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Oscillations of Nonlinear Thin Plates Excited by Piezoelectric Patches

A model describing oscillations of nonlinear thin plates excited by patches made of piezoelectric ceramics is proposed.
This model is the Karman system with discontinuous coefficients and additional terms related to piezoelectric properties
of patches. Such a model is applicable to the case where the bending is much less than the longitudinal dimension of the
plate. The existence of solutions of nonlinear equations describing such composite plates is stated.
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0. Introduction

In this paper, oscillations of nonlinear thin plates excited by patches made of piezoelectric ceramics are considered. The
aim consists in obtaining partial differential equations describing the phenomena and in the statement of the existence
of their solutions. Linear models describing plates with patches made of piezoelectric ceramics are well known and were
investigated in [1] in details. Such models are applicable to the case of extremely small bending that should be much
less than the thickness of the plate. The range of applicability of the model proposed is restricted by the condition that
the bending is much less than the longitudinal dimension of the plate (see [2]). Note that our model is the Kérman
system [6] with discontinuous coefficients and additional terms related to piezoelectric properties of patches. These
additional terms and discontinuous coefficients hinder a direct application of results of [6] to the considered model.

1. Models of piezoelectric media

We consider a macroscopic and quasi-static model of piezoelectric media. The first characteristic means that the model
contains only mean values of physical magnitudes. The second characteristic assumes that the frequency of electric
fields is sufficiently small so that magnetic fields do not appear, and electro-magnetic waves are absent (see [4] for
general models).

According to the macroscopic approach to polarization the equation

P, =D; — &FE;

describes the relationship between intensity of the electric field F, electric displacement D, and polarization P. The
symbol g is the permittivity of free space.

Assume that the deformations of the medium are sufficiently small and use the following conventional form of
the strain tensor,

dlm = 1/2(ul7m + Um, 1 + Uk, 1 - uk‘JTL) 5

where w; = y;(z,, t) — x; is the displacement. Summation over repeated indices is assumed, and commas before indices
denote differentiation with respect to the components of the vector z. Let g;; be the stress tensor. We consider linear
material laws (see [5]),

0ij = Cijudi — erijEr D; = & E; — eindy .
The coefficients are such that Cjj is the elastic tensor, e;y is the piezoelectric stress tensor, and &;; is the permittivity

tensor.
It is inconvenient to operate with tensors of the fourth rank. To avoid this, one applies the Voigt notation (see

eg. [5]):
0ij = 03, dij = dy, Cijri = Ciu s ikl = €1, 1=1,2,3; Au=1,...,6.

That is, one replaces the couples (i5), (kl) by the indices 4, u using the correspondence given in Table 1. With this new
notation, the material laws look like

o), = Clﬂdﬂ —epk;, D; = ¢j;E; — e;d;, .
Table 1
G.j)and (k) | L1 22 33 23=32 13=31 12=21

A and u ‘ 1 2 3 4 5 6
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Hexagonal pyramidal
symmetry Fig. 1

Therefore, a piezoelectric material is characterized by the matrix

/
Ciu €
)
€ir  Eij

which is called the material matriz. For example, the material matrix of a piezoelectric ceramic with hexagonal and
pyramidal symmetry (see Figure 1) has the following form (see [5]):

C11 C12 (13 0 0 0 0 0 €31

Cl2 €33 (13 0 0 0 0 0 €31

C13 C13 €33 0 0 0 0 0 €33
0 0 0 C44 0 0 0 €15 0

0 0 0 0 cu 0 e5 0 O

0 0 0 0 0 cuu O 0 0
0 0 0 0 €15 0 €11 0 0
0 0 0 €15 0 0 0 €11 0
€31 €31 €33 0 0 0 0 0 €33

Additionally, there holds: c¢j3 & ¢13, €11 & ¢33, cqq = c33 — ¢13. Therefore, the elastic properties of piezoelectric ceramic
are near to those of homogeneous media, and can be characterized by the Young elastic modulus
R = (CH — 612) (Cll + 2012)/(011 + 612), and the Poison ratio o0 = 012/(011 + 612).

In conclusion of this section, we give the formula for the density of the free energy in the case of linear material
laws (see e.g. [4]):

% =13 (0ijdij — EiPy) = 3 Cijudijdi — einduE; — % (e — £0045) EiE; .

For piezoelectric ceramics, one obtains

R o
xX= m (d?j + 1= 2 dl21) —e1sdi3Ey — ersdi3Ey — (e31d11 + esidan + es3dss) B

1 .
2 [(e11 — €0) Ef + (e11 — &) E% + (e33 — &) Eg] .

2. Oscillations of plates

2.1 Nonlinear plate with piezo-actuators

Without any loss of generality we consider a thin plate supplied by a single patch made of a piezoelectric ceramic. The
plate itself consists of a metal, and the upper surface of the patch is covered by a metal. Therefore, the voltage can be
applied to the patch as shown in Figure 2.

As usual, we assume the existence of a neutral surface on which all deformations caused by the “pure bending”
are equal to zero (see Figure 3). Note that the deformations caused by the stretching of the plate do not vanish on the
neutral surface. We discuss these two types of deformations below.

The state of the plate is defined by three displacements: § is the vertical displacement, uy and uy are longitudinal
displacements.

From the boundary condition o;n; =0, where n; is the vertical normal to the surface of the plate, we get
0,3 =0,1=1, 2, 3. This yields the following relations between the components of the strain tensor:

o
d33 = —m (dll + dQQ) . (1)

Z
T\
[ ] hp

[ —
0 B

neutral surface z = N(x 1°X2)

d13:O7

d23:Oa

Piezoelectric material
/
/ Basis material
/

/

Fig. 2 Fig. 3
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Because of the Maxwell equation
rot E =0,
the jump condition
nx|[E]=0, z=hg, z=hg+ hp
holds. Hence,
v
e

As it was shown in [2], one can separately consider the deformation caused by the bending when the upper layers of
the plate are being pressed (stretched) whereas the low layers are stretched (pressed) and the deformation related to
the stretching (pressing) of the plate as if it were a film of a zero thickness.

In the case of deformation of the first type, one can express non-zero components of the strain tensor via the
vertical displacement using the neutral surface:

& o o
8_x§ ;o dy=—(2— N(z1, 22)) a_;é , i =—(2- Nz, 22)) o, 5362 '

E,=E, =0, E, z € (hg, hg + hp) .

d11 = —(Z — N((L’l, xg))

The other components are defined by (1), where o is either op or op depending on the considered material.
The deformation of the second kind is described by the strain tensor the components of which are

1 Ouq  Oug 05 0& _
daﬂ—g(axﬁ‘i‘%a-i-a—waa—xﬁ), a,f=1,2, (2)

and the other components are defined by (1), where o is either op or og. The particular tensor dys, a, f =1, 2 is
called plain strain tensor.
Let us introduce the following notation:

Rp Rp

T = T (di1 + opdy); = 1-2 (di + opda);
) - 0%
Rp Ry

P o_ . B _ .

Ty =7 ) (da2 + opdi1); T =7 a2 (d22 + omdin); ®)
R R

P P B B

— dis; = :
T =g T op G2 T2 =7 Top 2

The density of the free energy of the piezoelectric material is defined as follows (see [2]):

R 1
xp = (2= N(z1, xQ))Z 1 +127P {2(1 —op) (AS)Z + (Eﬂnmz)Q - 5-7711‘1&552@2} + rgﬁda/))

o o 1
— (2= N(x1, 22)) 8O ey ) AEE. — (B oy (diy +dy) E. — = (e33— 1) E2.
170’13 170‘13 2

The density of the free energy of the basis material is

R 1
B = (Z - N(Ih mQ))Q 1 —i—BO'B {2(1 — OB) (Ag)Q + (51112)2 - gflﬂflgle‘z} + fgﬁdaﬁ .

The whole free energy is obtained via integration over the volumes of the piezoelectric and basis materials:
F=[[fap+[[f2s-
P B

The variational principle reads:

OcF + [[[ opéu OE + [[[ 0p&u 05+ 0w F + [ [[ opurn Our + [ [[ ogury Ow
P B p B
+ éU2F + fjj OpUsit ouy + fjf QBUZtté'LLQ =0.
P P

Integration over z and putting together the integrals over Sp yields a weak formulation of the system:

JJ (0p&uep +7p AE Ap + fgﬁ‘fzﬁ@wa —u(t) KAg +o(t) GE, @,,) + | [ (op&uep + v A5 A + Tgﬁgxﬁﬁ%a)
Sp Sp
+ [ [ (Opurny, + ffﬂ‘//u/, +o(t) Gy, ) + [ [ (epury; + 7113;3‘//11,;)

Sp SB

+ ] (@puanyy + fgﬂWQIﬁ +o(t) Gya,,) + [ (opuanw, + 1'123/3'//2355) =0. (4)
Sp S
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Sg  Basismat.
Sp

Piezomat,

Fig. 4

Here the variations o0&, oui, dus were replaced by @, wy, wy from HZ(S), H}(S), H}(S), respectively. The regions
Sp, Sp, and S = Sp U Sg are shown in Figure 4. Note that Sy is the complement of Sp.
Using the integration by parts, we arrive at the classical formulation of the plate equations,

0F, + div V(y A8) - % (tapes,) = 0(t) A(K - Ts,) + (1) G % & Ts0),

5)
0 0 0 0 (
- = t)G — I, - = t)G — Ig, .
Uiy 9z, 115 = +u(t) G o, s QU2 oz, Top = +u(t) G By LS
Here I, is the indicator function of Sp. Boundary and initial conditions are:
7]
§|F:07 871'1 [‘:07 ‘E|t:0:50a §t|t:0:§67 (6)
ua\r:(), “a|t:ozua0, uat|t:[]:'u,a07 a=1,2.
The following additional interface conditions arise from the integration by parts:
0§ 0
a=0. [g|=0 wag-o. | yag o, ™
[ua}:O, [‘L’aﬁ-’nﬁ]zo, (1:].,2.

Here [] denotes the jump of a function on the boundary between Sp and Sg.
The coefficients in (5) are discontinuous functions defined by the formulas

0= { éPa (:L'h IL'Q) € SPa _ {?P(Ila :L‘Q): (:1:17 1’2) S SPa (8)
QB7 (mlv :UQ) S SB7 VB(wla $2)7 (1’1, $2) € SBa

fgﬂa (1‘17 IZ) S SP» (9)
T p =
“ 'L’Eﬁ, (xl, :Cz) € Sg.
Here
- hp
Op =0 +0p s ;
hg hp

N Ry 2 Rp 2

= - N dz4+————— hg — N dz:
(o, 22 = s j (2= Ny ) de g j (s 4 by = N, 22))* da:

R hp
B 2

= - N dz;

(o, m) = 5 j (== N1, 22))* d=;
hp
1 €330p 2
1 €330p
G= —e; )
hph, (1 — e“)’
~ RP ~ ~ RP ~ ~ RP
p . P _ . P _
T, = 1-52 61% (di1 + opda) ; Ty = 1- —_6f) (doo + Opdi1); T19 = 1+6p diz, (10)
where
~ (l% — a% - a RB Rp hp RBOB RpO’p hp
RP: ) op = —, ay = 2 2 7 a2 = 2 2
ay aj 1—OB 1—O’P hB 1—0’]3 1—0PhB

Note that the coefficients 0p, 0g, G, and the coefficients defining f'f;ﬁ and ‘L'Eﬁ are constant. The functions yp, v,
and K are defined by the neutral surface. One can easily verify that

0<y<y(m, ) <7, 0<o<0<0, Tapdap > vdapdap (11)

with some positive constants y, 7, ¢, 0, and v.
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2.2 Existence of solutions

We say that functions

Ee€ H'(0,T; Ly(S)) N Ly(0, T; HA(S)),  ua € H'(0, T; Lo(S)) N L0, T; HY(S)), a=1,2,
satisfying the initial conditions

£0,)=&,  ul0,)) =uaw, a=12,

form a generalized solution to system (5)—(7) if the following equality holds:
T
HI (—0&p, + v AEAp + 1048, @,,) da At — ”Q%(P(Q x) dz

+IJI( ot KA¢+v(t)G§£a¢,)dxdt+IH —QUatWay + TapWaz,) d dt
OSP

- ”Quaot//a (0, z) dzx +6[£f )Gy, dzdt =0 (12)
P

for all ¢ € H7(0, T; La(S)) N La(0, T5 H3(S)),  wq € Hp(0, T; La(S)) N La(0, T; Hy(S)), a=1
where the index 7" points out to the additional conditions: ¢(7) -) = 0, w,(T, -) = 0.

Theorem: Let & € H3(S), & € La(S), ua € HY(S), uy € La(S), a =1, 2, and v(-) € H(0, T). Then the sys-
tem (5)—(7) has a solution such that

(&, &) € Loo(0, T; H3(S)) X Lo (0, T; La(S)), (g, Ugt) € Loo(0, T HY(S)) X Loo(0, T; La(S)) .

Proof: Let {w;};2; be a basis of H2(S) wich is orthonormal in Ls(S). Similarly, let {n,};~; be a basis of
H}(S) which is orthonormal in Ly(S). Consider Galerkin approximations of the form

Z T"()a)/i7 Tllzz 7"()171;7 a:1,2, (13)

where a"(t), b7:(t) are unknown functions. We substitute approximations (13) in (12) together with test functions of
the form @(t) w;, y,(t)n;, a =1,2, j=1,...,m, where ¢(t), y,(t) are arbitrary functions from C7[0, T], where the
index T means that ¢(T) =0, w,(T) = 0. Using an arbitrary choice of ¢(-), w,(-), we obtain the following system of

ordinary differential equations defining the functions a"(¢), b:(t), a =1,2, j=1,...,m
ar'(t)+ A af,. . ap, by, 0Y by, b ) =0,
B0+ BYE, o', B B B ) =0, (14)
by(t) +Bg;.(t, aly o at b B b ) =

With the initial conditions:
a}”(O) = (PZg(S)go)ja d}n(o) = (&, wj)Lg(S) )
b5(0) = (P guan);s  B5(0) = (ul, @))py(s 5 (15)
03;(0) = (P syuz);s  35(0) = (g, @) p(s) -

Here (P7; EO). is the j-th component of the HZ(S) projection of & onto span{w,...,®,,}. Similarly, (P} (S)uao)j

the J- th component of the H}(S) projection of u, onto span{n,...,7,,} The fU.IlCthnb A™, B and By are defined
in the usual way. Note that they are continuous with respect to their variables for each flxed m. Later we estimate
the approximate solutions &", u)', a=1,2, and obtain in particular that max;ecp 7 [|E"(t, -)|l L) <O, and
max;co,7] ||ug (¢, )|, < C, where C is an independent from m constant, and [0, 7 is the maximal time interval on

which the solution of (14) exists. Due to the relations ||£™ (¢, )||%2 =3 a™(t) and [|lum(t, )||%) Z b2 (t), one
=

7
can conclude that the solutions of (14) are bounded and, hence, can be extended to the arbitrary time mterval [0, T).
Let us go on to the estimation of £&™, u}", and uj'. We substitute these functions into (12), test (12) with the test
functions @(t) aj'(t) w;, w(t )b’”( )n;, @ =1, 2, and take the sum over j from 1 to m. It is assumed that the functions
@, w € CH[0, T so that the test functions are admissible. Let us agree to omit the upper index m indicating the num-

ber of the basis functions when constructing the approximations §™, uf*, and u4'. Then, taking into account the arbi-
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trary choice of ¢, w, we obtain:

”j (0&u& +y A& A5, + Taﬁgx,,gzut) dz dt — g@(% = &/(0, -)) &(0, -) d=

+ fff( o(t) K A& + v(t) GE, &, ;) de dt + fff (QUattUat + Tapliany) A dt
0'Sp

- IIQ(u;0 uat( )) uat O ) dl' + J:[j G’U,af t d.CE dt = 0
S 0 Sp
for all ¢t € [0, T]. Then

t

J % “( (&) + 7(48)" + 0(uw)” + Tupdug) dr dt

O%’*

JJ (v(t) K A&, —v(t) GE,, &, — v(t) Guay,) do di
5

P

” 0. ) &0, ) + 0ty — (0, ) a0, ] = 0.

The last term tends to zero with growing m because of the choice of the initial conditions (15). Therefore, they are
bounded, and hence

J (i “ (0(&) + V(AE)* + 0(uat)” + Tupdag) Az dt

t
JJ t) K A& —u(t) G, &1 — v(t) Guapy) dzdt + C'.
0 Sp

This implies
JJ (@(&)" +7(48)" + ()" + Tapdag) dz

<fj “'VAE) "'Q(Uat) + Tapdap)l;—o d

+ IJJ KAE)‘ - ’U( ) Ggfl;agfl;at - ’U(t) Gual‘at) dzdt+C.

0 Sp
The first term on the right-hand-side is bounded because of (15). Hence,
JJ (&) + 7(A8)" + 0(uar)’ + Tupdap) da < Uf (v(t) K A& = o(t) Gdogr) dz dt + C (17)
5

for all t € [0, T]. We have used the equality &, &, ; + gzt = duer (remember that summation over repeated indices is
assumed). Using (11), we obtain

fsf (0(&)" + y(AE)” + 0(ua)® + vdapdyp) dz < Ufgj t) K A&, — v(t) Gdyg) dz dt + C'. (18)

From (18) we have

H (0(&)? +¥(AE)® + 0(ua)’ + vdupdap) dz
< ff KAE — ’U( ) Gdaa de‘ — ‘[J‘ KAE - U(t) Gdaa)'t ()

+UJ (t) K A& — v/ (t) Gdyo) dz dt 4 C'.
0 Sp

Since the second term on the right-hand-side is bounded due to the initial conditions (15), we obtain:

IJ (0(E)* + Y(AE)” + 0(uar)® + vdapdap) dx

<”(v ) K AE — v(t) Gdgy) dx+6[£f(v ) K AE =/ (t) Gdgy) dz + C. (19)
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Due to the Young inequality, we have the following estimates:

< Qig 2(2) ” Kz + o ” (48)? da
S

Sp

| Jv(t) K A& dx

Sp

Jv(t) Gdyy dz

Sp S
t t t

”u(t)/KAg dz dt g% J(v’(t))2 dt ”K2 do+5 ”J (48 dz,
0 Sp 0 Sp 0
t t t

“v/(t) Gde dz| < GQ%ESP) J( dt+% J” dopdap dav dt |
0 Sp 0 0

where ¢ is an arbitrary positive value.
Taking this into account, we obtain

JT (&) + (AE)* + taruiar + dapdap) dz < u UJ“ (&))" + (48) + Ustiag + dopdog) dz dt + C.. (20)
S

Applying the Gronwall-Lemma yields
[ (&) + (AE)” + uarttar + dupdap) dz < C (21)
5

for any t € [0, T], where C' is independent of m.
Using the fact that (see [7])

Cy[[&, do < [[(4E)7de < Oy [[E), da,
S S S

we obtain

JJ (é? + E.Z'ﬂl'ugl'u.’l:u + Uqt Ut + daﬁd(lﬁ) dz S C . (22)
S

From the definition of d,s and the last estimate follows

Lj dopdop dz = § JSI (Uazy + Ups, + &, S-T/f)2 dz
=1 J;f (U “ﬂwa)2 + 2(uaa; + upn,) Eruy + (gwagwﬂ)Q) de < C.

Hence
jsj (Uaay + ups,)” dz < AC — Lj (2(tary + Upa,) Ev, oy + (E0,E,)) da
Using the Young inequality, we obtain
1
” (U, + ups,)’ do < 4C + ¢ ” (U, + ups,)” do + (? + 1) ” (6,8, dz.
s s s

Taking into account (22) and the continuity of the embedding of HZ(S) into W' 1(S), for any ¢, we conclude that the
last term on the right-hand-side is bounded, and, hence,

II (uamﬁ + UﬁIG)Q dz < C.
S

Now, using the Korn’s inequality (see e.g. [8]), we get

Lf Ugry Uy A < A fsf (Uazy + uﬂra)2 dr < C. (23)

Taking into account the estimate (22), we obtain

JI(E + Epn Ernr, + UatUat + UasyUaz,) dz < C
S
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for all ¢t € [0, T]. Therefore (remember the index m), we may state that
{&™} is bounded in L. ((0, T); HZ(S)), {&]'} isbounded in L ((0, T); L2(9)),
{u} is bounded in L« ((0, T); Hy(9)), {uj;} is bounded in Lo ((0, T); La(S5)).

From the compactness of the embedding H3(S) C Wh4(S), for any ¢ > 1, and from (24) we conclude that {£"}
is relative compact in C([0, T]; W9(S)) for any g > 1 (see [9]). So, we can assume that

(24)

E" — & sweakly in  Loo((0, T); HZ(S)),
' — & sweakly in  Lyo((0, T); La(9)),
g =& i c(o, T); Whi(S)), (25)
u — ud  xweakly in Lo ((0, T); Hy(S)),
u — ud sweakly in Lo ((0, T); Lo(9)).

Let us show that the functions &°, ul, a =1, 2, form a solution of (5)—(7). Note that the sets of functions of the
form ¢ = x(t) w;(x) and y = y(t) n;(z), where z(-), y(-) € C7[0, T] are dense in Hp(0, T; Ly(S)) N Ly(0, T; HZ2(S)) and
HL(0, T; Ly(S)) N Ly(0, T; HL(S)), respectively (see [10]). Therefore, it is sufficient to prove that (12) holds for such
functions along with &, ul, a = 1, 2.

Obviously, §™ and u), a = 1, 2, satisfy (12) if m is larger than some integer depending on the choice of the test
function. For linear terms, the passage to the limit in (12) is quite obvious. Consider nonlinear terms. These are

T
”f Tap&, o, dwdt, [ Tapyay, dodt.
0s
Taking into account the definition of 7,4 (see (2), (3), (9), (10)), we obtain

T
({ fs J Tap i, dx dt = f f J Cijapdis & @, da dt = f f J Cjap iy, + 1y, + EET) &gy, dw di,

S

T T
SJ\ Taﬂ‘//az/; dz dt = (‘!“L‘J‘ Ci,jaﬁdijl//axﬁ dz dt = JJ;I Cijaﬁ ;’;] + Um + g S ) l//amﬁ dz dt,

where Cjjqp are piecewise continuous functions being independent from ¢. Let us extract nonlinear terms again. These
are terms of the form

T
[ I s &0, dadt, f JJ 80852, @a, du dt, f JJ &V, du dt.
0

One can easily see from (25) that

ELENEL — 818 &, and ENEN S ELE in Ly((0, T); La(9))

and, hence, the last two of the nonlinear terms converge to the desired values. As for the first nonlinear term, we have

I JJ iz 85 P, dwdt—f Itk s, dt = IJI upy, =) B0, + (&5, — &) uip @) dodt.

Note that SW @, € C([0, T]; L,(S)) for any ¢ > 1 (see (25) and the definition of ¢ and take into account the embedd-
ing H;(S) € Whi(9)).
Then, from the forth relation of (25), we conclude that

J'ff w/ - ) g,ﬁ§0xa dzdt — 0.

Moreover, we have

1/3
0 m

E um(pl.a dz dt

T/;

23 1y
< [JJ"J“ ul @, 3/2dxdt} L{{I <&2"ﬁ—52ﬁ>3dxdt}

and
1/4

- 3/4 [y
J (u %f“dmdt} {HI dxdt} [J“J“J“(coz,,)‘}dwdt} <c.

S

1
Sy
95}
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Therefore, we conclude that

T
JISI( o~ &) Ul @, dzdt — 0.

This completes the proof. W

3. Conclusion

We have proved the existence of solutions under the assumption that the control duv(t)/dt is quadratic integrable. The
uniqueness could also be easily proved under assumptions about some additional smoothness of solutions. It should be
noted that such assumptions would not be realistic since the smoothness can not be improved because of the term
Alg, € H2(S) on the right-hand-side of (5) and the discontinuity of the coefficient .

- w

~N O Ot

8
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