
RHEINISCHE FRIDRICH-WILHELM-UNIVERSITÄT
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1 Introduction

We study a mechanical system consisting of a fluid and a rapidly oscillating elastic fine structure
interacting with the fluid. The goal is to obtain averaged equations which effectively describe the
behavior of the system.

This investigation is motivated by modeling a surface acoustic wave sensor based on the genera-
tion and detection of horizontally polarized shear waves (see [1]). Acoustic shear waves are excited
through an alternate voltage applied to electrodes deposited on a quartz crystal substrate. The waves
are transmitted into a thin isotropic guiding layer covered by a thin gold film that contacts a liquid
containing a protein to be detected. The protein adheres to a specific receptor, aptamer, immobilized
on the surface of the gold film. The arising mass loading causes a phase shift in the electric signal
to be measured by an electronic circuit.

One can impress the aptamer-protein layer as a periodic bristle or pin structure on the top of
the gold film contacting with the liquid (see Figure 1). The thickness of the aptamer-protein layer
is about4 nm, and the number of bristles per surface unit is enormous large. Therefore, the direct
numerical modeling of such a structure using fluid-solid interface conditions is impossible. Proper
models can be derived using the homogenization technique from [2], [3], [4], and [5] along with the
strict treatment of the solid-fluid interface (see e.g. [6]).

2 Mathematical model

The coupled mechanical system under consideration is shown in Figure 1. The solid part consist of a
substrate and pins located on its top. The pin structure is assumed to be periodic in the plane(x1, x2)
and independent ofx3. The domain of the coupled system is denoted byΩ ⊂ R3. For simplicity,
we suppose thatΩ is the cube{x ∈ R3 |xk ∈ (−1; +1), k = 1, 2, 3}. The domains occupied by
the fluid and elastic continua are denoted byΩ

F
andΩ

S
, respectively; the boundary separating the

continua byΓ . Thus,Ω = Ω
F
∪ Γ ∪ Ω

S
. Let (∂Ω)

F
= ∂Ω ∩ Ω

F
and(∂Ω)

S
= ∂Ω ∩ Ω

S
. Then the

setsΓ ∪ (∂Ω)
F

andΓ ∪ (∂Ω)
S

are the boundaries of the domainsΩ
F

andΩ
S
, respectively.

2.1 Governing equations

Assume that the fluid is weakly compressible, which is physically correct because the operation
frequency of the coupled structure lies in the acoustic range and the displacements of the fluid
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Figure 1:Coupled system:Ω = Ω
F
∪ Γ ∪ Ω

S
.

particles are small. This is a typical acoustic approximation which additionally utilizes linearized
Navier-Stokes equations (see [8]). The solid part of the system will be described using the linear
elasticity approach. This linear setting is supplemented by the assumption that the domainsΩ

F
and

Ω
S

remain unchangeable. Therefore, the coupled mechanical system is described by the following
equations

ρ
F
ut = −∇p + divPux + ρ

F
f in Ω

F
, (2.1)

γpt = −divu in Ω
F
, (2.2)

ρ
S
vtt = div Gvx + ρ

S
f in Ω

S
. (2.3)

Letn be the normal vector to the fluid-solid interfaceΓ. No-slip and stress equilibrium conditions
onΓ read

vt = u on Γ, (2.4)

Gvx · n =
(
− pI + Pux

)
· n on Γ (2.5)

Boundary and initial conditions are prescribed

u = 0 on (∂Ω)
F
, (2.6)

v = 0 on (∂Ω)
S
, (2.7)

u|t=0 = u0, p|t=0 = p0 in Ω
F
, (2.8)

v|t=0 = v0, vt|t=0 = v ′ 0 in Ω
S
. (2.9)

Here,ρ
F

andρ
S

are the constant densities of the fluid and the solid parts, respectively;u is the
velocity field of the fluid,p is the pressure in the fluid,v is the displacement field of the solid part,f
is an external force like the gravity. The coefficientγ characterizes the compressibility of the fluid.
The fourth-rank tensorsP = {Pijkl} is defined through the relation

Pux = λ divu I + µD(u). (2.10)

The unit tensorI has the componentsIij = δij, whereδij is the Kronecker symbol. The strain
velocity tensorD(u) has, as usually, the componentsDij(u) = 1/2(∂ui/∂xj + ∂uj/∂xi) . The
symbolsλ andµ denote positive balk and dynamic viscosity coefficients of the fluid, respectively.
As usually, the summation over repeating indices is assumed. The componentsGijkl of the elastic
stiffness tensorG can be arbitrary up to base restrictions so that arbitraryanisotropic solidscan be

2



considered.

The no-slip condition (2.4) is the main obstacle for the mathematical treatment of the model
(2.1)-(2.9). The method from [9] is used to overcome this difficulty by utilizing the velocity instead
of the displacement in equation (2.3). This is being done by introducing the following integral
operator

Jtw =

∫ t

0

w(s)ds

that enables to rewrite equation (2.3) in the form

ρ
S
ut = div GJtux + divG0 + ρ

S
f , (2.11)

whereu = vt, G0 = Gv0
x in Ω

S
. Similary, the pressurep can be expressed from equation (2.3) as

follows
p = −γ−1divJtu+ p0 in Ω

F
. (2.12)

Let χ be the characteristic function of the domainΩ
F
. Then equations (2.1), (2.2), and (2.3) can

be written in the whole domainΩ as one equation with discontinues coefficients

ρut = divM tux + divN 0 + ρf , (2.13)

where
M t = χP +

(
χγ−1I ⊗ I + (1− χ)G

)
Jt,

ρ = ρ
F
χ + ρ

S
(1− χ), N 0 = −χp0I + (1− χ)G0.

The interface condition (2.4) is equivalent to the “continuity” ofu on Γ but the condition (2.5)
assumes now the form(

GJtux + G0
)
· n =

(
γ−1divJt uI − p0I + Pux

)
· n on Γ, (2.14)

accounting (2.12). The boundary and initial data are

u = 0 on (∂Ω)
F
, (2.15)

u|t=0 = u0 in Ω, (2.16)

where the fluid initial conditionu0 is extended toΩ
S

by lettingu0(x) = v ′ 0(x), x ∈ Ω
S
.

A weak formulation of equation (2.13)-(2.16) will be stated.

Remark 2.1 One can forget the initial distributionv0 of the displacement when considering equa-
tion (2.13). It is sufficient to prescribe the initial velocity fieldu0 in Ω, the initial stressG0 in Ω

S

(this replaces the information aboutv0), and initial pressurep0 in Ω
F
. The functionsG0 andp0 yield

the functionN0 involved in equation (2.13).

Remark 2.2 For mechanical reasons, the tensorsPijkl andGijkl have the following properties

Zijkl = Zijlk = Zklij = Zjikl, ZijklVijVkl > 0,

ZijklVijVkl = 0 if and only if Vkl + Vlk = 0 for all k, l = 1, 2, 3.

Here,Zijkl stands forPijkl or Gijkl.
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2.2 Refinement of the original structure

Let us redefine the indicator functionχ so that it becomes dependent on a refinement parameterε
Assume that the(x1, x2)-projection of the base cell of the pin structure is a square and scale this
square to the unit squareΣ = [0, 1]× [0, 1]. Denote the scale factor byL. The(x1, x2)-projection of
the solid part of the base cell will be transformed into a subsetΣ

S
⊂ Σ. Assume that the boundary

of Σ
S

is smooth, simply connected and does not meet the boundary ofΣ. Denote the domainΣ \Σ
S

by Σ
F
. The domainΣ along with the subdomainsΣ

S
andΣ

F
is called structural cell.

Σ
S

Σ
F

Figure 2:Structural cellΣ = [0, 1]× [0, 1].

Let x̂ = (x1, x2) andχ̂(x̂) be theΣ-periodic extention of the indicator function of the domain
Σ

F
to all R2. We define the modified functionχ as follows

χ(x) = χ(x̂, x3) =


1, x3 > δ,

χ̂( x̂
ε
), −δ 6 x3 6 δ,

0, x3 < −δ.

(2.17)

Remember thatδ is the thickness of the pin layer.

Definition 2.3 (Problem Sε) Equation (2.13), interface condition (2.14), and initial conditions
(2.15) and (2.16) form Problem Sε. Thereby, the functionχ defined by (2.17) is assumed to be
involved into the relations (2.13)-(2.16). Thus, the problem is actually dependent onε.

Note that the Problem Sε0 with ε0 = 1/L describes the original coupled structure. Ifε → 0, the
pin structure becomes finer and finer laterally, whereas its hight remains constant. The other part of
the original structure remains unchangeable.

Definition 2.4 A functionu is called a weak solution to Problem Sε if

u ∈ L∞(0, T ; L2(Ω)) ∩ L2(0, T ; H1(Ω
F
)), Jtu ∈ L∞(0, T ; H1

0 (Ω)) (2.18)

and the integral identity
T∫

0

∫
Ω

(
− ρu ·ϕt +M tux : ϕx +N 0 : ϕx − ρf ·ϕ

)
dxdt =

∫
Ω

ρu0 ·ϕ0dx (2.19)

holds for every smooth functionϕ such thatϕ|t=T = ϕ|∂Ω = 0.

In this definition and further,T is an arbitrary positive number; the colon denotes the convolution of
tensors so thatU : V = UijVij for all second-rank tensorsU andV; and the notationf 0 meansf |t=0.
Remark that the second inclusion of (2.18) prevents jumps ofu onΓ providing its above mentioned
“continuity”.
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2.3 Solvability of Problem Sε

It is not difficult to prove existence of a weak solution to Problem Sε. This question was investigated
in [9, sec 9.1], and the following result was established.

Theorem 2.5 Letu0 ∈ L2(Ω), N 0 ∈ L2(Ω) andf ∈ L2([0, T ] × Ω). Then there exists a unique
weak solution to Problem Sε, and the energy estimate holds

ess supt∈(0,T )

(
‖u(t)‖2

L2(Ω) + ‖JtD(u)‖2
L2(Ω

S
)

)
+

∫ T

0

‖D(u(t))‖2
L2(Ω

F
) dt 6 C, (2.20)

whereC is a constant which depends on‖u0‖L2(Ω), ‖N 0‖L2(Ω), and ‖f‖L2([0,T ]×Ω) but does not
depend onε.

Due to the Korn inequality we have the following result.

Corollary 2.6 Under the conditions of Theorem 2.5 there exists an independent ofε constantC
such that

ess supt∈(0,T )‖Jtu(t)‖H1(Ω) 6 C. (2.21)

Generally speaking, the estimates (2.20) and (2.21) are sufficient to fulfill the homogenization of
Problem Sε due to Proposition 3.3 which will be given below. However, some technical difficulties
should be overcome in this case. To avoid that, a stronger estimate foru will be obtained under
some compatibility conditions. The next theorem states such a result.

Theorem 2.7 Letu0 ∈ H1(Ω),N 0 ∈ L2(Ω), f ,ft ∈ L2([0, T ]× Ω), and

div
(
χPu0

x +N 0
)
∈ L2(Ω). (2.22)

Then the weak solution to Problem Sε satisfies the estimate

ess supt∈(0,T )

(
‖ut(t)‖L2(Ω) + ‖ux(t)‖L2(Ω)

)
6 C, (2.23)

whereC is an independent ofε constant.

Proof. Let us introduce a functionw as a solution of the problem

ρwt = divM twx + div
(
χγ−1I divu0 + (1− χ)Gu0

x

)
+ ρft,

ρw|t=0 = ρw0 = div
(
Pu0

x +N 0
)

+ ρf 0,

w|
∂Ω

= 0.

The energy estimate for this problem looks as follows

ess supt∈(0,T )

(
‖w(t)‖2

L2(Ω) + ‖JtD(w)‖2
L2(Ω

S
)

)
+

∫ T

0

‖D(w(t))‖2
L2(Ω

F
) dt 6 C,

which gives also
ess supt∈[0,T ]‖Jtw‖H1(Ω) < C.

The assertion of the theorem is an immediate consequence of these estimates because the function
defined as

u(x, t) =

t∫
0

w(x, s)ds + u0(x) = Jtw(x, t) + u0(x)
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is the solution of Problem Sε, andut = w.
According to the definition ofu0, the requirementu0 ∈ H1(Ω) expresses the no-slip condition

on Γ at the initial time instantt = 0. The requirement (2.22) expresses the stress equilibrium
condition onΓ at t = 0. From the mechanical point of view, such conditions hold for any time
instant including the initial one. Therefore, the requirements of the theorem are feasible.

3 Homogenization of the structure

3.1 Two-scale convergence

Let us denote byuε the solution of Problem Sε. In order to emphasize the dependence ofχ on ε,
we denote it byχε. Our goal is to perform the passage to the limit in Problem Sε asε → 0. To do
this, we use the two-scale convergence method introduced by G. Nguetseng and developed by other
mathematicians (see [11, 2, 3, 10]). Let us formulate main results of this approach adopted to our
situation.

Theorem 3.1 Letwε be a bounded sequence inL2
(
[0, T ] × Ω

)
. There exists a subsequence, still

denoted bywε, and a functionw(t,x, ξ̂) ∈ L2
(
[0, T ]× Ω× Σ

)
such that

lim
ε→0

∫ T

0

∫
Ω

wε(t,x)φ
(
t,x,

x̂

ε

)
dx =

∫ T

0

∫
Ω

∫
Σ

w(t,x, ξ̂)φ(t,x, ξ̂) dξ̂dxdt

for every smooth functionφ(t,x, ξ̂) which isΣ–periodic in ξ̂. Such a sequencewε is said to be
two-scale converge tow(t,x, ξ̂).

Recall the notation̂x = (x1, x2) andξ̂ = (ξ1, ξ2).

Theorem 3.2 Let a sequencewε converges weakly to a limitw in L2
(
0, T ; H1(Ω)

)
. Thenwε two–

scale converges tow and there exists a functionw(t,x, ξ̂) in L2
(
[0, T ] × Ω; H1

#(Σ)/R
)

such that

∇wε two-scale converges to∇xw(t,x) +∇ξw(t,x, ξ̂) up to a subsequence.

Here H1
#(Σ) is the space ofΣ–periodic functions which belong to the spaceH1(Σ). Since all

functions under consideration do not depend onξ3, the notation∇ξ = (∂ξ1 , ∂ξ2 , 0)> is used below.
As a simple application of the theorems stated above, we formulate (without proof) the following

result concerning the convergence of solutions of Problem Sε.

Proposition 3.3 Letuε be the sequence of solutions to Problem Sε. Then there exist a subsequence
(still denoted byuε) and a functionu(t,x) such that
1. uε two–scale converges tou, anduε → u weakly inL2

(
[0, T ]× Ω

)
;

2. Jtuε two–scale converges toJtu, andJtuε → Jtu in L2
(
[0, T ]× Ω

)
;

3. ∇Jtuε two–scale converges to∇xJtu + ∇ξζ, whereζ(t,x, ξ̂) is a function fromL2
(
[0, T ] ×

Ω; H1
#(Σ)/R

)
.
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3.2 Passage to the limit in Problem Sε
Let the initial data of Problem Sε satisfy the conditions of Theorem 2.7. A solutionuε of Problem
Sε satisfies the following integral identity

T∫
0

∫
Ω

(
− ρεuε · ϕt + M εtuεx : ϕx + N ε0 : ϕx − ρεf · ϕ

)
dxdt =

∫
Ω

ρεu0 · ϕ0dx, (3.1)

whereρε,M εt, andN ε0 are defined as in (2.13) but withχ replaced byχε. Let us take

ϕ(t,x) = φ(t,x) + εφ
(
t,x,

x̂

ε

)
,

whereφ andφ are arbitrary functions that vanish forx ∈ ∂Ω and att = T . Theorem 3.2 enables
the passage to the limit in (3.1) asε → 0. The limiting equations look as follows:

T∫
0

∫
Ω

∫
Σ

(
− ρu · φt +M t(ux + uξ) : φx +N 0 : φx − ρf · φ

)
dξ̂ dxdt =

=

∫
Ω

∫
Σ

ρu0 · φ0 dξ̂ dx, (3.2)

∫
Σ

(
M t(ux + uξ) : φξ +N 0 : φξ

)
dξ̂ = 0 in L2

(
[0, T ]× Ω

)
. (3.3)

These equations hold for all functionsφ ∈ H1([0, T ] × Ω) andφ ∈ H1
#(Σ) such thatφ vanish on

∂Ω and att = T . The coefficientsρ, M t, andN 0 are defined as in (2.13) withχ(x) replaced by
χ(x, ξ̂). The functionχ(x, ξ̂) is defined as in Subsection 2.2:

χ(x, ξ̂) =


1, x3 > δ,

χ̂(ξ̂), −δ 6 x3 6 δ,

0, x3 < −δ.

Equation (3.3) is calledcell equation.

Equations (3.2) and (3.3) are coupled through the auxiliary functionu. The next step consists in
findingu from the cell equation (3.3) and substituting the obtained expression into equation (3.2).

4 Explicit solving the cell equation

4.1 Operator form of the cell equation in a Hilbert space

It is appropriate to rewrite (3.3) as an equation in the Hilbert spaceH = H1
#(Σ)/R with the inner

product

〈u,v〉 =

∫
Σ

∂ui

∂ξj

∂vi

∂ξj

dξ̂.
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The norm inH is denoted by‖ · ‖. Let the operatorsA andB be defined as follows

〈Au,v〉 =

∫
Σ

χPijkl
∂uk

∂ξl

∂vi

∂ξj

dξ̂, 〈Bu,v〉 =

∫
Σ

(
χγ−1δijδkl + (1− χ) Gijkl

) ∂uk

∂ξl

∂vi

∂ξj

dξ̂

for all functionsu,v ∈ H. Due to the Riesz representation theorem, there existn0, akl andbkl,
k, l = 1, 2, 3, such that

〈n0,v〉 =

∫
Σ

N 0 : vξ dξ̂, 〈akl,v〉 =

∫
Σ

χPijkl
∂vi

∂ξj

dξ̂,

〈bkl,v〉 =

∫
Σ

(
χγ−1δijδkl + (1− χ) Gijkl

) ∂vi

∂ξj

dξ̂

for all v ∈ H. Let

g = −
(
akl + bklJt

) ∂uk

∂xl

− n0.

Remark thatA, B, a, b, andn0 depend on the variablex parametrically just in the same way as
the functionχ does that, but the dependence ont is absent. The functionu can depend ont andx
fully arbitrary. Now, the problem (3.3) transforms to the following equation in the spaceH

Au+ BJtu = g. (4.1)

Since the operatorsA andB are trivial wheneverx3 6∈ [−δ, δ], we consider (4.1) forx3 ∈ [−δ, δ],
which corresponds to the treatment of the pin layer. In this case, the operatorsA andB are degen-
erated, therefore, some difficulties appear when solving equation (4.1).

The next section is devoted to the study of the data of (4.1) to prepare tools for its explicit
solving.

4.2 Properties ofA, B and g

Proposition 4.1 The operatorA has the following properties:
1.A is a bounded self-adjoint operator onH;
2. 〈Au,u〉 > 0 for all u ∈ H;
3. The null-spaceN(A) = {u ∈ H : u is constant inΣ

F
}, andN(A)⊥ ⊂ {u ∈ H : ∆u =

0 in Σ
S
};

4. There exist positive constantsc andC such that

c ‖u‖2 6 〈Au,u〉 6 C ‖u‖2 (4.2)

for all u ∈ N(A)⊥;
5. The rangeR(A) is closed inH, R(A) = N(A)⊥, andA−1 is defined and bounded as an operator
onR(A).

Proof. Assertions 1 and 2 are obvious (see Remark 2.2). The third assertion consists of two
parts. In order to prove the first one we have only to establish that

N(A) ⊂ {u ∈ H : u is constant onΣ
F
}
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because the opposite inclusion is clearly true. Due to the positiveness of the operatorA, its null–
space consists of functionu which satisfy the condition〈Au,u〉 = 0. Thus,u ∈ N(A) implies

〈Au,u〉 =

∫
Σ

χPijkl
∂uk

∂ξl

∂ui

∂ξj

dξ̂ = 0.

Consequently,D(u) = 0 in Σ
F
, and, hence,u is constant inΣ

F
because of its periodicity.

Letu ∈ N(A)⊥. By definition, this means that∫
Σ

∂uk

∂ξl

∂vk

∂ξl

dξ̂ =

∫
Σ

S

∂uk

∂ξl

∂vk

∂ξl

dξ̂ = 0

for any functionv ∈ C∞(Σ) such thatv is constant onΣ
F
. Consequently,u is harmonic inΣ

S
,

which proves the third assertion.

To validate assertion 3, we need only to prove the left inequality since the right one is obvious.
Due to the Korn inequality (see e.g. [12]), there exists a positive constantc1 such that∫

Σ
F

|uξ|2 dξ̂ 6 c1〈Au,u〉

for everyu ∈ H. If u ∈ N(A)⊥, thenu is harmonic inΣ
S
, and there exist positive constantsc2

andc3 such that

c2

∫
Σ

S

|uξ|2 dξ̂ 6 ‖u‖H1/2(∂Σ
S

) 6 c3

∫
Σ

F

|uξ|2 dξ̂.

That is,〈Au,u〉 > c ‖u‖2 for some constantc.

When proving assertion 5, denote byA
R

the restriction ofA to N(A)⊥. Due to the estimate
(4.2), R(A

R
) is closed inH. SinceR(A) = R(A

R
), we conclude thatR(A) is also a closed

subspace ofH. This implies thatN(A)⊥ = R(A) = R(A), and (4.2) is true foru ∈ R(A). Thus,
A−1 exists and is bounded, ifA is considered being restricted toR(A). The proposition is proved.

Proposition 4.2 The operatorB has the following properties:
1. B is a bounded self-adjoint operator onH;
2. 〈Bu,u〉 > 0 for all u ∈ H;
3. The null-spaceN(B) = {u ∈ H : D(u) = 0 in Σ

S
and divu = 0 in Σ

F
}, andN(B)⊥ ⊂

{u ∈ H : ∆u = ∇q in Σ
F

for some q ∈ L2(Σ)};
4. There exist positive constantsc andC such that

c ‖u‖2 6 〈Bu,u〉 6 C ‖u‖2 (4.3)

for all u ∈ N(B)⊥;
5. the rangeR(B) is closed inH, R(B) = N(B)⊥ andB−1 is defined and bounded as an operator
onR(B).
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Proof. The first two assertions are obvious. To prove the third one, note that

〈Bu,u〉 =

∫
Σ

(
χγ−1δijδkl +(1−χ)Gijkl

) ∂ui

∂ξj

∂uk

∂ξl

dξ̂ = γ−1

∫
Σ

F

(divu)2 dξ̂+

∫
Σ

S

Gijkl
∂ui

∂ξj

∂uk

∂ξl

dξ̂

for everyu ∈ H. Therefore,〈Bu,u〉 = 0 if and only if divu = 0 in Σ
F

andD(u) = 0 in Σ
S
.

If u ∈ N(B)⊥, then the equalities

0 = 〈u,v〉 =

∫
Σ

uξvξ dξ̂ =

∫
Σ

D(u) : D(v) dξ̂ =

∫
Σ

F

D(u) : D(v) dξ̂. (4.4)

hold for everyv ∈ N(B). Letuk ∈ N(B)⊥ be a sequence of smooth functions that converges tou
in H. Such a sequence exists becauseC∞(Σ) is dense inN(B)⊥. Relation (4.4) is also valid for all
uk. If v is an arbitrary smooth function such thatdiv v = 0 andsuppv ⊂ Σ

F
, thenv ∈ N(B), and

0 =

∫
Σ

F

D(uk) : D(v) dξ̂ = −
∫

Σ
F

div
(
D(uk)

)
· v dξ̂.

Consequently, there exist functionsq̃k ∈ L2(Σ) such thatdiv
(
D(uk) = ∇q̃k for all k. Passing to

the limit yieldsdiv
(
D(u) = ∇q̃. That is∆u = ∇q, whereq = q̃ − divu. This proves the third

assertion.

The right inequality of the fourth assertion is obvious. Let us prove the left one. According to
the classical theory of the Stokes equations (see [7, Ch. 4]), the following estimate holds for all
u ∈ N(B)⊥: ∫

Σ
F

|uξ|2 dξ̂ 6 c1

(
‖divu‖2

L2(Σ
F

) + ‖u
Γ
‖2

H1/2(∂Σ
S

)/R
)
,

whereu
Γ

is the trace ofu on∂Σ
S
. On the other hand,

‖u
Γ
‖2

H1/2(∂Σ
S

)/R 6 c2

∫
Σ

S

|uξ|2 dξ̂.

Thus, there exists a positive constantc3 such that

‖u‖2 6 c3

( ∫
Σ

S

|uξ|2 dξ̂ + ‖divu‖2
L2(Σ

F
)

)
(4.5)

for everyu ∈ N(B)⊥. In order to obtain (4.3), it is sufficient to prove that there exists a positive
constantc4 such that ∫

Σ
S

|uξ|2 dξ̂ 6 c4〈Bu,u〉 (4.6)

for u ∈ N(B)⊥. This can be done using standard contradiction arguments. Assume the converse,
i.e., there exists a sequenceun ∈ N(B)⊥, n ∈ N, such that

∫
Σ

S
|un

ξ |2 dξ̂ = 1 and〈Bun,un〉 → 0 as

n → 0. The estimate (4.5) implies that the sequence{un} is bounded inH too. Thus, there exists
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its subsequence (still denoted by{un}) that converges weakly inH andH1(Σ
S
)/R but strongly in

L2(Σ) to a functionu. Note thatu ∈ N(B)⊥ sinceN(B)⊥ is weakly closed inH. Using the Korn
inequality yields∫

Σ
S

|un
ξ − uξ|2 dξ̂ 6 C

(
〈B(un − u),un − u〉+ ‖un − u‖2

L2(Σ)

)
.

The passage to the limit in this inequality implies that〈Bu,u〉 = 0 andun → u in H. This means
thatu ∈ N(B)⊥∩N(B) andu = 0 in H. On the other hand,

∫
Σ

S
|uξ|2 dξ̂ = lim

n→∞

∫
Σ

S
|un

ξ |2 dξ̂ = 1.

This contradiction proves (4.6) and, consequently, (4.3).

The proof of the fifth assertion is the same as for the operatorA in Proposition 4.1.

Proposition 4.3 The following is true:

akl, bkl,n0 ∈ R(A) ∩R(B), k, l = 1, 2, 3.

Consequently,g ∈ R(A) ∩ R(B) for almost allt andx, whereg is the right-hand-side of the cell
equation (4.1).

Proof. Due to Propositions 4.1 and 4.2,w ∈ R(A) ∩ R(B) iff 〈w,v〉 = 0 for all v ∈ N(A) ∪
N(B). Let us verify this condition forakl. The functionsbkl, andn0 can be treated in the same way.
Let v be an arbitrary function fromN(A). That isv is a constant inΣ

F
because of Proposition 4.1.

Thus,

〈akl,v〉 =

∫
Σ

F

Pijkl
∂vi

∂ξj

dξ̂ = 0.

If v ∈ N(B) thenD(v) = 0 in Σ
S

according to Proposition 4.2, and

〈akl,v〉 =

∫
Σ

F

Pijkl
∂vi

∂ξj

dξ̂ =

∫
Σ

Pijkl
∂vi

∂ξj

dξ̂ −
∫
Σ

S

Pijkl
∂vi

∂ξj

dξ̂ =

∫
Σ

S

PijklDij(v) dξ̂ = 0.

We used here the periodicity ofv in Σ and the symmetry of the tensorP (see Remark 2.1). This
proves the proposition.

Proposition 4.4
N(A) ∩N(B) = {0}.

Proof. If u ∈ N(A) ∩N(B), thenD(u) = 0 in Σ due to Propositions 4.1 and 4.2. That is,u is
constant inΣ because of its periodicity. This means thatu = 0 in H.

The result of Proposition 4.4 implies that the operatorλA + B is invertible for everyλ > 0.
Besides that, it is not difficult to see that the operator(λA+B)−1 is bounded inH. Let us introduce
the following closed subspaces ofH.

E
A

= (λA+ B)−1R(A),

E
B

= (λA+ B)−1R(B),

E = E
A
∩ E

B
= (λA+ B)−1

(
R(A) ∩R(B)

)
.

11



Note that the spacesE, E
A

andE
B

do not depend onλ. More precisely, ifEλ
A

= (λA +
B)−1R(A) thenEλ

A
= Eµ

A
for all λ > 0 andµ > 0. This follows from simple arguments like those.

If x ∈ Eλ
A
, then(λA + B)x ∈ R(A) andBx ∈ R(A). Consequently,(µA + B)x ∈ R(A) and

x ∈ Eµ
A
. That is,Eλ

A
⊂ Eµ

A
. In the same way we can obtain thatEµ

A
⊂ Eλ

A
.

Lemma 4.5 .
The operatorA maps the spaceE

B
into R(B).

The operatorB maps the spaceE
A

into R(A).

Proof. The first part is true due to the following implications:x ∈ E
B

=⇒ (λA + B)x ∈
R(B) =⇒ Ax ∈ R(B). The second part is being proved analogously.

Lemma 4.6 If X is a closed subspace ofH thenA(X) andB(X) are closed inH.

Proof. Let us verify this assertion for the operatorA. Let us take an arbitrary sequenceun ∈ A(X)
which converges to a functionu in H. There exists a corresponding sequencevn ∈ R(A)∩X such
thatun = A(vn). Due to Proposition 4.1, the operatorA−1 is bounded onR(A). This implies that
the sequence{vn} converges inH to a functionv which is inX becauseX is closed. In the limit,
we haveu = A(v). That is,u ∈ A(X), which proves the lemma.

Proposition 4.7
BE

A
= AE

B
= R(A) ∩R(B).

That is, for everyψ ∈ R(A) ∩ R(B), there existψ
B
∈ E

B
andψ

A
∈ E

A
such thatψ = Aψ

B
=

Bψ
A
.

Proof. Let us prove the first claim. Due to Lemma 4.5,BE
A
⊂ R(A)∩R(B). Besides that, Lemma

4.6 implies thatBE
A

is a closed subspace inH. Suppose thatBE
A
6= R(A) ∩ R(B). Then there

existsx ∈ R(A)∩R(B) such that〈x,y〉 = 0 for everyy ∈ BE
A
. That is,〈x,B(λA+B)−1Az〉 =

0 for all z ∈ H, and
〈A(λA+ B)−1Bx, z〉 = 0 for all z ∈ H.

Consequently,(λA + B)−1Bx ∈ N(A) and, hence,Bx ∈ (λA + B)N(A) = BN(A). That
is, there existsy ∈ N(A) such thatBx = By and, therefore,B(x − y) = 0. This implies
thatw = x − y ∈ N(B). Thus,x = y + w, wherey ∈ N(A), andw ∈ N(B). That is,
x ∈ N(A)⊕N(B). Consequently,x = 0 because

(
N(A)⊕N(B)

)
∩

(
R(A)∩R(B)

)
= {0}. The

proposition is proved.

Let us introduce the restrictionsA
E

andB
E

of the operatorsA andB to the spaceE.

Theorem 4.8
1. The operatorsA

E
andB

E
mapE ontoR(A) ∩R(B);

2. The operatorsA
E

, B
E

: E → R(A) ∩R(B) are one-to-one;
3. There exist bounded operatorsA−1

E
, B−1

E
: R(A) ∩R(B) → E.

Proof. Let us prove these assertions for the operatorA
E

only. The operatorB
E

can be treated in the
same way.
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1. SinceE ⊂ E
B

, Proposition 4.7 and Lemma 4.6 imply thatAE ⊂ R(A) ∩ R(B), andAE
is a closed subspace inH. Suppose thatAE 6= R(A) ∩ R(B). This means that there exists
x ∈ R(A) ∩R(B) such that〈x,y〉 = 0 for everyy ∈ AE. That is,

〈(λA+ B)−1Ax, z〉 = 〈x,A(λA+ B)−1z〉 = 0

for all z ∈ R(A) ∩R(B). Thus, due to Proposition 4.7,

〈(λA+ B)−1Ax,Bz〉 = 0 for all z ∈ E
A
. (4.7)

Since(λA + B)−1Ax ∈ E
A
, we can takez = (λA + B)−1Ax. Then the relation (4.7) implies

that (λA + B)−1Ax ∈ N(B), that is,Ax ∈ AN(B). Consequently (see the end of the proof of
Proposition 4.7),x = 0, which proves the first assertion of the theorem.

2. We have to prove thatN(A) ∩ E = {0}. Let x ∈ E andAx = 0. ThenBx = (λA + B)x ∈
R(A)∩R(B), that is,Bx ∈ R(A). Butx ∈ N(A) = R(A)⊥ and, consequently,〈Bx,x〉 = 0. Since
B is a positive operator, the last relation implies thatx ∈ N(B). Thus,x ∈ N(A) ∩N(B) = {0},
which proves the second assertion of the theorem.

3. This assertion is the consequence of 1. and 2. . The theorem is proved.

4.3 Solving the cell equation

Now we are in position to find an explicit representation of solutions to the cell equation (4.1). With
a new unknown functionζ = Jtu, the problem (4.1) assumes the form

Aζt + Bζ = g, ζ(0) = 0. (4.8)

As it follows from Theorem 4.8, the operatorA
E

(A restricted toE) is invertible, the operator
A−1

E
B

E
bounded, andA−1

E
g ∈ E. Therefore, the problem

ζt +A−1
E
B

E
ζ = A−1

E
g, ζ(0) = 0. (4.9)

is uniquely solvable on the subspaceE, and the solution is of the form

ζ(t) =

t∫
0

e−(t−s)A−1
E
B

EA−1
E
g(s) ds. (4.10)

Theorem 4.9 The equations (4.8) and (4.9) are equivalent.

Proof. Obviously, ifζ is a solution to (4.9), thenζ satisfies (4.8). Ifζ is a solution to (4.8), then
the functionη = e−λtζ solves the problem

Aηt + (λA+ B)η = e−λtg, η(0) = 0. (4.11)

Since the operatorλA+ B is non-degenerate for anyλ > 0, we can rewrite (4.11) as follows

(λA+ B)−1Aηt + η = e−λt(λA+ B)−1g, η(0) = 0. (4.12)

13



Due to Proposition 4.3,g ∈ R(A), and, henceη(t) must belong toE
A

for all t. Therefore,ζ(t) ∈ E
A

for all t. On the other hand, equation (4.8) can be rewritten as follows

(λA+ B)ζt − Bζt + λBζ = λg.

That is,
ζt = (λA+ B)−1B(ζt − λζ) + λ(λA+ B)−1g.

Accounting thatζ(t) andζt(t) ∈ E
A

for all t, we establish using Proposition 4.7 thatζt(t) ∈ E for
all t. Sinceζ(0) = 0, we conclude thatζ(t) ∈ E for all t. Therefore,ζ is a solution of (4.9). The
theorem is proved.

Thus, the unique solution of the problem (4.8) is given by formula (4.10). Obviously, a unique
solutionu of the problem (4.1) is given by the formula

u(t) = ζt(t) = A−1
E
g(t)−A−1

E
B

E

t∫
0

e−(t−s)A−1
E
B

EA−1
E
g(s) ds. (4.13)

5 Homogenized structure

5.1 Limiting equations

Substitution of the expression forg into (4.13) gives

u(t) = −e−tA−1
E
B

EA−1
E
n0 −A−1

E
akl

∂uk(t)

∂xl

−
t∫

0

mkl(t− s)
∂uk(s)

∂xl

ds, (5.1)

Jtu(t) =
(
e−tA−1

E
B

E − I
)
B−1

E
n0 − B−1

E
bkl

t∫
0

∂uk(s)

∂xl

ds−
t∫

0

m̃kl(t− s)
∂uk(s)

∂xl

ds, (5.2)

where
mkl(t) = −A−1

E
B

E
e−tA−1

E
B

E
(
A−1

E
akl − B−1

E
bkl

)
∈ E,

m̃kl(t) = e−tA−1
E
B

E
(
A−1

E
akl − B−1

E
bkl

)
∈ E.

The integration by parts and the formula

d

ds
e−(t−s)A−1

E
B

E = A−1
E
B

E
e−(t−s)A−1

E
B

E

are applied when derivating (5.1) and (5.2). Now we are in position to compute the principal term∫
Σ

M t
ijkl

∂uk

∂ξl

dξ̂ = 〈aij,u〉+ 〈bij,Jtu〉
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appearing in the limiting (homogenized) equation (3.2). Utilizing (5.1) and (5.2) and computing
other terms of (3.2), we obtain the following limiting equation

T∫
0

∫
Ω

(
− ρθui

∂φi

∂t
+

(
θPijkl − αijkl

)∂uk

∂xl

∂φi

∂xj

+

+

∫ t

0

(
θγ−1δijδkl + (1− θ)Gijkl − βijkl + ωijkl(t− s)

) ∂uk

∂xl

ds
∂φi

∂xj

)
dxdt =

=

T∫
0

∫
Ω

(
ρθfiφi −

(
νij − θp0δij + (1− θ)G0

ij

) ∂φi

∂xj

)
dxdt +

∫
Ω

ρθu
0 · φ0 dx, (5.3)

where

θ(x) =

∫
Σ

χ dξ̂, ρθ = θρ
F

+ (1− θ) ρ
S
,

νij = −〈aij, e
−tA−1

E
B

EA−1
E
n0〉+ 〈bij,

(
e−tA−1

E
B

E − I
)
B−1

E
n0〉,

αijkl = 〈aij,A−1
E
akl〉,

βijkl = 〈bij,B−1
E
bkl〉,

ωijkl(t) = −〈aij,mkl〉 − 〈bij, m̃kl〉.

Let us denote byP , G andS0 the tensors with components

P ijkl = θPijkl − αijkl, Gijkl = θγ−1δijδkl + (1− θ)Gijkl − βijkl,

S0
ij = νij − θp0δij + (1− θ)G0

ij.

Let us divide the domainΩ into three parts:

Ωf = {x ∈ Ω |x3 > δ}, Ωs = {x ∈ Ω |x3 < −δ}, Ωh = {x ∈ Ω | δ < x3 < −δ}.

Let Γ+
δ be the boundary betweenΩf andΩh, Γ−δ the boundary betweenΩs andΩh. That isΩ =

Ωf ∪Γ+
δ ∪Ωh∪Γ−δ ∪Ωs. Note thatθ(x) = 1 if x ∈ Ωf , θ(x) = 0 if x ∈ Ωs, andθ is a constant from

the interval(0, 1) for x ∈ Ωh. As for αijkl, βijkl, νij andωijkl, they are constants forx ∈ Ωh and
equal to zero, ifx ∈ Ωf ∪ Ωs. So that, the integral identity (5.3) delivers the following equations
which should be understand in the distributional sense:

ρ
F
ut − div Pux − γ−1∇divJtu = −∇p0 + ρ

F
f , x ∈ Ωf , (5.4)

ρ
S
ut − divJtGux = div G0 + ρ

S
f , x ∈ Ωs, (5.5)

ρθut − div Pux − divJtGux − div

∫ t

0

ω(t− s)ux(s) ds + divS0 = ρθf , x ∈ Ωh. (5.6)

The natural interfacial boundary conditions atΓ+
δ andΓ−δ can be derived from the integral identity

(5.3). Equations (5.4) and (5.5) coincide with (2.1) and (2.11) respectively. That is, the governing
equations for the pure fractions do not change after the homogenization, which have been expected.
What we have new is an integral-differential equation (5.6) which can not be reduced to a pure
differential equation by differentiating or by a substitution likew = Jtu. The operators involved
in the equation have to be investigated to confirm the parabolic type of its principal part.
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5.2 Investigation ofP and G

The main objective of this subsection is to prove the strong positiveness of the tensorP and the
non-negativeness ofG. The null-space ofG will be also described.

Proposition 5.1 For every second-rank tensorZ, the following is valid:

P ijklZijZkl > 0, GijklZijZkl > 0.

Proof. Let us prove the assertion forP . Denotez = aijZij. Due to Proposition 4.3,z ∈
R(A)∩R(B) and, as it follows from Theorem 4.8, there exists a uniquey ∈ E such thatA

E
y = z.

This means that ∫
Σ

χPijkl
∂yi

∂ξj

∂vk

∂ξl

dξ̂ = 〈z,v〉 =

∫
Σ

χPijklZij
∂vk

∂ξl

dξ̂ (5.7)

for all v ∈ H. On the other hand, the definition yields

αijklZijZkl = 〈aijZij,A−1
E
aklZkl〉 = 〈z,A−1

E
z〉 = 〈A

E
y,y〉.

From the last relation and (5.7) withv = y, we obtain

P ijklZijZkl = θ PijklZijZkl − 〈A
E
y,y〉 =

∫
Σ

(
χPijklZijZkl − χPijkl

∂yi

∂ξj

∂yk

∂ξl

)
dξ̂ =

=

∫
Σ

χPijkl

(
Zij −

∂yi

∂ξj

)(
Zkl −

∂yk

∂ξl

)
dξ̂. (5.8)

The right-hand side of the last relation is clearly positive, and the required assertion is proved for
the tensorP . Positiveness of the tensorG can be verified in the same way.

The next theorem states the strong positiveness of the tensorP .

Theorem 5.2 There exists a positive constantC such that

P ijklZijZkl > C |Z|2

for every second-rank tensorZ. Here|Z|2 = ZijZij.

Proof. Due to the symmetry ofP , it is sufficient to consider symmetric tensorsZ only. Assume
that the assertion of the theorem is false. Then there exists a sequence{Zn} such that|Zn| = 1
andP ijklZn

ijZn
kl → 0 asn → ∞. The sequence{Zn} is compact inR3 × R3 and, therefore, it

has a subsequence denoted again by{Zn} which converges to a matrixZ0 such that|Z0| = 1.
This means that the corresponding sequenceszn andyn defined aszn = aijZn

ij andyn = A−1
E
zn

converge inH to z0 andy0, respectively. We use here the notations introduced in the proof of the
previous proposition. Thus, the relation

P ijklZ0
ijZ0

kl = θ PijklZ0
ijZ0

kl − 〈A
E
y0,y0〉 =

∫
Σ

χPijkl

(
Z0

ij −
∂y0

i

∂ξj

)(
Z0

kl −
∂y0

k

∂ξl

)
dξ̂ = 0.

holds due to (5.8). That is,

χPijkl

(
Z0

ij −
∂y0

i

∂ξj

)(
Z0

kl −
∂y0

k

∂ξl

)
= 0 in Σ,
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and, consequently,D(y0) = Z0 in Σ
F
. This implies thatD(y0−Z0ξ) = 0 in Σ

F
. Therefore,y0(ξ)

is a linear function ofξ for ξ ∈ Σ
F
. The only linear function satisfying the periodicity boundary

conditions on∂Σ is a constant, which implies thatZ0 = 0. This is impossible because|Z0| = 1.
This contradiction proves the theorem.

Remark that the arguments like those in the proof of Theorem 5.2 do not lead to a contradiction
in the case of the tensorG. The next theorem shows that the tensorG is degenerated and describes
its null-space.

Theorem 5.3 The tensorG is degenerate andGijklZijZkl = 0 if and only ifZ11 + Z22 = 0 and
Z33 = 0.

Proof. Similarly to the previous theorem, it is sufficient to consider symmetric tensorsZ only. Let
us denotez = bijZij. Due to Proposition 4.3 and Theorem 4.8,z ∈ R(A) ∩ R(B), and there exist
unique elementsyE ∈ E andyR ∈ R(B) such that

ByE = z, ByR = z. (5.9)

It follows thatyN = yE − yR ∈ N(B). Besides that,B−1
E
ByE = yE . Therefore,

〈z,B−1
E
z〉 = 〈ByE ,yE〉 = 〈ByR ,yR + yN 〉 = 〈ByR ,yR〉.

The second equation in (5.9) implies that∫
Σ

Kijkl(χ)
∂yR

i

∂ξj

∂vk

∂ξl

dξ̂ =

∫
Σ

Kijkl(χ)Zij
∂vk

∂ξl

dξ̂, (5.10)

for all v ∈ H, where
Kijkl(χ) = χγ−1δijδkl + (1− χ)Gijkl.

As a consequence of this equation, we find

GijklZijZkl = Kijkl(θ)ZijZkl − 〈z,B−1
E
z〉 = Kijkl(θ)ZijZkl − 〈ByR ,yR〉 =

=

∫
Σ

Kijkl(χ)
(
Zij −

∂yR
i

∂ξj

)(
Zkl −

∂yR
k

∂ξl

)
dξ̂ =

=

∫
Σ

F

γ−1(trZ − div yR)2 dξ̂ +

∫
Σ

S

Gijkl

(
Zij −Dij(yR)

)(
Zkl −Dkl(yR)

)
dξ̂.

Remark that (5.10) is the Euler–Lagrange equation for the functional

Fz(y) =

∫
Σ

Kijkl(χ)
(
Zij −

∂yi

∂ξj

)(
Zkl −

∂yk

∂ξl

)
dξ̂.

Due to Proposition 4.2 (assertion 4), this functional is strictly convex onR(B), andyR is its unique
minimizer there. That is,

GijklZijZkl = Fz(yR) = min
y∈R(B)

Fz(y).

Thus,GijklZijZkl = 0 if and only if there existsyR ∈ R(B) such thatFz(yR) = 0. It is not
difficult to see thatFz(y) = Fz(y + w) for everyw ∈ N(B). SinceR(B) ⊕ N(B) = H, the
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existence ofyR ∈ R(B) with Fz(yR) = 0 is equivalent to the existence of a functiony ∈ H which
satisfies the conditionFz(y) = 0. Due to the positiveness of the functionalFz, we can conclude
thatGijklZijZkl = 0 if and only if there existsy ∈ H such that

div y = trZ, if ξ̂ ∈ Σ
F
, (5.11)

D(y) = Z, if ξ̂ ∈ Σ
S
. (5.12)

Suppose that the both last conditions are satisfied. Since functions fromH do not depend onξ3,
(5.12) implies thatZ33 = 0. Moreover, due to (5.12),div y = trZ in Σ

S
. That isdiv y = trZ

in Σ. Integrating this equality overΣ we find thattrZ = 0 becausey is periodic. Thus, we have
proved the assertion of the theorem in one direction (the necessity).

Let us suppose thatZ11 + Z22 = 0 andZ33 = 0. In order to complete the proof of the theorem,
we have to prove that there exists a functiony ∈ H satisfying (5.11) and (5.12). Equation (5.12) is
easy to solve. Namely, its solution looks as follows

y(ξ) = Zξ +Qξ + y0, ξ̂ ∈ Σ
S
,

whereQ is a skew-symmetric matrix, andy0 is a constant which can be dropped because functions
from the spaceH are defined up to a constant. Let us denoteT = Z + Q. Since functions from
H do not depend onξ3, we find thatTi3 = 0 (i = 1, 2, 3) andy3 = T31ξ1 + T32ξ2 for ξ̂ ∈ Σ

S
. We

extendy3 to the whole domainΣ in such a way that it would be a periodic function (assuming equal
values on the opposite edges ofΣ).

In order to determiney1 andy2 in Σ
F
, we have to solve the problem

∂y1

∂ξ1

+
∂y2

∂ξ2

= 0, ξ̂ ∈ Σ
F
,

y(ξ̂) = T ξ, ξ̂ ∈ ∂Σ
S
,

y1 and y2 are periodic in Σ.

This problem is clearly solvable, and the theorem is completely proved.

As one can see from equation (5.6), the tensorG describes elastic stresses in the homogenized
continuum. Theorem 5.3 says that the homogenized material has rather strange properties. Namely,
it does not resist to the deformation, if the first invariant and the component (3,3) of the correspond-
ing strain tensor are equal to zero. In other words, such deformations do not produce any stresses.
The described class of deformations is sufficiently large. It contains all deformations which do not
change volume.

6 Dispersion Relations

Dispersion relations express the dependence of the wave velocity on the excitation frequency. Such a
dependence is typical when stydying the propagation of acoustic waves in multi-layered anisotropic
structures like the biosensor described in the introduction. The computation of dispersion relations
is based on the construction of traveling wave solutions that exponentially decrease towards−x3

and+x3 in the substrate and the fluid, respectively. Proper mechanical interface conditions between
the layers as well as the interaction with the fluid have to be accounted.
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Figure 3: A sample structure. An anisotropic layer lies on an anisotropic half-space substrate. Here,
ρ̂, ρ, andĈijkl, Cijkl are the densities and the elastic stiffness tensors, respectively.

For simplicity, consider a simplified structure shown in Figure 3 whose upper layer is free of
liquid.

The elasticity equations for the substrate and the upper layer read:

ρvi tt − Cijkl
∂2vl

∂xj∂xk

= 0, i = 1, 2, 3, (6.1)

ρ̂v̂i tt − Ĉijkl
∂2v̂l

∂xj∂xk

= 0, i = 1, 2, 3, (6.2)

wherevi andv̂i, i = 1, 2, 3, are components of the displacement vectors. A plain wave propagating
in the structure inx1-direction is of the form:

vi(x1, x3) = ai(x3) cos(kx1 − ωt)+

bi(x3) sin(kx1 − ωt), (6.3)

v̂i(x1, x3) = âi(x3) cos(kx1 − ωt)+

b̂i(x3) sin(kx1 − ωt). (6.4)

Here,k is the wave number,ω the circuit frequency. The substitution of (6.3) and (6.4) into (6.1)
and (6.2), respectively, yields

−Ci33l äl − (Ci13l + Ci31l) ḃl + Ci11l al − ρ
ω2

k2
ai = 0,

−Ci33l b̈l + (Ci13l + Ci31l) ȧl + Ci11l bl − ρ
ω2

k2
bi = 0,

and

− Ĉi33l
¨̂al − (Ĉi13l + Ĉi31l)

˙̂
bl + Ĉi11l âl − ρ̂

ω2

k2
âi = 0,

− Ĉi33l
¨̂
bl + (Ĉi13l + Ĉi31l) ˙̂al + Ĉi11l b̂l − ρ̂

ω2

k2
b̂i = 0,

i = 1, 2, 3.

Here, the dot denotes the differentiation with respect to the variablex̃3 = kx3. With the state vectors

p = (a1, a2, a3, b1, b2, b3, ȧ1, ȧ2, ȧ3, ḃ1, ḃ2, ḃ3)
T ∈ R12,
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p̂ = (â1, â2, â3, b̂1, b̂2, b̂3, ˙̂a1, ˙̂a2, ˙̂a3,
˙̂
b1,

˙̂
b2,

˙̂
b3)

T ∈ R12,

the above systems can be rewritten in the normal form as follows:

ṗ = Ap, ˙̂p = Â p̂, (6.5)

whereA andÂ are the corresponding matrices. Letλ1, λ2, ..., λ12 andh1,h2, ...,h12 (respectively
λ̂1, λ̂2, ..., λ̂12 andĥ1, ĥ2, ..., ĥ12) be eigenvalues and eigenvectors ofA (respectivelyÂ). One can
verify that exactlỳ linear independent eigenvectors can be found for each`-multiple eigenvalue.
Therefore, solutions of (6.5) are of the form:p(x3) =

∑12
i=1 Dihie

λikx3 , p̂(x3) =
∑12

i=1 D̂iĥie
λ̂ikx3,

whereDi andD̂i are arbitrary constants. Selecting decreasing solutions in the substrate yields:

p(x3) =
N∑

j=1

Djhije
λij

kx3 , Reλij > 0.

Note thatN ≤ 6 due to the up-down symmetry of the substrate. Solutions in the upper layer have
to be of the oscillatory type:

p̂(x3) =
L∑

j=1

D̂jĥije
λ̂ij

kx3 , Reλ̂ij = 0.

Thus,

al =
N∑

j=1

Djh
(l)
ij

eλij
kx3 , bl =

N∑
j=1

Djh
(l+3)
ij

eλij
kx3 ,

âl =
L∑

j=1

D̂jĥ
(l)
ij

eλ̂ij
kx3 , b̂l =

L∑
j=1

D̂jĥ
(l+3)
ij

eλ̂ij
kx3 ,

wherel runs from1 to 3. Therefore, the displacementsvi andv̂i, see (6.3) and (6.4), depend linearly
onDj, j = 1, N, andD̂l, l = 1, L, respectively.

For allx1 andt, the following interface conditions must hold:

vi = v̂i, atx3 = 0, continuity;

Ci3kl
∂vi

∂xk

= Ĉijkl
∂v̂i

∂xk

, atx3 = 0, equilibrium
of pressures;

Ĉijkl
∂v̂i

∂xk

= 0, atx3 = h, free of forces
boundary.

The last system yields18 linear equations forN + L ≤ 18 coefficientsDj and D̂l. Note that
N + L < 18 as a rule. LetV = ω/k be the unknown wave velocity andG(V ) the 18 × (N +
L)-matrix of the above system. Feasible wave velocities are determined from the condition of
nontrivial solvability for the systemG(V )D = 0, whereD = (D1, ...DN , D̂1, ...D̂L)T . Thus, the
conditionrank G(V ) < N +L holds for the feasible velocities, which is equivalent to the following
condition: det

∣∣ḠT (V )G(V )
∣∣ = 0, Ḡ being the adjoint matrix. The last equation can be easily

solved because the computation of the left-hand-side runs very quickly even on a simple computer.
Usually, three roots are being found, which corresponds to three wave types that propagate with
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Figure 4: Velocity profile typical for structures with anisotropic substrates possessing rotation sym-
metries.
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Figure 5: Comparison of numerically computed and experimentally measured sensitivities. Depen-
dence on the thickness of the guiding (upper) layer is shown.

different velocities. The selection of the desired wave type is quite obvious because the relation
between their velocities is known.

Figure 4 shows the velocity profile for Love shear waves in the structure shown in Figure 3. The
substrate is an ST-cut ofα-quartz. The upper layer consists of amorphous quartz. The blank parts
of the curve correspond to the absence of Love shear waves for these directions.

Figure 5 represents a verification of the dispersion relations method. The sensitivity of a Love
wave sensor based on the structure shown in Figure 3 is being computed as(ω̃r−ωr)/∆m, whereω̃r

andωr are resonance frequencies for the loaded and unloaded sensor, respectively. The resonance
frequency is defined by the equationλ(ωr) = 40µm. Hereλ(ω) = 2πV (ω)/ω is the wave length,
and 40µm is the period of the input electrodes. The loading is modeled through the adding of
a 0.5 nm gold layer. The computation results show good agreement with physical experiments
described in [13].

Note that with this method an arbitrary number of anisotropic layers can be accounted. The
limiting material describing by formula (5.6) can also be treated because the integral term in (5.6)
is negligible due to very strong time decay of the functionω.
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7 Numerical simulation

Using the derived model, we simulate a surface acoustic wave sensor (compare with the intro-
duction) based on the multi-layered structure shown in Figure 6. The molecular layer adhering
to the surface of the auxiliary gold layer is being modeled through the homogenization technique
developed in this paper. The molecular layer is expected being well described as a new material
associated with equation (5.6). Equations (5.4) and (5.5) describe then the overlying fluid and the
underlying gold layer. Such a model allows us to compute the dispersal relation and the sensitivity
(see the previous section).

Figure 7 presents computed graphs of the sensitivity versus the guiding layer thickness. The
loading is modeled through doubling the thickness of the homogenized layer. The thickness of the
gold layer is being varied from0.5 nm to 300 nm. The best sensitivity is achieved at200 nm. Above
this value, decreasing the sensitivity is observed. The light curve in Figure 7 corresponds to the
gold layer thickness of300 nm. The computation results are consistent with physical experiments
described in [13]. The sensitivity is greater in our case because the additional mass loading is being
modeled through a bristle layer whose resistance is greater than the one of the gold layer used in
[13] as the mass loading.

Quartz crystal substrate
SiO2

Fluid

4nm Aptamer layer

guiding layer
Gold layer

(homogenized)

Figure 6: Multi-layered structure.

Experiment from [13]

c
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u
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Figure 7: Comparison of numerically computed and experimentally measured sensitivities.

22



The next simulation (Figure 8) shows the sensitivity of the sensor regarding an additional ho-
mogenized protein layer adhering to the aptamer layer (compare with Figure 6). The dependence on
the aptamer packing density is presented. Thereby, the protein packing density is changing so that
their ratio remains constant. The packing density is defined as|ΣS|/(|ΣS| + |ΣF |), see Figure 2.
The thicknesses of the aptamer and protein layers are21A and43A, respectively.

Figure 9 represents the time performance of the etching process. In this case, a9 nm copper
layer was used instead of the molecular one. The water flux is being alternated with the flux of an
acid solution that etches the copper layer. The phase shift is being measured. A step at the acid-to-
water transition is caused by the change of the fluid viscosity. The results are in a good agreement
with the measurements [14] done in c a e s a r laboratories.

(Hz
ng )

Aptamer packing density
Protein packing density= const

Aptamer packing density

Figure 8: Sensitivity for various packing densities.
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Figure 9: Modeling of the time behavior of the phase shift when etching a copper layer with an acid.
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