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Homogenization of von Karman Plates
Excited by Piezoelectric Patches

A model describing vibration of nonlinear von Kdrman thin plates excited by actuators made of piezoelectric ceramics is
considered. The model contains strong oscillating coefficients due to the piezoelectric actuators. A procedure of homo-
genization based on the so-called two-scale convergence is applied to the model. This yields a nonlinear system of equa-
tions with constant coefficients. The unique solvability of the resulting system is proved. The convergence of all solutions
of the original system to the solution of the resulting system as the number of piezoelectric actuators goes to infinity is

proved.
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1. Introduction

The problem of homogenization of partial differential equations describing vibration of nonlinear thin plates excited by
actuators made of piezoelectric ceramics (see [1] and [2]) is considered. It is assumed that the number of the actuators
goes to infinity whereas their dimension tends to zero. A procedure of homogenization based on the theory of two-scale
convergence studied in [3, 4, 5, 6] is used. Specific features of the problem considered are: time dependent equations,
the appearance of the forth spatial derivatives in the first equation describing vertical displacements of the plate, and
nonlinearities typical for von Kdrmén systems. We apply a result of [6] about two-scale convergence of the second
derivatives of subsequences of sequences bounded in Ly(0,T; H3(S)), which enables us to handle a weak formulation of
the problem. Results of [7] and [8] are used. Computer simulations demonstrate a good approximation of solutions of
the original equations by solutions of the homogenized equations whenever the number of piezoelectric patches is suffi-

ciently large.

2. Notation

S C R?
K(t,x)
SP,CS
Sp:=J Sp

=1
Sp:=5\Sp
Y :=10,1] x [0,1]

H}(Y)/R
Q:=(0,T)xS

CF(Q) © C*(Q)
G (@ C3 V)

HE(0,T; Lo(S))

X2 = L(0,T; H3(S)) x Loo(0,T5 HY(S)) x Lo (0, T H(S))
X190 . L (0,7 HA(S)) % Loo(0,T; Lo(S)) X Lo (0, T; Lo(S))

Lé‘

is the domain occupied by the plate.
is a prescribed distribution of the voltage over the whole plate S.
is the domain occupied by the Ith piezopatch.

is the domain occupied by all piezopatches.

is the domain occupied by the base material.

is the unit square.

is the mean value of a function.

is the subspace of Yperiodic functions, i.e.

9(y1 +1,52) = g(y1, 92 + 1) = g(y1, ), for all (y1, ) € R*.
is the completion of C3(Y') for the norm of H™(Y); it holds:
D“u|y1:0 = Do‘u\yl:1 and D‘J‘u|w:(J = D%|
a=(a,as), 1,02 >0, 00 +ay <m—1.
is the quotient space.

is the subspace of all functions which vanish on S and at ¢ = T" along with all derivatives.

y2=1

for

is the space of infinitely differentiable functions from @ into C3°(Y’) which vanish on 9S, at t =0,

and t = T along with all derivatives.

is the subspace of all functions from H?(0,T; Ly(S)) which vanish at t = T along with the first

time derivative.

is the set of all functions (&%, uf,uf) that are limits of Galerkin approximations in problem (10)

w.r.t. weaks topology of X211,
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di;(&u) = %(ui% + i, +&,,8,,) is the in-plane strain tensor. We use notation: d;; := d;;(§ u), dfj = dij (7, u?),
dij := dij(§, 1) ete.

eij(u) := 3 (Ui, + ja,) is the linear part of the in-plane strain tensor.
1= 11 Lys) is Ly norm of a function.
(f.9) = (£, 91,5 is Ly scalar product.

We assume summation over repeating indices. For example,

2
1€, 17 = €0, 1 - 12, |l = 2 N8I Nzl = IEl1773(s) -

3. Problem setting

Consider a system of nonlinear equations describing oscillations of a thin plate excited by patches made of a piezo-
electric ceramic (see [2]). For simplicity, assume that the plate occupies a rectangular domain S and the piezoelectric

patches occupy rectangular domains Sp C S (see Fig. 1). It is assumed that the patches form a periodic structure of
m

the period € so that the object is completely defined by e. Denote Sp := |J Sp, and S := S\ Sp.
=1

6 i
7777777 SPI 1
_.D
SB
0 1
Fig. 1. Plate S with patches Sp, Unit cell scaled from e x e to 1 x 1
Equations describing the model read
- . - 0 . 0
péy — div(aVéy) +A(y A8) — o— (Tap(x) &) = Fui(t) Als, + Gui(t) (& 1sn) 5
0z 0z
- 0 . 0 - ~ 1
PUatt — (971‘,3 Trx[i(w) = le(t) ({Tra ISp, ,  Where Taﬁ(l') = Zijncﬁ(z) b (ui-T/ + Ujg, + E:I:V‘Sw_,)' (1)

Here & and wu,, a =1,2, are vertical and longitudinal displacements, 4 is the Laplace operator, v;(t) is the
voltage applied to the ith piezoelectric patch Sp, , Ig, is the indicator function of the ith patch. The indices a and I}
run over {1,2}, the index [ runs from 1 to m, where m is the number of piezopatches. Summation over repeating
indices is assumed. The coefficients F' and G are constant; p, &, ¥, and Zijaﬁ are discontinuous piecewise constant
functions defined as follows:

~ Pp; CITGSP, ~ Up, ZﬂESP,
pz) = z) =
P> CEGSB, Upg, CUESB,
~( ) Yps IGSP, ~ ( ) ef;aﬂ7 IESP,
) = .. ) =
4 g zreSy. Y (8 weSp.
Nonzero components of £ 5 and £ 5 are defined as follows:
E E,o E
U A L . R 0y = w=P.B.
[T 21T g2 #4431+ 0g) 1122 = £9211 5 2220 = 1111 5 g

Here, Ep and Ep are the elastic moduli; op and op are the Poisson ratios. Indices P and B point out to the piezoelectric
and base materials, respectively. It is assumed that v;(-) € H*(0,T), pp > 0, pp > 0, up > 0, ug > 0,yp > 0, y5 > 0, and

’Vdaﬁdag </ ﬂdijdag < Ndaﬁdaﬁ, w = P, B (2)

— “ijo,

for any symmetric d;; € R?>*?, where v and N are positive constants.
Assume that the controls v(-) are being chosen as follows. A distribution K (t,z) € H'(0,T; L2(S)) of the voltage
over the whole plate S is prescribed and we set
u(t) = meas(Sp) " [[ K(t,z) dz. (3)

sp,
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Let
Kta ) S )
Kg<t7x)={ (60 o€ S
u(t), x €Sp.

It is obvious that K, — K in H'(0,T; L»(S)). One can rewrite (1) as follows:

p(5) & - an(u () ve) + () 48) 5 (va() €1)

= (Rt 1(5)) + 6 o (8Kl 1(2)). 6)

(O w(2) =0 2 (511() . amre

T z\ 1
Trxﬂ (g) = Zzg(lﬁ (E) 5 (uil‘j + Uja; + gﬁl;;éfl;j) .
Here p,u,y, I, {;j,p are Y periodic functions defined on Y as follows:
I(y)=1Ip(y),  ply)=Ip(y) pp+ (1 —Ip(y) pp,  w(y) =Ip(y) up+ 1 —Ip(y)) ug,

yW) =Io@) vp+ (A =IoW) vs,  Ljup®) = IpW) L + (1= In(v)) Ls
where Ip is the indicator function of D (see Fig. 1 right). It follows from (2) that
Vdaﬂdaﬂ < éijaﬂ(y) dijdaﬂ < Ndaﬂdaﬂ (7)

where

for any y € Y and any symmetric d;; € R**2.
Boundary and initial conditions are

Elgps =0, 98/ 0iilyg =0, &limo = &0, Eili—o = 56’
Uqlygs =0, Uqli—g = Uan , Uatly—g = Uy a=12.
Note that (5) should be supplied with the following interface conditions:

a-0. [0, pag-o. [ Zyag-0 =0, [wowl-0, a-12,

9)
that hold on the boundary between Sp and Sp because of the integration by parts when deriving (5) from a weak

formulation. Here, [-] denotes the jump of a function on the boundary between Sp and Sp. We do not pay any atten-
tion to these conditions because we will go back to the weak formulation.

Definition 1: We say that functions
E € Ly(0,T; HY(S)), € Ly(0,T; Hy(S)), a=1,2,
form a weak solution to system (5)—(9) if the following equality holds:

T
J ” [p(g) Eqy +ﬂ(§) VEVe, + y(z) A& Ag +Taﬁ( ) &%, — FKe(t,2) I(f) Ay

0 s
+ GE(t) 1(2) 8,00+ 2 (%) b + Tap (7) W, + CEelt) 1(T) W, | da

[ ) (€0 0.) = E9(0.2) + i 0,5) = s, 0,2)
g
z /
+u(3) (V& V9,(0,2) - VEV(0,2))] dr = 0 (10)
for all
¢ € Hp(0,T; Hy(S) N La(0, T3 Hi(S)) . 9 € Hp(0,T5 La(8)) M Lo (0, T; Hy (S)) -
Proposition 1: Let &
a) If & € HZ(S), & € HY(S), ua € HY(S), uLy € Lo(S), and K € H'(0,T; Lo(S)), then there exists a constant C in-
dependent of €, m such that
IE™ W2 sy + €T T2y + " 7 s) + g 7,05 < C (11)

for any t € 0,T].

andu™ be Galerkin approximations computed using the above definition of solutions. Then:
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b) If&=0,& =0, uw=0,u,=0, Ke H*0,T;L:(S)), and K|,_, = 0, then there exists a constant C independent
of &, m such that

m|2 2
IE™ W25y + IER" 17728y + e I es) + il 7, < C (12)
for any t € [0,T].

Remark 1: The proof of the second part of the proposition is based on the formal time differentiation of equa-
tions defining & and uZ™. The term K, (see (3) and (4)) arises on the right-hand-side of these equations. The
assumption K € H?(0,T; Ly(S)) is necessary to estimate terms containing K,. The requirements & =0, & =0,
uqo = 0, uly =0, and K|,_, = 0 provide the so-called compatibility conditions (see e.g. [9]), which guarantees that the
formally differentiated equations define time derivatives of & and u&". For example, one of the compatibility condi-
tions reads y(z/e) A&, € Hi(S). This can be satisfied by very special choice of & using the structure of the discontin-
uous function y(z/e). To avoid such difficulties, we set &, = 0. Similar arguments explain the choice of the other initial
conditions to be homogeneous.

Proof: The proof of the first part of the proposition can be found in [2]. Prove the second part. Let
= Z%a;"(t) wi, ult= g ), a=1,2,
where {w;}2,, {n;}:2, are bases of H3(S) and H}(S), respectively, and the coefficients a!"(t), b".(t) satisfying the initial
conditions a}"(0) = 0, d/dta}*(0) =0, b2(0) =0, d/dtb:(0) = 0 are found from (10), that is

? Y

[[ (o) e +u(5) vervoeo(?) aeman+ () €79.) s

S
_ j J FI,(t,7) Ag dz — “ GE,(t,x) &g, dr,
5 5
[[ (o) e+ 25 (2) ) do = = || 6Kelt.0) o, do
S Sp

for all t € [0,T], ¢ € span{ws,..., 0}, Y, € span{n,,...,n,,}. Here

‘ em guEm gEem ggem
T (x) = z’ja/)‘(f) % {a;x? + 3:;- +8§xi ang}

iji=1,2.

Formal differentiation w.r.t. ¢ yields

[ (o) i +(2) Duiros1(2) awmag s #5(2) e+ 5 (2) oo, )

s
= JJ FKEt(tJ .’.C) A(p dx — JJ GKst(t7x) g;quza dz — JJ GKE(t? (I,’) wgm(pru dx7
Sp Sp S
X
[0 E) v+ 25 (2) vy ) o = = || GKatt.) o,
s Sp

Here

() =t (2) L (B 20) S o o

R 5 + (91'1 Oxj 8xj (91'7

: 1,7 =1,2.
ij ax]_ ox; :| ) [2%) ,

Since the compatibility conditions are fulfilled, it holds w™™ = &™ and v&™ = u&".
We set ¢ = wy, ¥, = vy and sum up the equations. This yields the following equality:

1
(npw:"'"n vt Ly 2w |+ [ [ st dos || egusmasy dw)
S S

Sl

2

3 ,
= = JJIZ%LMM M dx + JJ Ke(t,x) —t Aw™ dx — JJ Gth(t,x) — (f;a“ ") do

2
S Sp Sp
+JJ GKqwy"w" dr — J GK(t,r) w w," dz, (13)
Sp Sp
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where é;&i ; is the inverse of £4p;, that is
CappaliivaSis = Sap (14)
for any symmetric s € R?*2. Note that

v/NERTE < Lo ap i < 1/viljiy (15)

because of (2) and (14).
Integration of (13) over t gives

llowy™ II* + e | + [ly 4w |[* + [lpvg | +fféaﬁ7, Ty Ty dr

E— ff Top W d:z: + 3f” T Wo Wi d:v +2 ff FK,(t, ) Aw™ dx

t
—2 [ [ FRey(t, z) Auwf™ d:c—Q”GKst(t,x)él dx+zjijKmtm) 0L de
0

aau aaij 1]
0 Sp

+ 2 jj GKeth"L Em 2 J'J' GK t 1,) wEWl EM dx (16)

Using the inequalities of Schwartz and Gagliardo-Nirenberg yields

[l || < V™ |75 < CIVO™ | [0 ™[l 205) < Cllw™ [l zags) -

Ty I/;

The final inequality is true because of the boundness of ||[Vw®™|| due to (11). Using that ||1””H < C due to (11), w
obtain from (16)

112
1™ s + i () + llvie I + 53 1° < C- (17)

Taking into account that

L (o, 0
2

1
S’ITL EM,  EM EmM =€mM
dxg 6aca> it = 5 (S Wiy T8,

we obtain

81)8777 8Uem
Iz (G5 )H<c<|r;;?|+||5f,l w2 ) < CORHI+ IE 5+ 21 )

CUFEN + 1E™ I(s) + 0™ 7)) < C
using (11), (17) and the continuous embedding H2(S) C W} (S). The inequality of Korn implies
v |75 < C's

which completes the proof of proposition 1. O

Proposition 2: Let Lf be the set of all limit points (in weakx topology of X*3') of all possible Galerkin approx-
imations in (10). Then:

a) LF#0 and each (&, uf, u§) € L* is a weak solution of (10).
b) If the first assumption of proposition 1 holds, then there exists a constant C independent of € such that

2
||‘§8HLX(0,T;HZ( + HEtHL (0,75 H(s) T |ug, ||L ©0,7;H(s) T ||uatHL 01 Ls) <C (18)

for any (&°, uf, us) € L~.
c) If the second assumption of proposition 1 holds, then there exists a constant C' independent of € such that

2 2 2 2
||§fHL>c(O,T;H3(S)) + H‘Sit”Lx(O,T;H&(S)) F ez 0,7: 111 (59) T Nt 0,7: 2005y < € (19)
for any (&°, uf, u§) € L.

Proof: Nonemptiness of L? follows from (11). The proof that each (&°, uf, u§) € L? is a weak solution of (10)
can be found in [2]. It follows from (11) and (12) that all necessary time derivatives in (18) and (19) exist, and that
(18) and (19) hold. O
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4. Homogenization
The following holds for any (&°, u§, u§) € L* due to Proposition 2:

2 2 e 112
1E N 0,75 m2(sy) + NWillZ 0,72y + USNE 0.7 1125y < €

with C independent from &. Therefore, the sequence (&, uf, u) contains a weak+ converging subsequence in X%, Now
we derive equations that define limit functions of such subsequences (effective equations). We will show that these
equations have a unique solution under assumptions of the second part of Proposition 1, and that the coefficients of
the effective equations are independent of the choice of subsequences. This yields that the sequence (&°, uf, uf) € L?
converges weakx in X2!! to the solution of the effective system. Similar arguments show that (&, u$,,u5,) converges
weakx in X2 and (&, uf,,,u5,,) converges weak+ in X!% to time derivatives of the solution of the effective system.
Then, using Corollary 4 of SIMON [10] and Theorem 16.1 of LIONS [11], we conclude that (&%, u$,u§) and (&, u,, uf,)
converges strongly in C([0,T]; HZ%(S)) x C([0,T); HE~(S)) x C([0,T); H;~*(S)) for any positive real s. In particular,
& and & converge uniformly on [0,7] x S.

Now we apply two-scale convergence to derivation of the effective equations. For the pioneering works on two-
scale convergence for time-independent problems we refer to [3] and [4]. Two-scale convergence for time-dependent
problems was considered in [5]. These results were generalized in [6].

Let us reproduce the definition of two-scale convergence of functions depending on additional parameters (Defi-
2-scale

nition 6.8 of HALLER [6]): Let v, € Lo(Q), vg € Lo(Q X Y). It is said that v, — vy, if
T
lin& [ [[ve(t,z) p(t,z,2/e) du dt = IIIJJ’UQ (t,z,y) Y(t,z,y) dy dx dt
E— 0 S

for all y € C3°7(Q; CF(Y)).

It is proved (Theorem 6.15 of HALLER [6]) that all properties of two-scale convergence hold, if the test functions
in the above definition are replaced by more general test functions of the form: (¢, z,y) = f(t,x) g(y) o(t, x,y), where
f€Lu(Q), g€ Looy(Y), and 0 € C*(Q; CF(Y)) (not necessary vanishes). Theorem 6.12 of HALLER [6] is a general-
ization of results of [4, 5] about two-scale convergence of bounded functional sequences. Let [|ve| 1,0 7. grm(s)) < C with

C independent of € and m = 1,2. Then there exist ¢;, v(t,x) € L2(0,T; H™(S)), and v(t, z,y) € La(Q; H}(Y)) such that

2-scale

DFy, kelO,m—1; D" "= D"v+ D)'v.

weakk 2 scale

oy in Lo (0, T H™(S)); DR

Due to the above result, there exist &;, &(t,x) € Ly(0,T; HZ(S)), uq(t,z) € La(0,T; HY(S)), &(t,z,y) €
Ly(Q; HE(Y)), and @y (t, x,y) € Lo(Q; Hy(Y)) such that

ENE i Lo(0,T HAS), BTN E VESTNIVE, A8 TN AR+ A,
S i LT HNS)), w T e u,  w + T

Moreover, from (18) and from the compact embedding Hg(S) C W/} (S), for any ¢ > 1, we conclude that {£7} is
relative compact in C((0,T); W, (S)) for any ¢ > 1 (see [10]). So, we can assume that & — & in C([0,T]; W}(S)) for
any q > 1.

To obtain effective equations defining & and u,, set

@(t, m) = n(tv x) + £2¢(t,x,x/e) ) wa(tv :E) = Xa(tv x) + g@a(t, Z, "L'/‘?) )

where 75(t,z), x,(t,x) € CF(Q), and @(t,z,y), Ou(t,z,y) € C3p(Q; CF(Y)). Substituting these functions into (10)
yields (we omit the index j for brevity)

[[]{PE) €+ 2o+ u(%) e @m0+ o(2) astan+ a4 2.0
0 S
1 () & e, + €00 = PR ) 1(2) [An+ 4,9 + ()] + GR(t2) 1(3) &, + €20
(%) el + 0utt) + T (7) By + Ouy + ()] + GEL(t) 1(2) P, + O + e<'-.>}} da dt
[ 0(5) teom(0.0) = En0.2) + wara0,) = o, 0,2

S

< (%) [VEVn(0,2) = VET(0,2)]} do = 0. (20)
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The symbol (...) denotes terms with the multipliers e ' and €, whereas the symbol ( *.) denotes terms with the
multipliers . These terms appear when applying differential operators of (10) to the functions ¢(t,z,2/¢) and
0. (t,x,x/€). For example, the term (...) in the first line of (20) is equal to V., + (1/¢) V¢, where V, and V,

denote the gradients with respect to the second and the third variables of ¢ (¢, z,z/¢). Considering

p() [t x) + 2yt 2, y)] u(y) [Vt o) + ()],

y() dn(t,z) + Atz y) + ()], liap(y) &, (8 2) [, (6 2) +2(0)],

I(y) [n(t,z) + Ayp(tz,y) + ()] 1(y) &, () [, (E2) + ()],

P() Dot 2) + €0t z,y)] Cijap (Y) Uaay (8, 2) + Oay (8, 2,y) + ()]

I(y) [Xawa (tv l‘) + Oma (t’ xz, y) + 8(' ’ )]
as test functions, one can pass to the two-scale limit in (20) taking into account that &(...) and &( .) converge
uniformly to 0, K, — K in H'(0,T;Ly(S)), and &, — &, in C([O,T];LQ(S’)) for any ¢ > 1. Since the last system

contains two test functions, the limiting system will be split into two ones.
The first, effective, system defining the limit functions & and w, reads

T —
({ SI {/f {r() Eny +uly) VEVR, +y(y) [AE +4,5] An

+ éijaﬁ(y) %(uil, + Uje; + gx gzj + ﬂiy, + ﬂjyi) &xﬁrlxa - FK(t7 .’L') I(y) AT] + GK(t7 .’L') I(y) &xanx(,
+,0( ) ua%att + éuaﬁ( ) (uwj + uwﬁ] + E gr, + ulyj + uﬂ/:) Xal/g + GK(t x) I(y) Xal‘u} dy dx dt
+” U {p(y) [Em, (0, 2) — Em(0,2) + a0 (0, %) — g (0, 2)]

u(y) [VEVn,(0,z) — VEVR(0,2)]} dy dz = 0. (21)
The so-called cell equations defining auxiliary functions & and @, read
UI [Jrw) |45+ 4,8 4,9 — FK(t.2) I(y) 4,9
+ Lijap(y) § (Wi, + wje, + EEp + Uiy, + Ujy,) Ouyy + GK(,2) I(y) Oua, } dy da dt = 0. (22)

Here y is the independent variable, whereas = is treated as a parameter. Since the system (22) is linear, the
superposition principle yields

E(t,,y) = N(y) A& + M(y) FK(t,z), (23)
U; (t x, y) 7m1L( ) %(u'm,.’l;,, + Ung,, + gzn gzm) + Mi (y) GK(tv x) ) (24)

where N, M € Hi(Y) and Ny, M; € H;#(Y) are unknown functions. Substituting them in (22) and some computation
yield

0} Sf {/f {4&y(y) [1 + A,N] + FK(t,z) [y(y) 4,M — 1(y)|} 4,¢ dy dz dt =0,
T
[t o+ (e 25

oM;  OM;
A i

+GK(t,z) [zuaﬁ( = ( ) +0apl(y )} } Oy dy da dt = 0.

Because of the superposition principle one can seek N, M, Ny, and M; separately. Taking the test functions of
the form (t,7,y) = §1(t,2) $2(y), Oult, 2, y) = OL(t, z) 62 (3), we obtain

{/fﬁ/(y) (1+4,N)4,¢*dy=0, (25)

y (r(y) 4,M — I(y)) 4,9° dy =0, (26)
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ONjn . ON;
Cijnp(y) {%mé in + = | 62 dy=0,
L j1p J 8yj 83/7 1y (27)
aNLIILII aN""L?L— 2
JY fonsly) {26””6]” oy y; * ﬁ_ 921//4 dy =0,
OM; OM; 7
Cijip(y) ( : ]> +20151(y)| 62 dy =0,
[f [ " dyj Oy 14 | e .
OM; 6M 1,
L [&'ﬂ/ﬁ( ) ( o o ) + 262ﬁ1(y)_ 63, dy =0

for all ¢* € HL(Y), 02 € HL(Y), a=1,2, (m,n) = (1,1), (2,2), (1,2). Note that the cases (2,1) and (1,2) are equiva-
lent.

Proposition 3: The equation (25) is equivalent to the following one:

y(y) L+ 4,N)=(1/y)"", foraeyeY. (29)
The equation (29) has a unique solution N € Hi(Y)/R. The equation (26) is equivalent to the following one:
vw) 4,M —I(y) = =1/7) " {I/y), foraeyeY. (30)

The equation (30) has a unique solution M € Hi(Y)/R

Proof: Let us sketch the proof of (29). The claim (30) can be handled similarly. Note that the equation (25) is
equivalent to the following one:

ff y) (L+4,N)=Cl A9 dy=0, Vo€ HL(Y), (31)

where C is an arbitrary constant. This holds because ”qub dy =0 for all ¢ € HL(Y). Let C = [[y(y) (1+4,N) dy.
Then the equation Y

Ay =y(y) 1+4,N)-C

is solvable in HZ(Y)/R because “ (1+4,N) — C] dy = 0. Substituting the solution into (31) yields
y(y) 1+ 4,N) = C fora.e.yeY.

Dividing this equation over y(y), integrating over Y, and taking into account that U A4,N dy = 0, we obtain
that C = (1/y)"", which proves (29). See [12] for more details if necessary. O

Proposition 4: Systems (27), (28) are uniquely solvable: Ny, M; € H}#(Y)/R

Proof: Let us consider the bilinear form defined on [H}(S)/ R)? x [H}(S)/ R)? that corresponds to both (27)

and (28):
[ (542 By [ (2, ) 0 00
(N L) LJ%aﬁ(ayj * 8%) Oy =5 [ngaﬁ<ayj * i yp +8ya @y

The form is symmetric and continuous on [H}(S)/ R)? x [H(S)/ R)?. Tt follows from (7) that
ON; 8N]-)

I + .

Ay Oy

a(N,N) Z% JJTijTij dy, where 1= <
)%

Modifying arguments of the proof of Korn’s inequality (see [13]), we obtain

J'E(N N) > CIINLEJNLL/ dy =C- HNH HI(S )/ R)?

The linear forms

(D) = =2 [ [ Cdins %ij dy,  u(L)=-2 U SupT(y)

Y

0L,
Oyp

dy

corresponding to (27) and (28) are defined and continuous on [HJ#(S’) /R]?. Applying the Lax-Milgram lemma com-
pletes the proof. O
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After substituting the functions &, 4,, a = 1,2, (see (23) and (24)) into the effective system (21), we obtain

TH {<p> Eny + () VEVR, + (y[1 + 4,N]) A& Ay

0 S

ON, mn ON. jmn
4+ —=
Ay, yi

+ GK(t, 1.) <€ijaﬁ(y) (f?a]le + 88];4]) + 6aﬁj(y)> ‘S:l:ﬁnwu }dx dt
J 1

+ <&jaﬁ<y) (amajn n ) > G (E0) &, 11, + FK(t,2) (yA,M — I) Ay d e

T ” ({0} (Eny(0,2) — Exp(0,2)) + () (VEV7,(0.2) — VET(0.2))} dz =0, (32)
S

T
aNimn 8Nmn
b[ J {(/’) UaXar + <€ijﬂﬂ(y) <677m(3jn + a; + 5;1]12>> (&, 1) Zazg

oM; oM,

+GH(0.0) (b (G0 + G0 ) + 0010 ) s o

+ lj () (a2 0,) = i 0,2)) e = 0,

Thus, the following system with constant coefficients is obtained:

T ~ ~
J [T Ap&ny + ANVEVy, + PAE Ay + TapE, ., — FE(t,2) I An+ GK(t, x) Jop, m,,} do dt
0 s

+ fsf {P(&om,(0, ) — Em(0,2)) +a(VEVn,(0,2) — VEVR(0,2))} dz =0, (33)
T A
g‘ Lj {ﬁuleatt + faﬂ%axﬁ + GK(t’ $) Jaﬂ%axﬂ} dz dt + LJ‘ ﬁ(uaOXat(Ov 'T) - uixOXa(Ov x)) dz =0.

The classical form reads

. . . a9 . N N
PEy — i ALy + 7 A% — %a(faﬁgxﬂ) =FIAK(t,z) + GJop (&, K(t,z)),

Dy
9 5 (34)
[matt — a—xﬂ ‘Eaﬁ = GJaﬁ a—xﬁ K(t, .Z‘) 9 Where faﬁ = éijaﬁ(ui% —+ ’U,]'zi =+ ‘Sxygr/) .
The boundary and initial conditions are
§|as: 0, 8§/aﬁ|as: 0, ‘§|t:0: o §t|t:0: EZJ )
Ug|gs= 0, Ugly_g= Uao , Uat|—g= Ugy -
Comparing (32) and (33) and using (29) and (30), we obtain explicitly
p=Ap), a=w, =7, I=/n)HI/y).
Moreover, comparing (32) and (33) gives
> 1 8Nimn(y) aN 'mn(y)
émna = gz jap\Y |:6im6"n + = ( + - ) 35
T )
Jug = &xay—< + 22 £ 8a81(y) ). 36
o= (o) 5 (2 D) .10 )
Conjecture: The tensor (?,,,,,,,Laﬁ is positive definite, i.e., there is a positive constant v such that
gm,noz/j’dz‘jdoaﬁ > vdd;; (37)

for any symmetric d € R**2.

Unfortunately, we were not able to succeed in formal proving this property. On the other hand, numerous compu-
tations show its validity for a wide range of values of op,0p, and Ep/Ep (the auxiliary functions depend on the ratio
Ep/Ep) that cover all realistic materials. Further, the property (37) is assumed to be valid.

The next theorem follows immediately from the homogenization procedure.
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Theorem 1: Let (E%, uf*, ult) be a sequence of weak solutions of (5) converging to some (&, uy, ug) in the weaksx
topology of Xzél(note that such a sequence always exists due to Proposition 2). Then (&, uy, ug) s a weak solution to
problem (34).

Definition 2: We say that functions (&, u, ug) form a strong solution to system (34) if the following holds:
(& ur,uz) € C([0,TT; Hy (S)) x C([0,T]; Hy (8)) x C([0, T]; Hy(S)) ,
(&, wit, uz) € C((0,T]: Hy (S)) x C([0,T]; L2(S)) x C([0,T]; L2(S)) , (38)
(&t trse, ) € Loo(0, T3 HY (S)) X Loo(0,T; Lo(S)) x Lo (0, T La(S))
Elig =& € HJ(S), &g =& € Hy(9),

Uali—y = tao € Hy(S), Ugt|,—g = U € La(S),

and
P(Ewr @) + (Y, V@) + DA, AQ) + (1pEs, ¢.,) — FIK, A9) + Gup(KE,, 0,,) =0, (39)
P(tat Yo) + (Faps Was,) + Gup (K, Ygp,) = 0 (40)

for any ¢ € H3(S), ¥, € H}(S), and a.e. t € [0,7].
Lemma 1: If K € Lo,(0,T; H'(S)), then any strong solution (&,u1,us) of (34) possesses the property
E€ Lyo(0,T; H(S)), Uy, uy € Lo (0, T; H*(S))). (41)
Proof: The proof is just similar to the one of Lemma 5.2 of [7]. Namely, we can rewrite (40) as follows:
Cijap (i), eap()) = =P (tatt, ) — éij(x/)’(é:m[gzja eap(P)) — Gjaﬁ(Kzﬁ7 Vo) (42)

Using integration by parts and the properties (38), one can prove that (&,,,&,,, eqs(v)) is from C([0, TT; (L,4(S) x Ly(9)))
for any ¢>2. Therefore, (&8, ewp(y)) is from C([0,T];H*(S) x H*(S)) for any 0<s<1 because
H*(S) C Lyj(1-5(S) in two dimensions. The other terms on the right-hand side are from Lo (0,T; (L2(S) x La(S5))").
Therefore (see e.g. [11]), u; and uy are from Lo (0, T; H*75(S)), so there exists a constant C' > 0 such that

lei(llgps <C, te€[0,T].
Hence,
[ dij (& w) Sxﬁ” = |leij(u) E.xﬁ +%§;z,§;xjf;,;ﬁH < ||eij(u)”L,1(S) ||§xﬁ||L,l(5) + ||§x,3||i“(5)
< Cillles (@)l grs sy 1€l 2s) + ||§H3Hg(5)) < Oy, (43)
for t € [0, 7], if we take 0 < s < 1/2. Now, rewrite (39) as follows:
V(A8 A9) = —p(Ew, @) — A(VEw V) = lijap(dij (&, 1) &, @) + FIVK, Vo) — Glug(KE,,, ¢,,) -

Note (38) and (43) imply that all terms on the right-hand-side are from Lo, (0,7 H(S)). Therefore (see e.g. [11]), & is
from Lo (0,T; H3(S)). The last result implies that the right-hand-side of (42) is from Ly (0, T;(La(S) x La(S))").
Therefore u; and uy are from Ly (0, T; H?(S)). Thus (41) is proved. O

Lemma 2: If K € L,,(0,T; H'(S)), then the strong solution of (34) is unique whenever it exists.

Proof: Assume that there are two strong solutions &', ul and &, u?. Then the difference E=8 -8 4, = ul —ul

satisfies the equations
/A)(étty QO) +/’2(v§_ttv Vq)) + }A/(AE,AQD) + él]aﬁ(d}7§;ﬁ - d?jgiﬂa ¢Ta) + jaﬁ(Kgxiy goara) = 07 (44)
P(Uast, ¥yo) + éz‘jaﬂ(dgj - d?y eap()) =0 (45)

for any ¢ € HZ(S), ¥, € H)(S), and for ae. t€[0,7]. We set ¢ = (§(t+h)—E&(t—h))/2h, P, = (Ut +h)
— Uq(t — h))/2h and integrate from h to ¢ — h. The passage to the limit as h — 0 gives

EII* + Al VEN + PIAEN* + pllael® + Cupis(eap (@), e1(a))

P

t _ _
<cf (Id}&s, — di&s IF + K&, 1P + IVEI + 1V (&, &, — ELEDN7 + lldw®) dt . (46)
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Using (38), (41) and embedding theorems, we obtain that
I}, — 28 1P + IV (&6, — 8.8 )11
< Clluly &, —ul, &, 17 + 18,608, — 816 & 1" + 18,600, — £2.80,0,17)
< Clllug, (&, = EI + 18, (uly, — I + 18,8, (&, — &)
+ 1185, (Eape, = 800 I+ 1600 (&, = EDI)

2 1 2 12 2 112 2 1 g1 2 1 2 12
< C(”“}L,HL_l(S) ”515 - Ezﬁ”M(S) + HEJ:ﬁHLﬁc ||ull.Ll - u?xjH + ||§.L,§.L/||L4(S) HSL;; - Exﬁ”LAS)

& T 18, = &80 17+ 1600, s 16, = &5, 11Z,(s)
< OE ) + Naalys) .t e 0.7, (47)
It is easy to see that
IKE,,I* <KL, s 16112 < ClE s 18lHzs) < Cléls . — t€[0,7]. (48)

From (46), (47), (48), (2), and the inequality of Korn, we get
_ _ t _ _
€172 s) + 18 cs) + 1allzzys) + l1all” < gansn%m + 18 1s) + Naallips) + @all) dt-

Taking into account that £(0) = 0, %4(0) = 0, we obtain & = 0, 4, = 0, which proves Lemma 2.
The next theorem states a more useful relation between (5) and (34) than Theorem 1.

Theorem 2: Let £ =0, & =0, uqy =0, v/, =0, K € H*(0,T; L2(S)) N Lo (0, T; H(S)), and K|,_, =0, then
(34) has a unique strong global solution (&,u1,us). The sets L¢ shrink to (&, uy,us)in weaks topology of X2!'. That is,
any sequence (&, u$,us) € L¢ converges to (& ui,u2) in weakx topology of X! as e — 0.

Proof: Using Proposition 2, we conclude that there exists a sequence (%, ui*, u3") € L* converging to some triple
(&, u1,u2) in weaks* topology of X2!! as g, — 0. Theorem 1 claims that (& u;,us) is a weak solution of (34). Moreover,

(57 Uy, U2) € X§17 (‘Eu Uit Uzt) € X£17 (Sm Utt, u2tt) € Xiﬁ” (49)

due to Proposition 2. Using Theorem 16.1 of [11], we obtain that (&, w1, us) possesses the properties (38). Therefore,
(&, u1,u9) is a strong solution of (34). It is unique due to Lemma 2.

Assume that Lf does not shrink to (&, us, us). Then one can find a subsequence (%, ui*, uf') € L% separated from
(&,uy,us) in the weaks topology of X2!!. There exists a sub-subsequence (E”‘t,u?l7ugk‘) € L that converges to some
(S*,ujf,ug) in the weaks topology of X2!!. The same arguments as above yield that (§*7u>‘f7u>§) is a strong solution of

(34). Hence, (£°,u¥,u}) = (& u1,us), which is a contradiction. O

Remark 2: It is sufficient to assume that & € H2(S) N H?(S), & € H2(S), uq € HL(S) N H(S), ul, € HL(S),
K € H*(0,T; Ly(S)) N Lo (0, T; HY(S)) for the existence of strong global solutions of (34). The prove is based on the
time differentiation of a relationship defining Galerkin approximations £™, uf", u4* for (34). This yields an equation that
defines the time derivatives w™ = &, v]" = uf}, v§' = uby, if the initial values for w™, v}", v§* are chosen properly. Due
to constant coefficients of (34), the above assumptions ensure compatibility conditions (see e.g. [9]) that make possible
to find such appropriate initial values for w™, v}*, v5*. Thus, an estimate like (12) holds for £, uf{*, u3'. This is suffi-
cient to prove that any limit point of {§™, «}", u}'} is a strong global solution of (34).

5. Simulation

The simulation was done with the following parameters: S is the unit square, Sp, is the €/2 edge square centered w.r.t.
the corresponding structural cell (see Fig. 1). The other values are:
pp=2, pp=1, Yp =9, Yp=3, pp=0.1, pp=0.1,
EPIQ, E’le7 O'PIO.4, O'B:O.27 {;‘:1/6,
F=5, G=5, K(t,z1,15) = sin 5t cos 5(x1 + xa) .
The initial values were equal to zero. The Bogner-Fox-Schmit finite elements (see CIARLET [14]) were applied.
The number of finite elements was equal to 24 x 24. Each structural cell (see Fig. 1) occupies 4 x 4 elements. Each

piezopatch occupies 2 x 2 elements. Each figure below shows the solution & of (5), the solution & of (34), and their
difference at times indicated.
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