Families of semipermeable curves and their application to some complicated variants of the homicidal chauffeur problem
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1. Semipermeable curves in the theory of antagonistic differential games are smooth curves in the plane that possess the property: the first player is able to prevent the trajectories of the controlled system from crossing the curve from one (positive) side to the other (negative) side, the second player, conversely, prevents crossing from the negative side to the positive one. The notion of the semipermeability was introduced by Isaacs [1]. 

By imposing more strict requirements [2] in the definition of semipermeable curves one can achieve that every semipermeable curve will coincide with some motion trajectory of the controlled system for certain “preventing” controls. Using this fact, the first (second) type semipermeable curve can be introduced as a semipermeable curve for which the region adjoining to the positive side of the curve remains to the right (to the left) when moving along the curve with the preventing controls. Properly chosen first and second type curves generate a “road” which can be used by the first player to run the system in the direction towards the fulfilment of his task, whatever the second player does. The semipermeable curves are the boards of such a road. The positive side of the board adjoins to the road. If the first player is unskilful, the system leaves the road, and the return can be only guaranteed after some time which is required to perform a turn and enter the beginning of the road.

The above given verbal description explains the usefulness of the investigation of semipermeable curves in time-optimal differential games in the plane. The value function can be discontinuous in such problems. The discontinuity lines are semipermeable curves of the first and second type. 

2. It is important to note that several semipermeable curves of the first (second) type can pass through a given point. There can also be regions where no semipermeable curve goes. Generally, we consider families of semipermeable curves of the first and second type and regions where they are defined. The number of families of the first (second) type is determined by a form of the dependence of the minmax Hamiltonian function on the adjoint variable, namely by a number of roots from minus to plus (plus to minus) of this function at points of the plane.  The more families exist, the more complicated (from a game-theoretical point of view) the system dynamics are.

3. The “homicidal chauffeur” game [1,3] is one of the most well-known model problems in the differential game theory. One has two objects: a car (the first player) with a limited turn radius and a constant magnitude of linear velocity, and an inertialess pedestrian (the second player) with a limited speed. Using reference coordinates from [1] one arrives at two-dimensional system controlled by two players.  In the case of standard restrictions on the controls of the players, the classical dynamics generate [2] two families of first type semipermeable curves and two families of the second type semipermeable curves. Each family is defined in its own domain. The domains overlap partly.

Having such families (they are only determined by the dynamics and the restrictions on controls) we can find the discontinuity curves of the value function for every particular time-optimal game with classical dynamics. The game is specified through a given target set to which the first player strives to bring the controlled system, whereas the second player strives to prevent this.  Let us underline that we can predict the discontinuity curves without solving the time-optimal problem itself, i.e. not having available a precise description of the value function.

4. In [4], a problem with the classical homicidal chauffeur dynamics and modified objectives of the players is investigated. The second player tries to bring the system to a given target set as soon as possible, whereas the first player tries to prevent that. In this case, using the same families of semipermeable curves as for the original problem, we can again predict the discontinuity lines of the value function for this new problem. The difference from the standard case is that now the negative sides of the boards - semipermeable curves - adjoin to the “road”, and it is the second player who ensures the travelling along the road.

5. The structure of families of semipermeable curves becomes essentially complicated if the restriction on the first or second player control depends on the current geometric position. Paper [5] considers an “acoustic” variant of the homicidal chauffeur problem where the constraint of the second player (the evader) depends on the distance of his geometric position from the position of the first player (the pursuer): if the distance between the objects becomes small, the “noise” produced by the evader should be small. In [2], families of semipermeable curves for such dynamics have been investigated. Using these families, a possibility of the explanation to the generation of holes in the capture set where the value function is finite has been demonstrated. The optimal capture time in the holes is infinite.  

6. The next complication is connected with the rejection of the constancy requirement on the magnitude of linear velocity of the car. Namely, we will suppose that the magnitude of linear velocity can change instantaneously by taking any values from a given interval. Similar models are used [6,7] in theoretical robotics. In the talk, a variant of the homicidal chauffeur problem with such a car is considered. Families of semipermeable curves of the first and second type are described. The dependence of the structure and the number of these families on a parameter that specifies the interval for changing the linear velocity of the car is analysed. It is also demonstrated how to predict discontinuity lines of the value function of the corresponding time-optimal differential game using the families of semipermeable curves.
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