecular one. The water flux is being alternated with the flux of an
acid solution that etches the copper layer. The phase shift is being measured. A step at the acid-to-
water transition is caused by the change of the fluid viscosity. The results are in a good agreement
with the measurements [14] done in cae sar laboratories.
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Figure 8. Sensitivity for various packing densities.
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Figure 9: Modeling of the time behavior of the phase shift when etching a copper layer with an acid.
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